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Abstract

In this paper, we have studied coc-continuous, coc-closed, coc-open functions and coc-
compact space. We shall provided some properties of these concepts and it will explain the
relationship among them and some results on this subjects are proved Throughout this work,
some important and new concept have been illustrated including coc-compact, K-space.

Mathematics Subject Classification: 54 XX

1. Introduction
In [1] S. Al Ghour and S. Samarah introduced coc-open sets in topological spaces.
In [2] Sharma J.N. introduced definition of continuous function, in section two we
introduce new definition coc-continuous and coc’-continuous function and some
properties of these concepts . In [3] N. Bourbaki introduced closed and open function,
through this paper we introduce new definitions of coc-open, coc’-open, coc-closed
and coc’-closed functions. N. Bourbaki [3] introduced the concept of compact space
, R. Engleking [4] and Willard S. [5] presented the concepts ofcompactly closed set
and K-space, In [1] S. Al Ghour and S. Samarah introduced CC space, In section four
introduces the definition of coc-compact space,compactly coc-closed, coc- K -
space, CC' space, CC"' space and CC'" space and give useful characterizations of this
concepts.
Definition (1.1) [1]:
A subset A of a space (X,7) is called cocompact open set (notation : coc-open set ) if for
every x € A there exists an open set U < X and a compact subset K € C(X,t) such that
x € U— K< A.The complement of coc-open set is called coc-closed set.
The family of all coc-open subsets of a space (X, 7) is denoted by t*.

Theorem (1.2) [1]:
Let (X, 7) be a space Then the collection T* forms a topology on X.

Theorem(1.3) [1]:

Let X be aspace. Thent € 7.
Definition(1.4)[1]:

A space X is called CC if every compact set in X is closed.
Theorem(1.5) [1]:

Let X be a space. Then the following statements are equivalent:
i. X is CC.

i.T= 1k,
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Theorem(1.6) [1]:

If X is a hereditarily compact space, then t* is discrete topology.
Definition(1.7)[1]:

Let X be a space and A € X . The intersection of all coc-closed sets of X containing A
called coc- closure of A and is denoted by 27 or coc- Cl.(A).
Remark(1.8):

A% smallest coc-closed set containing A.
Proposition(1.9):

Let X beaspaceand A € B < X. Then

i.. 4" isan coc-closed set .
ii. Aisan coc-closed set if and only if A = A’

c _—
. 4 cA

Cc

———CO0C
. —coc —coc
Iv. 4 =A

A —coc —coc
v.ifAC Bthen.A CB
Proof:

(i) Follows from definition (1.7)
ii. Let A isan coc-closed setin X ,since AC A
and A coc-closed set suchthat A € A4, 27%ca (sinceﬁcoc smallest coc-closed set
containing A)then A= 4
Conversely let A = ZCOC, since 4 is an coc-closed setin X .Then A is an coc-closed set
iii. see [1]
iv. Thus from (i) and (ii)
—CocC . —COC —COC . ; L.
V. BS B andsince AS BthenAS B ,B isancoc-closed setin X containing A,
thend ~ C B (since A . smallest coc-closed set containing
A)
Definition(1.9):
Let X be a space and A € X. The union of all coc-open sets of X contained in A is called
coc- Interior of A and denoted by A™°¢ or coc-In,(A).

Remark(1.10):
A°°C largest coc- open set contained in A.

Proposition(1.11):

Let X be aspace and A € X. Then x € A™°C iff there is an coc-open set U containing x
suchthate U € A.
Proof:

Letx € A™°¢ Then x €U {V:V is coc — openin Xand V € A }, Thus 3 U coc-open set
Sx €eUCA.
Conversely, let x € U € A3 U coc-open set x €U {V:V is coc — openinXandV €
A}, Thenx € A’coc,



Journal of AL-Qadisiyah for computer science and mathematics
Vol.6 No.2 Year 2014

Raad.A/Farah.H

Proposition(1.12):
Let X beaspaceand A € B € X. Then:
i. A’°°C is an coc-open set .
ii. Aisan coc-open set if and only if A= A’cc¢
iii. A" © A’coc
iv. A°coc — (AOCOC)OCOC
v.if A € Bthen. A'°¢ c Bcoc
Proof:
(i) and (i) Follows from definition (1.10) and theorem(1.2)
iii. Let € A’ , there is an open set U containing x such that x € U € A, since every open set is
coc-open set, then by proposition (1.11) x € A™°¢,
iv. Thus from (i) and (ii)
v. A’°C is an coc-open set contained in A and since A € B then A™°¢ is an coc-open set
contained in B. But B°°¢ is the largest coc-open set contained in B Thus A°¢ € B"°¢,

Proposition(1.13) [1]:
Let X be a space and Y any nonempty closed in X .If B is an coc-open setin XthenB NY
is an coc-open setinY.
Definition(1.14):
A space X is called cocT,-space (coc-Hausdorff space) iff for each x # y in X there exists
disjoint an coc-open setsU, V such that x € U,y € V.
Remark(1.15):
It is clear that every Hausdorff space is coc-Hausdorff space. But the converse is not true
in general as the following example shows :
Let X be a finite set contain more than one point and T be indiscrete topology on X then
(X, T) is not T,-space, but(X, T) is cocT,-space since T* is discrete topology on X.

2.1 Certain types of coc-continuous functions
In this section , we review the definition of coc-continuous , remarks and propositions
about this concept.

Definition(2.1):

Let f: X — Y be a function of a space X into a space Y then f is called an coc-continuous
function if f~1(A) is an coc-open set in X for every openset Ain Y.
Theorem(2.2)[1]:

A functionf: (X,t) — (Y, 1) is an coc-continuous if and only if f: (X, %) - (Y, ) isa
continuous.
Example(2.3):

Let f: X — Y be a function of a space X into a space Y then

I. The constant function is an coc-continuous function.
ii. If X is discrete then f is an coc-continuous function.
iii. If X is a finite set and 7 any topology on X then is f an coc-continuous function.
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Remark(2.4):

It is clear that every continuous function is an coc-continuous function, but the converse
not true in general as the following example shows:

Let X = {a,b}and Y = {c,d}, 7 be indiscrete topology on X and T = {¢, Y, {c}} be a
topologyonY. Let f: X — Y be a function defined by f(a) = ¢, f(b) = d then f is an coc-
continuous ,but is not continuous.

Proposition(2.5):

Let f: X — Y be a function of a space X into a space Y. Then the following statements are

equivalent:

I. f is an coc-continuous function.

ii. f71(A%) € (f~1(A))°coc for every set Aof Y.

iii. f~1(A) is a coc-closed set in X for every closed set A in Y.

iv. F(A ) € F(A) for every set A of X.

v.FIA) € F1(A)for every set A of Y.

Proof:

(i)—(ii) Let A € Y, since A°is an open set in Y, thenf ~1(4°) is an coc-open set in X thus
fHA) = (FH(A) )¢ = (fTH(A) )°eoc.

(i))—(iii) Let A be a closed subset of Y then A€ is an open set in Y .Thus

f7HAS) € (f7H(A%) )°°o¢ and hence (f~1(4)) © < ((f~*(A)) ©)**°¢ and
therefore(f~1(4)) ¢ = ((f 1(4)) ©)°°°¢ hence (f~1(4)) ¢ is an coc-open set in X and
f~1(A) is coc-closed set in X.

(iii)—(iv) Let A € Y.Then f(A) is closed set in Y then by (iii) f~1(f(4)) is an coc-closed
setin X containing A.Thus 4 . € f~1(f(A)) and hence f(A ) € F(A) .

(iv)—(v) Let A € Y.Thenby (V)f (F1(A) ) € F(f-1(A) .Thus (f-1(A) <
(4. e

(v)—(i) Let Fbe an open setin Y thenF¢ = F¢ by hypothesis (f-1(F¢)) ¢
f~1(F¢).Hence (f—l(FC))COC C f~1(F).Therefore f~1(F) is an coc-open setin X.Thus f is
an coc-continuous function.

Remark(2.6):

As a consequence of proposition(2.5) we have f is an coc- continuous if and only if the
inverse image of every closed set in Y is an coc-closed set in X.

Definition(2.7):

Let f: X — Y be a function of a space X into a space Y then f is called an coc-irresolute (
coc’-continuous for brief ) function if f~1(4) is an coc-open set in X for every coc-open set
AinY.

Note that a functionf: (X, 1) = (Y, ) is an coc’-continuous if and only if f: (X, t%) -

(Y, v'%) is a continuous.

Example(2.8):

I. The constant function is an coc-continuous function.

ii. Let Xand Y are finite sets and f: X — Y be a function of a space X into a space Y then
coc’-continuous.

Remark(2.9):

Every an coc’continuous function is an coc-continuous function, but the converse not true
in general as the following example shows:
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Example(2.10):
Let U be usual topology on R and t be indiscrete topology on Y = {1,2}.Let f:R - Y be

1 ifxeQ
a function defined by f(c) =12 ifx € Q°

Then fis coc- continuous but is not coc’-continuous.
Proposition(2.11):

Let f: X — Y be a function of a space X into a space Y then fis an coc’-continuous
function if and only if the inverse image of every coc-closed in Y is an coc-closed set in X.
Proof:

Let f is an coc’-continuous and let B coc-closed set in Y, then B€ coc-open in Y, since f is
an coc’-continuous ,thenf ~(B¢) coc-openin X. f1(B¢) = fY (Y —=B) = f~1(Y) —
fFYAB)=X—-f"1(B) = (f1(B))°. Then (f ~1(B))* coc-open in X therefore f~1(B) coc-
closed setin X.

Conversely, let A coc-open in Y, then A€ coc-closed in Y ,then f~1(A°) coc-closed in X
frAY = - =10 —f 1A =X—-f"1A) = ""(4)°. Then (f ' (B))*
coc-closed in X therefore f~1(A) coc-open set in X. Then f is an coc’-continuous.
Proposition(2.12):
Let f: X — Y be a function of a space X into a space Y. Then the following statements are
equivalent:
i. f isan coc’-continuous function.

.. —coc ———coc
ii. f(A )<S f(A) foreverysetA C X.

... —————CoC —coc
iii. f7Y(B) < f 4B )foreverysetB CY.
Proof:

(i)—(ii) Let A € X ,then f(4) € Y, F(A)  coc-closed set in Y, since f is an coc'-
continuous. Then f=1(F(4) ) coc-closed set in X, since £(4) € F(A) .
then £~1( f(A)) € F2(F(A) ), since A€ F-1(f(A)) thenA c F-1(F(A) ). Since

—COC

1 (mcoc)coc-closed then 4" ° = F1(FA) ) then f (ch) = f(f? (f(A) )) c

f(A)COC
(i)—(iii) Let f(A" ) S F(A) VA SXandletB CYthen f7I(B)C X,
then f(f~*(B) ) S f(f~*(B)) ,Sincef( f~'(B)) SB,thenf( f~%(B)) ¢

coc —CocC

B FF(F1B) ) < fB7). Then F1(B) < f 1B )
(iii)—(i) Let B coc-closed setin Y tthen B = B~ .Since f-1(B) . < f~1(B ") then

F1B) " < f~Y(B).Since f1(B) € f-1(B)  Then f~'(B) = f~1(B) .Then
f~1(B) coc-closed set in X. Therefore f is an coc’-continuous function.
Proposition(2.13):

Let f: X — Y be afunction and A is a nonempty closed set in X
i If f coc- continuous then f|4: A — Y is coc- continuous.
ii. If f coc’-continuous then f|4: A — Y is coc’-continuous.
Proof:
. see[1]
ii. Let B be an coc-open set in Y, since f is coc’- continuous thenf ~1(B) is coc-open set
inX. f~1(B) n Aiscoc-opensetin A .But (f|4(B))™t = f~1(B) nA.Hence (f|,(B) ) tis
coc-open set in A.Thus f|, is coc’- continuous
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Remark(2.14):
A composition of two coc- continuous functions not necessary be an coc- continuous
function as the following example shows:

Example(2.15):

Let X = R the set of Real numbers, Y = {0,1,2} W ={a,b} t={X}Uu{UCS X:1¢
U},the compact set are {K € X:1 € K}U{K € X:1 ¢ K is finite} hence 7% = tU{U <
X:1€Uand X — Uis finite}, v = {¢,Y,{0},{0,1}}, > = {¢, W, {a}} be topology on Y and
W respectively .If f: X — Y is function defined by

fGx) = {12 l;)f;leeﬂfz’sle} and g:Y — W is a function defined by g(0) = g(2) = a and

g(1) = b.Then f, g are coc- continuous functions .But f o g is not an coc- continuous since
(f o g ) *({a}) = {0,1} is not coc-open set in X.
Proposition(2.16) [1]:

Let X,Y and Z are spaces and f: X — Y is coc-continuous if g: Y — Z is continuous
then g o f: X — Z is coc-continuous.
Proposition(2.17):

LetX,Y and Z are spacesand f: X = Y, g:Y — Z are functions then if fis ancoc’-
continuous and g is an coc-continuous then g o f: X — Z is coc-continuous.
Proof:

Let A be an open set in Z then g~*(A) is an coc-open set in Y.Since fis an coc’-
continuous thenf~1(g=1(4) ) = (g o f)~1(4) is an coc-open set in X .Hence g o f is coc-
continuous.

Proposition(2.18):

Let f:X > Y and g:Y — Z are coc’-continuous then g o f: X — Z is coc'continuous.
Proof: clear.

Theorem(2.19) [1]:

Let f: X — Y be a function for which X is CC then the following statements are
equivalent:

I. f IS continuous.
ii. f is coc-continuous.
Theorem(2.20):
Let f: X — Y be a function for which X is CC then the following statements are equivalent:
I. f is continuous.
ii. f is coc’-continuous.
Proof: clear

3. coc-closed and coc-open functions
In this section , we review the definition of coc-closed and coc-open functions and
propositions about this subject.

Definition(3.1):
Let f: X — Y be a function of a space X into a space Y then:
I. f is called an coc-closed function if f(A) is an coc-closed set in Y for every closed set A
in X.
ii. f is called an coc-open function if f(A) is an coc-open set in Y for every open set A in X,
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Example(3.2):
i. The constant function is an coc-closed function.
ii. Let f: X — Y be a function of a space X into a space Y such that Y be a finite set then f is
an coc-open function.
Remark(3.3):
i. A functionf: (X,t) = (Y, 1) is an coc-open if and only if f: (X,7%) —» (Y, 1) is an open
function.
ii. Every closed (open) function is an coc-closed (an coc-open) function, but the converse not
true in general as the following example shows:
Example(3.4):

LetX = {1,2,3},Y = {4,5}, T = {¢, X, {3}} be a topology on X and = be indiscrete
topology on'Y. Let f: X — Y be a function defined by (1) = f(2) =4, f(3) = 5then fisan
coc-closed (an coc-open) function but is not a closed (an open) function.

Proposition(3.5):

A functionf: X — Y is an coc-closed if and only if F(A) . < f(A) forall A € X.
Proof:

Suppose that f: X — Y is an coc-closed function, let A € X, since 4 is closed set in X.

Then f(Z) is coc-closed set in Y, since A € A then f(A) c f(Z), hence mcoc c

——COC ——COC _ - _cocC _
f(A) Butf(4d) = f(A).Therefor f(A) < f(A).
Conversely, let F be a closed set of X, then F = F by hypothesis f(F)COC c f(F),
—CocC

hencef (F) < f(F),thus f(F) is an coc-closed set in Y.There for f: X — Y is an coc-
closed function.
Proposition(3.6):

Let f: X — Y be a function and f(4) = F(A) " foreach set A of X. Then f is coc-closed,
continuous function.

Proof:
By proposition(3.5) f is an coc-closed function.

Now to prove that f is continuous, let F < X then f(F) = FOF) Since F(F) . c
f(F).Hence f(F) c f(F) ,then f is continuous.
Proposition(3.7):

Letf:X - Yand g:Y — Z is an coc-closed function then if f is a closed and g is an coc-

closed then g o f is a coc-closed function.
Proof: clear

Proposition(3.8):

A functionf: X — Y is coc-open if and only if f(4%) < (f(A4))°¢°¢ forall A c X.
Proof:

Suppose that f: X — Y is an coc-open function, let A € X, since A° openin X. Then f(A°)
coc-open in Y,since A° € A thenf(A°) € f(A) hence (f(4%))°°°° = (f(A))°°°¢ but
(f(A%))*°¢ € f(A°) .Thenf(A°) € (f(A))**°.

Conversely, let A be open in X,then A° = A since f(A°) S (f(A))°°°¢ ,then f(A) <
(f(A))°coc then f(A) = (f(A))°c°c. Hence f(A) coc-openinY. There for f: X - Y isan
coc’-open function.
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Proposition(3.9):

Let f:X — Y be acoc-closed function Then the restriction of f to a closed subset F of X
is an coc-closed of F into Y.
Proof:

Since F is a closed subset in X. Then the inclusion function i|: F — X is a closed
function. Since f: X — Y is an coc-closed function then by Proposition(3.7) f o i|z: F = Y is
an is an coc-closed function. But f o i|z = f|r is an coc-closed function.
Proposition(3.10):

A bijective function f: X — Y is an coc-closed function if and only if f is an coc-open
function.

Proof:

Let f be bijective, coc-closed function and U be an open subset of X. Thus U€ is a closed.
Since f is an coc-closed, then f(U€) isan coc-closed setin Y. Thus(f(U))¢ is an coc-open.
Since f is bijective then (f (U€))¢ = f(U).Hence f(U) is an coc-open set in Y.

In similar way we can prove that only if part.

Proposition(3.11):

Let f: X — Y be bijective function from a space X into a space Y then:
i. f is an coc-open function if and only if £~ is an coc-continuous.
ii. f is an coc-closed function if and only if £~ is an coc-continuous.
Proof:
i. Let f: X — Y be bijective function, then(f~1)"1(4) = f(A) VA S X. Let Aopensetin X,
sincef ~1 is an coc-continuous then(f~1)~1(4) is an coc-open set in Y since f is bijective
then f(A) is an coc-open set in Y. Hence f is an coc-open function.
Conversely, let f coc-open function, U be an open subset of X ,then f(U) coc-open set in
Y, (f~H)71(4) = f(A) coc-open set in Y.Thenf ~1 is an coc-continuous function. In similar
way we can prove that (ii).

Definition(3.12):
Let X and Y are spaces then a function f: X — Y is called an coc-homeomorphism if:
I. f is bijective.
ii. fis an coc-continuous.
iii. f is an coc-closed (coc-open) .
It is clear that every homeomorphism is an coc-homeomorphism.

Definition(3.13):

Let f: X — Y be a function of a space X into a space Y then:
i. f is called an coc’-closed function if f(A) is an coc-closed set in Y for every coc-closed
setAin X.
ii. f is called an coc'-open function if f(A) is an coc-open set in Y for every coc-open set A
in X.



Journal of AL-Qadisiyah for computer science and mathematics
Vol.6 No.2 Year 2014

Raad.A/Farah.H
Example(3.14):
i. The constant function is an coc’-closed function.
ii. Let X and Y be finite sets and f be function from a space X into a space Y then f is
an coc'-open function.

Proposition(3.15):

A functionf: X — Y is coc’-closed if and only if f(A)COC c f(ZCOC) forall A C X.
Proof:

Suppose that f: X — Y is an coc’-closed function, let A € X, since 47" is coc-closed set in
—coc_ . A . —coc ———coc —coc
X.Then f(A ) iscoc-closed setinY,since f(A) € f (A )then fl(A) cf (A )

Conversely, let A be a coc-closed set of X, then A = a7 by hypothesis f (A)COC cf (ZCOC),

hencef(F)Coc C f(A), thus f(A) is an coc-closed set in Y.There for f: X — Y is an coc’-
closed function.

Proposition(3.16):

Let X,Y and Z are spacesand f: X - Y, g:Y — Z be a function then:

i. If £ and g are coc’-closed function then g o f is coc’-closed function.

ii. If g o f is coc’-closed function, f is coc’-continuous and onto then g is coc’-closed.

iii. If g o f iscoc’-closed function, g is coc’-continuous and onto then f is coc’-closed.
Proof:

i. let F be a coc-closed set in X, then f(F) is an coc-closed set in Y, thus g(f (F)) is an coc-
closed setin Z. But (g o f)(F) = g(f(F)). Hence g o f is coc’-closed function.

ii. let F be a coc-closed set in Y, then by Proposition(2.11) f~1(F) is coc-closed set in X.
Thus g o f(f~1(F) ) is coc-closed set in Z. Since f is onto Then g o f(f~1(F)) = g(F),
hence g(F) is coc-closed set in Z. Thus g is coc’-closed.

iii. let F be a coc-closed set in X,then g o f(F) is coc-closed set in Z. , then by Proposition
(2.11) g*( g ° f(F)) is coc-closed set in Y. Since g is onto, then g~*( g o f(F)) = f(F),
hence f(F) is coc-closed set in Y. Then g is coc’-closed.

Proposition(3.17):
Let X,Y and Z are spacesand f: X - Y, g:Y — Z be a function then:
i. If f and g are coc’-open function then g o f is coc’-open function.
ii. If g o f is coc’- open function, f is coc’-continuous and onto then g is coc’- open.
iii. If g o f iscoc’- open function, g is coc’-continuous and onto then f is coc’- open.
Proof:
i. let F be a coc- open set in X, then f(F) is an coc- open setin Y, thus g(f(F)) is an coc-
open setin Z.But (g o f)(F) = g(f(F)). Hence g o f is coc’- open function.

ii. Let F be a coc-open set in Y, then f~1(F) is coc-open set in X. Thus g o f(f ~1(F) ) is
coc-open set in Z. Since f isonto Then g o f(f~1(F)) = g(F), hence g(F) is coc- open set
in Z. Thus g is coc'- open.

iii. Let F be a coc-open set in X,then g o f(F) is coc-open setin Z. Then g=*( g o f(F)) is
coc-open set in Y. Since g is onto, then g=( g o f(F)) = f(F), hence f (F) is coc-open set
inY. Then g is coc’- open.
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Proposition(3.18):

A functionf: X — Y is coc’-open if and only if f(A°¢°¢) € (f(A))c°c forall A € X.
Proof:

Suppose that f: X — Y is an coc’-open function, let A € X, since A°°°“ coc-open in X.
Then f(A°€°¢) coc-open in Y, hence f(A°¢°¢) = (f(A°°°€))°°¢ < (f(A))°c°°.
Conversely, let A coc-open in X ,since f(A°°°¢) € (f(A))°°°¢ ,then f(A) S (f(A4))°°¢ then
f(A) = (f(A))*“°“. Hence f(A) coc-openinY
There for f: X — Y is an coc'-open function.

Proposition(3.19):

A bijective function f: X — Y is an coc’-closed function if and only if f is an coc’-open
function.
Proof:

Let f be bijective, coc’-closed function and U be an coc-open subset of X. Thus U€ is a
coc-closed. Since f is an coc’-closed, then f(U€) is an coc-closed set in Y. Thus(f(U€))€ is
an coc-open. Since f is bijective then (f(U¢))¢ = f(U).Hence f(U) is an coc-open setin Y.
There for f is an coc’-open function.

In similar way we can prove that only if part.
Proposition(3.20):
Let f: X — Y be bijective function from a space X into a space Y then:
i. f is an coc’-open function if and only if £~ isan coc’-continuous.
ii.f is an coc’-closed function if and only if = isan coc’-continuous.
Proof:
i. Let A opensetinX ,sincef~!isan coc’-continuous then (f~1)~1(A) is an coc-open set in
Y since f is bijective(f ~1)"1(4) = f(A) then f(A) is an coc-open set in Y. Hence f is an
coc'-open function.
Conversely, let f coc’-open function, U be an open subset of X ,then f(U) coc-open set in
Y, (f"1H)71(4) = f(A) coc-open set in Y. Then £~ is an coc’-continuous function. In similar

(ii).
Theorem(2.21):

Let f: X — Y be a function for which (X, t) is CC then the following statements are
equivalent:
I. f is open.
ii. f is coc-open.
iii. f is coc'-open.
Proof: clear
Theorem(2.22):

Let f: X — Y be a function for which (X, 7) is CC then the following statements are
equivalent:
I. f is closed.
ii. f is coc-closed.
iii. f is coc’-closed.
Proof: clear

10
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Definition(3.23):
Let X and Y are spaces then a function f: X — Y is called an coc’-homeomorphism if:
1. f s bijective.
ii. fis an coc’-continuous.
iii. f is an coc’-closed (coc’-open) .
It is clear that every coc’-homeomorphism is an coc-homeomorphism.

Proposition(3.24):
Let f: (X,t) = (Y, ) be bijective function then the following statements are equivalent:
i. f is coc’-homeomorphism.
ii. f is coc'-continuous and coc’-open.
iii. f is coc’-continuous and coc’-closed.

v.f(A°)=F@ " vacx

Proof:
(1)—(ii) obvious
(i1)—(iii) Let f iscoc’-continuous and coc’-open, then f is coc’-closed by Proposition(3.19).
(ii1)—(iv) obvious

—coc ————coc . . . ————coc —coc
(iv)—(i) Since f (A ) C f(A) Then fis coc’-continuous and since f(4A) < f(4 )
then f is coc’-closed and since f be bijective then f is coc’-homeomorphism.

4, Coc-compact space
We recall the concept of coc-compact space and give some important generalization on
this concept.

Definition (4.1):

Let Xbe aspace. A family F of subset of X is called an coc-open cover of X if F covers X
and F is sub family of t*.
Definition (4.2):

A space X is said to be coc-compact if every coc-open cover of X has finite sub cover.

Example (4.3):
i. Every finite subset of a space X is an coc-compact.
ii. The indiscrete space is an coc-compact space.

Remark (4.4):
It is clear that every coc-compact space is compact but the converse is not true in general
as the following example shows:

Example (4.5):

Let X = R the set of real numbers with t is indiscrete topology, the coc-open set is
{A: A € X}. Then X is compact space but not coc-copmpact.

It is clear that , a space (X, t) is coc-compact iff the space (X, 7*) is compact.

11
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Proposition (4.6):

Every coc-compact subset of an coc-Hausdorff space is an coc-closed.
Proof:

Let Y be an coc-compact subset of the coc-Hausdorff spaceX. To prove Y cv. Let X,
be a point such that x, ¢ Y. We show that there is an coc-open set contains x,, and disjoint
from Y. For each y € Y choose disjoint an coc-open set U, and Vj, contains x, and y

(respectively) using an coc-Hausdorff condition. The collection {1/3, 1y € Y} is cover of Y
by coc-open sets in X, hence there exists finitely many of them V;, , ..., V;, cover of Y. The
coc-open set V = UjL, Vy, contains Y and disjoint from coc-open set U = Ni=; Uy , from by
taking the intersection of coc-open sets contains x,. Since if z is point of V then z € V,, for
some i hence z ¢ U, , and z ¢ U. U is an coc-open set contain x, disjoint from Y as desired.

Theorem (4.7):
In any space X the intersection of an coc-closed set with a coc-compact set is an coc-
compact.
Proof:
Let A be an coc-closed set of X and let B be an coc-compact subset of X. Thus A is closed
in (X,7%) , then A n B is compact set in(X, t%) hence A N B is compact set in X.

Theorem (4.8):

Let f : X—Y be an onto coc-continuous function. If X is coc-compact then Y is compact.
Proof:

Let {V, : a € A} be an open cover of Y then {f ~1(V,,) : « € A} is an coc-open cover of X,
since X is coc-compact .Then X has finite sub cover say {f 1(V,;) : i = 1,2, ...,n}and V €
{V, : « € A}. Hence {V,; :i =1,2,...,n} isafinite sub cover of Y. Then Y is compact.

Theorem (4.9):

Let f : X—Y be an onto coc’-continuous function. If X is coc-compact then Y is coc-
compact.
Proof:

Let {V, : « € A} be an coc-open cover of Y then {f “1(V},) : @ € A} is an coc-open cover of
X, since X is coc-compact . Then X has finite sub cover say {f~*(V,;) : i = 1,2, ...,n}
andV,; € {V,, : « € A}. Hence {V,; : i = 1,2,...,n} isafinite sub cover of Y. ThenY is coc-
compact.
Proposition (4.10):

For any space X the following statement are equivalent:
I. X is coc-compact
ii. Every family of coc-closed sets {F, : @ € A} of X such that N ep F, = ¢ , then there exist
a finite subset A, € A such that N ep F, = ¢ .
Proof:
(1)—(ii) Assume that X is coc-compact, let {F, : « € A} be a family of coc-closed subset of X
such that Ngep Fy = ¢ . Then the family {X — F, : a € A} is coc-open cover of the coc-
compact (X, t) there exist a finite subset A, of Asuchthat X =U{X —F,: a € A, }
therefore 6 =X —U{X —F,:a €A, }=NX-X—-F):a€ A, }=N{X—-F,:a€
Ao}

12
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(i))—(i) Let U = {U, : a € A} be an coc-open cover of the space (X, 7). Then X —

{U, : a € A} is a family of coc-closed subset of (X, 7) withn{X — U, : @« € A} = ¢ by
assumption there exists a finite subset A, of Asuchthatn{X —U,:a €A, }=¢s0X =
X-nN{X-U,:a€h,}=U{U,:a€A,}.HenceX iscoc-compact.

Definition (4.11):

A subset B of a space X is said to be coc-compact relative to X if for every cover of B by
coc-open sets of X has finite sub cover of B. The sub set B is coc-compact iff it is coc-
compact as a sub space.

Proposition (4.12):

If X isa space such that every coc-open subset of X is coc-compact relative to X, then
every subset is coc-compact relative to X.

Proof:

Let B be an arbitrary subset of X and let {U, : « € A} be a cover of B by coc-open sets of
X. Then the family {U, : @« € A} is a coc-open cover of the coc-open set U {U, : a € A}
Hence by hypothesis there is a finite subfamily {U,; : i = 1,2, ..., n} which covers U
{U, : a € A}. .This the subfamily is also a cover of the set B.

Theorem (4.13):
Every coc-closed subset of coc-compact space is coc-compact relative.

Proof:

Let A be an coc-closed subset of X. Let {U, : « € A} be a cover of A by coc-open subset
of X. Now for each x € X — A ,there is a coc-open set V, such that V,, n A is a finite .Since X
is coc-compact and the collection {U,, : @« € A} U {V,:x € X — A } is a coc-open cover of X ,
there exists a finite sub cover {U,; : i =1,..,n}U{V,;:i=1,..,n}.Since U,( VN
A) is finite, so for each x; € (Vi N A) , thereis Ug(y ) € {Uy + « € A} such thatx; €
Ua(x)) andj=1,..,n.Hence{U,; : i =1,..,n}U {Ua(xj):j =1,..,n} isafinite sub
cover of {U, : @ € A} and it covers A .Therefore , A is coc-compact relative to X.

Definition(4.14):
i. A space X is called CC' if every coc-compact set in X is coc-closed.
ii. A space X is called CC"" if every coc-compact set in X is closed.

iii. A space X is called CC'" if every compact set in X is coc-closed.

Theorem(4.15)[3]:
For any space (X, 1), then (X, %) is CC.

13
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Remark(4.16):
It is clear that every CC space is CC' space but the converse is not true in general as the
following example shows:

Example(4.17):
LetX ={1,2,3}, 7 = {X, ¢, {1}, {2}, {1,2}}, the coc-open sets are discrete. {1} is compact
set but not closed then X is not CC space.

Remark(4.18):
i. every CC space is CC'" space .
ii. every CC" space is space CC' .
the converse of (ii) is not true in general as the following example shows:

Example(4.19):
Let X = {1,2,3}, T = {X, ¢, {1}, {2}, {1,2}}, the coc-open sets all subsets of X. {1} is coc-
compact set but not closed then X is not CC"' space.

Remark(4.20):
i. every CC space is CC'" space .
ii. every CC"" space is space CC' .
the converse of (i) is not true in general as the following example shows:

Example(4.21):
Let X = {1,2,3}, T = {X, ¢, {1}, {2}, {1,2}}, the coc-open sets are all subsets of X. {1} is
compact set but not closed then X is not CC space.

Remark(4.22):
If X is CC" space , then it need not be CC""' space as the following example

Example(4.23):
LetX ={1,2,3}, 7t = {X, ¢,{1},{2}, {1,2}}, the coc-open sets are discrete. {1} is coc-
compact set but not closed then X is not CC space.

The following diagram explains the relationship among these types of CC spaces
cC" «——— cCc — cC"

— 1 —]

Definition (4.24):
Let f: X — Y be a function of a space X into a space Y then f is called a coc-compact
function if f~1(A) is compact set in X for every coc-compact set A in Y.

14
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Remark (4.25):
Every coc-compact function is compact function.

Proposition (4.26):

Let X,Y and Z be spacesand : X = Y, g: Y — Z be a continuous functions then:
i. If f is a compact function and g is an coc-compact function, then g o f isan coc-compact
function.
ii. If g o f is coc-compact function f is onto, then g is coc-compact function.
iii. If g o f is coc-compact function, g is coc’-continuous and bijective function then f is
coc-compact function.
Proof:
i. Let K be a coc-compact in Z then g~1(K) is compact set in Y thus f~1(g 1 (K)) =
(g o f)~1(K) is compact setin X. Hence g o f:X — Z is an coc-compact function.
ii. Let K be a coc-compact in Z then (g o f)~1(K) is compact set in X and then f((g o
£)~L(K)) is compact set in Y. Now since f is onto, then f((g° f)"1(K)) = g 1(K). Hence
g~ 1(K) is compact set in Y then g is coc-compact function.
iii. Let K be a coc-compact in Y, then by Theorem (4.9) g(K) is coc-compact set in Z
thus(g o f)1(g(K)) is a compact set in X since g is one to one then (g o f)_l(g(K)) =
f~Y(K). Hence f~1(K) is a compact set in X ,thus f is coc-compact function .

Definition (4.27):
Let f: X — Y be a function of a space X into a space Y then f is called a coc’-compact
function if f~1(A) is coc-compact set in X for every coc-compact set 4 in Y.

Example (4.28):
Every function from a finite space into any space is coc’-compact function.

Remark (4.29):
Every coc’-compact function is coc-compact function.

Proposition (4.30):

Let X,Y and Z be spacesand : X = Y, g: Y — Z be a continuous functions then:
i. If f and g are coc’-compact function, then g o f is an coc’-compact function.
ii. If g o fis coc’-compact function, g is coc’-continuous and bijective function then f is
coc'-compact function.
Proof:
i. Let K be a coc-compact in Z then g~1(K) is coc-compact set in Y thus f~1(g 1 (K)) =
(g ° f)"Y(K) is coc-compact setin X. Hence g o f: X — Z is an coc’-compact function.
ii. Let K be a coc-compact in Y, then by Theorem (4.9) g(K) is coc-compact set in Z
thus(g ° £)~*(g(K)) is a coc-compact set in X since g is one to one then (g )~ (g(K)) =
fY(K). Hence f~1(K) is a coc-compact set in X ,thus f is coc’-compact function .
Definition(4.31):

Let X be space. A subset W of X is called compactly coc-closed if for every coc-compact

set K in X, W n K is coc-compact.

15
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Example (4.32):
i. Every finite subset of a space X is compactly coc-closed .
ii. Every subset of indiscrete space is compactly coc-closed.
Proposition(4.33):

Every coc-closed subset of a space X is compactly coc-closed set.
Poof:

Let A be an coc-closed subset of a space X and let K be an coc-compact set in X.Then

A N K is an coc-compact, thus A is compactly coc-closed set.
Proposition(4.34):

Let f: X — Y be an coc’-continuous,coc’-compact, bijective function, then A is compactly
coc-closed set in X if and only if f(A) is compactly coc-closed setin Y.
Proof:

Let A be compactly coc-closed set in X and let K be an coc-compact in . since fis
acoc’-compact function, then f~1(K) is coc-compact in X, so A n f~1(K) is an coc-
compact set. Then (A n f71(K)) . But f(A n f1(K)) = f(A) N K. Then f(4) n K an coc-
compact set . Hence f(A) is compactly coc-closed set.

Conversely, Let f(A) be compactly coc-closed set in Y and let K be an coc-compact in .
since fis acoc’-continuous function, then f(K) is coc-compact in Y, so f(A) n f(K) an coc-
compact set, since fis a coc’-compact function then £~1(f(4) n f(K)) = f~1(f(4A)) n
f~Y(f(K)) is coc-compact set in X , since f is one to one function then A = f~1(f(4)) and
K =f"Yf(K)),thenAnK = f~1(f(4)) n f~1(f(K)). Hence f(A) n K an coc-compact
set . Therefore f(A) is compactly coc-closed set in X.

Definition(4.35):
Let X be space. Then a subset A of X is called compactly coc- K-closed if for every coc-
compact set K in X, A n K iscoc-closed .

Example(4.36):
Every subset of a discrete space is compactly coc- K-closed set.

Proposition(4.37):

Every compactly coc- K-closed subset of a space X is compactly coc-closed
Proof:
Let A be compactly coc- K-closed subset of X and let K be an coc-compact in X, then
A N K is coc-closed set since AN K € K and K is coc-compact set , then A N K is coc-
compact set. Therefore A is compactly coc-closed.

Theorem (4.38):

Let X be cocT,-space and A is subset of X. Then A is compactly coc-closed iff A is
compactly coc- K-closed set .
Proof:

Let A be compactly coc-closed subset of X and let K be an coc-compact in X, then AN K
IS coc-compact set, since X is 7,-space, then by proposition (4.6) A N K is coc-closed. Hence
A be compactly coc- K-closed set.
Conversely, by proposition(4.37)
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Definition (4.39):
A space X is called coc- K-space if for every compactly coc-closed is coc-closed.

Proposition(4.40):

Let X space and Y is coc- K-space then every coc-compact, continuous onto function
f:X = Y is an coc-closed function.
Proof :

Let F be aclosed set in X. To prove f(F) is an coc-closed setin Y. Let K is coc-compact
inY, since f coc-compact function thenf ~1(K) is compact set in X, F n f ~1(K) is compact
set and since f continuous function then f(F n £~(K)) is compact setin Y. But f(F n
f‘l(l()) = f(F) N K, thus f(F) n K is compact set in Y,since Y is coc- K-space. Then
f(F) is compactly coc-closed set in Y. Hence f is an coc-closed function.

Proposition(4.41):

Let X space and Y is coc- K-space then every coc’-compact, coc’-continuous onto function
f:X - Yisan coc’-closed function.

Proof :

Let F be a coc-closed set in X. To prove f(F) is an coc-closed set in Y. Let K is coc-
compact in Y, since f coc’-compact function then f~1(K) is coc-compact set in X, by
theorem (4.7) F n f~1(K) is coc-compact set and since f coc’-continuous function then
f(F n f71(K)) is coc-compact setin Y. But f(F n f~1(K)) = f(F) n K, thus f(F) N K is
coc-compact set in Y,since Y is coc- K-space. Then f(F) is compactly coc-closed set in Y.
Hence f is an coc’-closed function.
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