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1. Introduction

We will present the racing of differential geometry and evolution since BC to reach such incredible development in our
time and its relation to other scientific branches and its applications in the areas of life. It shows how the concept of
geometry appeared in the works of both Riemann and Lobachevski [1] and [2]., which later proved the important of
this geometry to many of life problems. At the end, we focus on the subject of the study of differential geometry because
of its close link to other mathematic fields.

Definition, Postulates and Axioms: The geometric history back to the very early time, not only what we have of
geometry facts, so that in this period directed to collect at the result together to be in logical order. Also the Greeks did
a lot of work to develop geometry no thing appeared for us specially after Euclid’s famous work appeared that named
Euclid’s famous elements.

2. Curve
We develop the mathematical tools needed to model and study a moving object.
The object might be moving in the plane[3] and [4].

Curve is a smoothly flowing line (non sharp changes) or a curve must bend (change direction) but in Mathematics a
straight line also a curve.

2.1. A parameterized Curve in R".

Definition 2.1. A parameterized curve in R" is a smooth! function? y:I - R*,where I R is
an interval.
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Definition 2.2. The function y = f(x) is continuous at the point x, if f(x,) is defined and
)}Lrgof(X) = f(%)-

The function y = f(x) is continuous in the interval (a, b) = x; a < x < b if f(x)is continuous
at every point in that interval.

Definition 2.3 (1). Ifi: ] > R" is a curve with components Y(t) = (x,(t), X (£), .. , %, (1)),
then its derivative ¢': I — R", is the curve defined asy'(t) = (x{ @®), x5(t), ..., Xy, (t)).

Higher-order derivatives are defined analogously

Definition 2.4. Let ¥: 1 - R" be a curve. It is called regular if its speed is always nonzero
(Ip ()] = 0 for all t € I). It is called unit-speed or parameterized by arc length if its speed is
always equal to 1 (|¢(t)| =0 for all t € I).

Proposition 2.5. The derivative of a curve :1 - R" at time t I is given bythe formula
, P+ h) —P()
WO = fin S

change in Y

Proof. slop = change int ’ where t changes from t to t+ h and Y changes fron Y(t) to Y(t + h)

Ay Ppe+h) -y () = limt/)(t +h) —y(t)
At h T h5o h

Definition 2.6. A set I of R is an interval if / contains two real numbers, so it’s contains all
the numbers between them.

Example 2.7. An interval means a nonempty connected subset of R. Then that every interval has
one of the following forms:
(a, b), [a, b], (a, b], [a, b), (=90, b), (-0, b], (@, ), [a, @), (-00, ©)?

Solution. If an interval is a bounded and contains two element a and b we denoted by a = inf (I)
() and b = sup(l) by the definition of sup and inf every element x € Iis between a and b
and (a < x < b).

Now we prove that every (a < x < b) is in I, if x is not upper bound or lower bound then,
there exists two elements y and z in I such thaty < x < z So by the definition x in Z, according
to a and b belong to I we obtain the fourth types.

Now, let I an interval has lower bounded but not upper bounded. Let a be theinf of I, every
element in 7 is = a. We are going to prove that / contains all real numbers x > g, hence x is not
a lower bounded and I contain y such that y < x by the same way, we have there exist z such
that z > x hence y < x < z so x belongs to I. According to a belongs to I or not we obtain two
types of non-upper boundedintervals.

Finally, if an interval I is not upper bounded or lower bounded and for every element x we
can find two elements y and z in I such thaty < x < z thatlead tox in I. Hence I = R.

Example2.8. A logarithmic spiral means a plane curve of the form
Y(t) = c(exp(At) cos(t), exp(At) sin(?)),

and t € R, where ¢,A1 € R with ¢ # 0. It shows the restriction to [0, o) of a logarithmic
spiral with A < 0. Use an improper integral to prove that such a restriction has finite arc
length it makes infinitely many loops around the origin.
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Solution.
Y (t) = c(exp(At) cos(t),exp(At) sin(t))
The arc length between 0 and o equals f0°°|zp’| dt.

[o'e) [ee]

exp (At)] c?
2 2

= oo,

the arc length = f

0

c? exp (At) = c? [

Example2.9. Let Y() = (sin(t) ,cos(t) + ln( tan G))) , tE€ (g;ﬂ), be a curve

Demonstrate that for every point p of its image, the segment of the tangent line atp between p
and the y-axis has length 1.

Solution. The first we want to prove that [¢'(t) = 0 & cos(t) = 0]

Y (t) = (cos(t),—sin(t) + 1/sin(t)), so it is differentiable at (m/2, m). It is zero if and
only if cos(t) =0, i.e. when t = /2.
The tangent line at y(t) is

y — cos(t) — ln( tan (%)) = %(x —sin(t)) .

So the intersection with y-axis is (0, In(tan(¢/2))).
Hence the distance between the point and tangency to intersection of tangent linewith y-axis is

sin? v + (cos(t) + ln( tan (;)) — ln( tan (;)))2 =1.

Example 2.10. Use a computer graphing application to plot the following planecurves (all with
domain [0, 2m])

(1) The lemniscate of Bernoulli

(2)  The deltoid curve

(3) The astroid curve

The epitrochoid

Solution.
2.2, The inner product.

Definition 2.11. The inner product of a pair of vectorsx, y € R" (with componentsdenoted by x
= (x1, X2,..., xn) and y = (Y1, V2, .., Yn) is{x y) = x1y1 + X2y2 + ... + Xnyn € R"".
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Lemma 2.12. If x,y,z € R", and A, u € R then

1- {x,y) = (¥, x).

2- {(x,x)= |x|2, which equals zero if and only if x = 0.

3- (Ax+puy, x) =A(x,z) + u(y, z).

4- (xy) = [ (x| = [x[ly].

Proof. 1- {x,y) = x1y1 + X2¥2 + - + XpnYn = Y1X1 + X2¥2 + - + YpXy = (¥, X)

2 —(x,x) = x1%1 + XpX3 + o+ + XXy, = X+ x2 4+ -+ x2 = |x]|?

3—AA(xy+x2++x ) tuyr Yy + o+ ), (21 + 2o + -+ 2p)) = (Axg + uy)z + (Ax, +
Uy2)zy + -+ (Axy + Uy zn = A(X121 + X225 + -+ X 2p) + U(V121 + Vo2 2Zo + -+ YpzZp) =
Mx, z) + u(y, z)

4- (X, Y) =X1Y1 + X2V + o+ X0V S |X1Y1 + X2V + o+ X,V S | yq| + xya| +
o | xp Yl =[xyl + el yal + - + |xp |y < Ix]ly]
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Definition 2.13. The angle between nonzero vectors x and y is defined as:

—1 (x)

4y} =cos™ 10

Recall that x and y are called orthogonal if {(x,y) = 0. They are called parallel ifone of them
is a scalar multiple of the other.

Definition 2.14.If X,Y € Rwith |Y| # 0, then there is a unique way to write x
as a sum of two vectors:
X=X"+Xx*,
the first of which is parallel to y and the second of which is orthogonal to y. ThevectorX' is called
the projection of X in the direction of Y. The signed length of X' (that is, the scalar A € R such
that
Y
Xt =2
Y]
is called the component of X in the direction of Y.
Definition 2.15. A set Y = {y1,..,yk} € R is called orthonormal if
(Y, v;) =1ifi=j
Definition 2.16. Let Y = (Y, ..., Y3 ) be a nonempty subset of a vector space R". The span of
Y, denoted by span(Y), is the set containing of all linear combinationsof vectors in Y.

K
span(Y) = {Zli}’i |k EN,Y, €Y, 4 € Ry

=1

Notation 2.17. A basis B of a vector space VV over a field F is a linearly independent subset
of V that spans V.

Notation 2.18. The vector in the setY = {Y;,...,Y,} are said to be linearlyindependent if
the equation

arY1+az2Y2+...+anYn =0,
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can only be satisfied by a; =0 fori=1,2,..,n.

Example 2.19. Prove that every orthonormal set in R™ must be linearly independent.

Solution. Suppose X = {x4,...,x,} < R", let

A1X1 + A2x2 +... + Anxn = 0,
from som Ay, .., An € R
Then for any index 1 < i < k we have by orthonormal that

(Ax1 + Aexz + .. + AnXn, Xi) = AiXy, Xi) =0 => A =0
Example 2.20. Let V =R", (X, Y) =XYV1 =(3,54), V2 = (3,-5,4),

V3(4, 0, -3).

ViV2=0,V1V3=0,V2V3 =0

Vi.V1 = 50, V2V2 = 50, V3V3 = 25.

Thus the set {V1, V2, V3} is orthogonal but not orthonormal.

Lemma 2.21. If By: I - R"is a pair of curves, and c: I — R is a smoothfunction then:
(1) —%(y(t).ﬁ(t)) ='(®,B@®) + (y(©),B' (D).

2) = (c@®Y®) = ' OY@®) +c@®)y' .
Proof. (1) - Let define y(t) and f(t) as in the definition [2.3]

(0, B(0) = 2 (11031 (0) + %2 (Oy2(8) + -+ + 2, (O (1)) = 32 (D) () +

220 (DY2 () + -+ 220, (OYn(£) = %, (VL) + X[ (OY1.(E) + - + % (Y () + 20, (O (8) =
[ (DY1.(0) + -+ 2, (O (O] + [ (DY () + -+ 2,y (O] = '), O + ¥ (©), B (©)).

(2)- Direct from the definition of the derivative.
Proposition 2.22. Let If y,: I — R"be a pair of curves.

(1) If y has constant norm (that is|y(t)|,=C, for all t € I), then y'(t) isorthogonal to
y(t)for all t € L

(2) Ify(t) is orthogonal to B(t) for all t € I, then
¥'©,B() =—©'®),B1®),

for all t € I Notice that the hypotheses of (1) and (2) are both true if {y(t), B(t)} is
orthonormal for all t € L. ’

(3) If y(t): 1 » R"is a curve with constant speed, then y (t) is orthogonal to
If y'(t) for all t € L
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Proof. (1) We have (y(t),y(t)) = |)/(L“)|2 = C, the derivative is zero.
d
0=—©®,y®) = O,yO) +{ ),y ®)

Thus (y(t),y'(t)) = 0, which mean it is orthogonal.
(2) Let y(t) is orthogonal to B(t) for all t €I, which means (y(t),B(t)) =0, andalso the
derivative must be zero.

d
0 = (v (), B = (¥'(1), BO)) + (' (B, (D).

(3) We have (y'(t),y'(t)) = |y’(t)|2 = C, the derivative is zero.

d
0= E(V'(t),y'(t)) ="' (), y"©O) + ¥ (®),y' ).
Thus (y'(t),y" (t)) = 0, which mean it is orthogonal

Example 2.23. Is the converse of part (1) of Proposition 2.22 true?

Proof. Lety’'(t) is orthogonal to y(t) for all t € I.
d
0=¢'®,y®) = 'O,y + Oy ) ==, y®)

Thus (y(t),y(t)) = |)/(t)|2 = C, then y(t) has constant norm.

Example 2.24. If y(t): I —» R"is a regular curve, prove that

d o Y@
Ely(t)l = <V (t)’—ly(t)l>'

Solution.
2(y(0),y'(©))

d d 1 1
i ly@®| = E()’(t):l/(t))E =1/2(y@®),y@®)) 2{{y' @, y@©) + (v (@), y' ()} = T
2(y(®),y ()2

10
= <y ®, |y(t)|>‘

2.3. Acceleration.

Definition 2.25. Acceleration is a vector quantity that is defined as the rate at which an
object changes its velocity. An object is accelerating if it is changing its velocity. Velocity is
defined as a vector measurement of the rate and direction of motion or, in other terms, the
rate and direction of the change in the position of an object. The foll_o)wing notational
convention from physics: If y(t): I — R", is a regular curve.

v(t) = y'(t) (the velocity function)

a(t) =v (t) =y"(t) (the acceleration function).
Also we have by the physics interpretation of a(t) comes from the vector version ofNewton’s law:

F(t) = ma(y),

where m is the objects mass, and F(t) is the vector-valued force acting on the object at time ¢.
Example 2.26. Find velocity, acceleration and speed of particle described by
y(t) = (t 2 t3), at t = 1.
Solution. v(t) = y'(t) = (1,2t,3t?) = v(1) =(1,2,3)
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speed:| v(t)| = V1 + 4 +9 = 2+/3.

a(®) =v'(t) =y"(® =(0,2,6t) =(0,2,6).

Example 2.27. Let y(t) = {(1,—2t?),t%, (-2 + 2t?)).
1- Compute velocity, speed, acceleration and find the unit-tangent vector.
2- Compute the arc length.

Solution. 1-v(t) = (—4t, 2t, 4t).

|v(t)| = V16t2 + 4t2 + 16t2 = 6t
a(t) = (—4,2,4).

v(t)
v ()l
2- The arc length = foz lv(t)|dt = foz (6t)dt = 12 units.

_ 1, _ 2 1 2
_6t( 4t,2t,4t)—< >

The unit-tangent: — T
3°'3°3

Proposition 2.28. %Iv(t)l=%= the component of a(t) in the direction

of v(t).

Proof. Similarly as example 2.24.

Example 2.29. If y is a curve in R™ with |y(t)| = ¢ (a constant), prove that
(a(t),—y(®)) = |y (t)|?. Rewrite this as <a(t), — h}:gl> = W(Z)lz, and notice that the left side is

the component of a(t) in the direction of the center-pointing vector. Interpret this physically in
terms of centripetal force.

Solution. The expression (y(t),y(t)) = |y(t)|? = c? is constant, the derivative of this
expression must be zero:

0= %(y(t),y(t)) = (y(0), v(t)) + (v(t),y(t)) = 2{y(t), v(t)), which means (y(t), v(t)) = 0.
0= g(y(t).v(t» = (), v(®)) + (@), a(®)) == (v(), v(t)) = =y (@), a(®)) = [v(®)|* =
(a(®), —y ().
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Example 2.30. Find a space curve y(t) = R - R" with acceleration function
a(t) = (t2 -1, 83, t2 + 1). How unique is the solution?
Solution.

t3 t* t3
v(t) = [a@®)dt = [ (t? — 1,t3,t? + 1)dt = -g—t+azf+¢(§+t+e> ,

the velocity at time t.
Space curve:

t*  t? ts t*  t?
y() = [v(t)dt = <<E—?+ct+cl),<%+dt+d1)<ﬁ+7+et+e1)>,

the position at time t.
2.4. Reparametrization. During the previous week, i studied the section reparameterization
and i read:

Definition 2.31. Suppose that : I - R" is a regular curve. A reparametrizationof y is a

function of the form 7=y o0¢ — R", where I is an interval and Q: I—1

[

is a smooth bijection with nowhere-vanishing derivative (¢ (t) 0foralltel). And ¥
is called orientation-preserving if (;J> 0, and orientation-reversing if <;)< 0.

Proposition 2.32. A regular curve y: I — R"can be reparametrized by arc length. That is, there
exists a unit-speed reparametrization of y.

Definition 2.33. A closed curve means a regular curve of the form y: [a,b] — R" such that
y(a) = y(b) and all derivatives match:

y(@)' =y®), v(@"=y®)" elc.
If additionally is one-to-one on the domain [a, b), then it is called a simple closedcurve (

Proposition 2.34. A regular curve y: [a,b] — R" is a closed curve if and only if there exists a periodic
regular curve’y: R — R™with period ba such that ¥ for allt € [a, b].

Definition 2.35. Let y: [a,b] —» R™ be a closed curve. A reparametrization ofyis a function of the
formy =y, 0¢: [c,d » R", where A € R and ¢: [c,d] > [a+,b+]is a smooth bijection with now
here vanishing derivative, whose derivativesall match at ¢ and d; that is,

() =d(d),  P()" =p(d)" elc.
Proposition 2.36. Two simple closed curves have the same trace if and only ifeach is a

reparametrization of the other..

1.5. Curvature. To date. I have studied in this section the curvature and its properties
and I read some theorems that connect between the unit tangent, unit normal and the curvature
through the rate of change of velocity (Acceleration).

Definition 2.37. Let y: I - R" be a regular curve. Its curvature function
k: I — [0, ), is define as

_la*©)

G

Proposition 2.38. Ify is parameterized by arc length, then k = |a(t)|.

K(t)

Definition 2.39. Let y: I — R" be a regular curve. Define the unit tangent and the unit
normal vectors at t € [ as

v(t) at(t)

TO=por VO = wor
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Proposition 2.40. Ify: I - R" is a regular curve (not necessarily of unit speed), then for all
tel
vl
Proposition 2.41. Ify: I - R" is a regular curve (not necessarily of unit speed), then at
every time when k+ 0, we have T' = k|v|N. Consequently,
—(N',T) =(T',N) = k|v|.

Definition 2.42. (A critical Point). We say that x = t is a critical point of the function y(x). If

’ r

y(t)- exists and if the following are true y (t) =0 or y (t) does not exist.

Notation 2.43. The n-th degree of Taylor Polynomials of y(x) is define as
n .
yi(x)
=) =
i=0

Example 2.44. For constant a, b, c > 0, consider the generalized helix define as

(x —a)t.

y(t) = (acos ¢ bsint, ct) teR
Where is the curvature maximal and minimal?

1.6. Plane Curve. [A plane curve is any curve, which can be drawn on the plane. Some
curves are fairly simple, like a circle, and will have fairly simple algebraic equations. Some are
very complex, like your signature, and may be very difficult to describe with an equation. Plane
curves were studied intensively from the seven- tenth through the nineteenth centuries.] In This
section, [ studied some specializedproperties of regular plane curve (regular curves in the plan
R?). Let as first con-sider the linear isomorphism [An isomorphism between two vector space V
and Wis a map f: V— W such that:
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1- fis one to one.
2- f(vi +v2) = f(vi) + f(v2) for all vi,v2 € V.
3- f(rv) = rf(v) forr e R.
Roo : R? > R? defined as
Roo(x,y) = (v, x)
whose effect is to rotate the vector (x,)) by 90 degrees counterclockwise

Definition 2.45. Let y : I — R? is a unit-speed plane curve. At any time t € I. We call ks :
I — R the signed curvature function which define as

a(t)
Rgg (V(t)) '

its negative if the curve is turning clockwise at ¢, and its positive if counterclockwise.

Kk(t) =

Lemma 2.46. Lety : I — R? is a unit-speed plane curve. At any time t € I With
Ks: I — R then |ks(t)| = |k(t)]

Definition 2.47. If : I — R? is a regular plane curve (not necessarily parameterized by arc
length), then for all t € [,

v(t)
K (0) = <a(t)’R9° (Iv(t)l)) _ {a@®), Ry (v(1)))
° lv(®)|? wvOPr

Proposition 2.49. If y : I > R? is a unit-speed plane, then there exists a smooth angle
function, 6 : I - R, such that for all t € I, we have
v(t) = (cos 6(t), sin O(t)).

This function is unique up to adding an integer multiple of 2.

Definition 2.50. The rotation index of a unit-speed closed plane curve y : [a, b] » R? equals
i(@(b)—@(a)), where is the angle function from Proposition 3.5. The rotation index of a

regular closed plane curve (not necessarily of unit speed) means the rotation index of an
orientation preserving unit-speed re parameterization of it.

2.7. Space Curves. In this short subsection we concern a smooth curve y in the standard
three dimensional Euclidean space E. Let this curve be defined (up to translations and
rotations of E) by its curvature k(s) and its torsion 7 (s), the arguments is the arc-length
parameter.
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Definition 2.51. If a = (a1, az, az), b = (b1, bz, b3) € R3, then
a x b = (azbs - asbz, azb1 - a1bs, a1b2 — azb1) € R3.

Lemma 2.52. Let a, b € R3
(1) a X b is orthogonal to both a and b.

(2) sk |a X b| = |a||b| sin(8) = \/|a|2|b|2 — {a, b)? = the area of the parallelogram spanned by
a and b (where 6 = 2(a, b)).

(3) The direction of a x b is given by the right-hand rule.

Lemma 2.53.If a,b,c € R® and u, AR, then :
(1) axb=-(bxa).
(2) A+ub)xc=A(axc)+u(bxc),
ax(Ab+puc)=2A(axb)+u(axc).

Lemma 2.54. If y, 8 - R® is a pairs of space curves, then
d
E(Y(t) x B(®)) =v'(®) x B®) +y(t) X B’ (©).

Proposition 2.55. Ify: I - R3 is a regular space curve, then for all t € I,
lv(t) x a(t)]
V()3

k(t) =

Definition 2.56. Let y : /- R3 be a regular space curve. Let t €I with k(t) # 0. Then the
frenet frame at t is the basis T(t), N(t), B(t) of R® define as

v(t) _at@®  T'(®
rol VO S Eo T iror

T() = B(t) =T(t) X N(t)
Individually they are called the unit tangent, unit normal, and unit binormal vectorsat t.

Definition 2.57. Let y : - R® be aregular curve. Lett € I with x(t) # 0. The
torsion of y at t, denoted by t(¢t), is

B OND)
O="por

Proposition 2.58. Lety: I — R3? be a regular curve. Lett € I with k(t) # QThe trace of y is
constrained to a plane if and only if T(t) =0 for all t € L
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Proposition 2.59. (The Frenet Equations.) Let y : I - R?® be a regular curve. At every time
t € I with k(t) # 0, the derivatives of the vectors in the Frenet frame are

(1) T' = |v|xN.

(2) N' = —|v|kT.
(3) B' = —|v|zN.
2.8. Rigid Motion. A Rigid Motion (motions are the orientation preserving isometrics.) is

the action of taking an object and moving it to a different location withoutaltering its shape or
size. For examples of a Rigid motion are translation and rotation . But reflection and glide
reflection are isometrics, but are not motions. Where,

Translation: It is a shifting of a shape, where all the shapes are moved in the same direction
and the same distance. Shapes are simply translated in a direction without loss of orientation.

Reflection occurs when an image is flipped over along an axis. A way to en- visage this is by
placing a small mirror along an object to act as an axis of reflection.

Rotation To understand rotation, imagine sticking a pin through the duplicate copy of tracing
paper and moving it around the pin, which serves as the center of rotation.

Glide reflection A glide reflection is a reflection around an axis, combined witha translation
along the same axis.

3. ADDITIONAL ToOPICS IN CURVE

This section studied more deeply into the geometry of curves, including some of the famous
theorems in the field. The theory of curves is an old and extremely well developed mathematical
topic.

3.1. Theorems of Hopf and Jordan.

Definition 3.1. Let y : [a, b] » R® be a simple plane curve . Let C = y([a, b]), denote its
trace, Then the rotation index of y is define

1
ind(y) = — —¢(a)).
ind(y) = 5-(¢(0) -~ $(@)
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Theorem 3.2. (Hopf's Umlaufsatz) Let y be a regular simple close plane curve.Then
ind(y) = +1.
Theorem 3.3. (The Jordan curve theorem)
RE—C={peR? | P¢C)

has exactly two path-connected components. Their common boundary is C. One component (which
we call the interior) is bounded, while the other (which we callthe exterior) is unbounded.

Definition 3.4. A simple closed plane curve y :[a, b] » R? is called positively oriented if it
satisfies the following equivalent conditions:

(1) The rotation index of y equals 1.

(2)  The interior is on ones left as one traverses y; more precisely, for each t € [q, b],
Roo(y(t)") points toward the interior in the sense that there exists § > 0 such that y(¢) +
sRoo(y)lies in the interior for all s € (0, §). Otherwise, y is negatively oriented, in which case its

r

rotation index equals 1, and R9o(y) points toward the exterior for all t € [q, b].

Proposition 3.5. If f: [a, b] = S is a continuous function with f (a) = f (b), then there exists a
continuous angle function ¢ : [a, b] = R such that for allt € [a, b], we have

f(t) = (cos @(t), sin ¢(t)).
This function is unique up to adding an integer multiple of 2m. The degree of f isdefined as the
integer — (¢ (b) — ¢(a).
Definition 3.6. A piecewise-regular curve in R is a continuous function y: [a, b] = R" with a
partition, a = to < t1 < .. < tn = b, such that the restriction, y;, ofy to each subinterval [t;,

ti+1] is a regular curve. It is called closed if additionally y(a) = y(b), and simple if y is one-to-
one on the domain [g, b). It is said to be ofunit speed if each y; is of unit speed.

Theorem 3.7. (Generalized Hopf s Umlaufsatz) Let : [a, b]— R?be a unit-speed positively oriented
piecewise-regular simple closed plane curve. Let s denote its signed curvature function, and let i be
the list of signed angles at its corners. Then

fb k() +Z a; = 2.

Definition 3.8. Let y : [a, b)] » R? be a piecewise-smooth simple closed plane curve with signed
angles denoted by % The ith interior angle of y, denoted byp: € [0, 2], is defined as

m—a ifyispositively oriented
m+ a ifyis negatively oriented

el

In theorem 3.7, y is assumed to be positively oriented, so the theorem becomes



fh@=2ﬁrm—mm

where n is the number of corners.
If the smooth segments of y are straight-line segments, then this becomes

Zm=m—n

References

[1] H. Busemann and P. J. Kelly, Projective Geometries and Projective Metrics, Academic Press, New
York, 1953. h1, 10i

[2] H. Busemann, The Geometry of Geodesics, Academic Press, New York, 1955. h3i

[3] S. S. Cheng and W. Li, Analytic Solutions of Functional Equations, World Scientific, New Jersey,
2008. h8i

[4] M. A. Ghandehari, Heron’s problem in the Minkowski plane, Technical Report of Math. Dept. of
University of Texas at Arlington, 306 (1997), http://hdl.handle.net/10106/2500. h2, 3i

[5] A. G. Horvath and H. Martini, Conics in normed planes, Extracta Math., 26:1 (2011), 29-43; available
also at arXiv: 1102.3008. h2, 3i

[6] L. Taméassy and K. Bélteky, On the coincidence of two kinds of ellipses in Minkowskian and Finsler
planes, Publ. Math. Debrecen, 31:3-4 (1984), 157-161. h1, 12i [7] L. Taméssy and K. Bélteky, On the
coincidence of two kinds of ellipses in Riemannian and in Finsler spaces, Coll. Math. Soc. J. Bolyai, 46
(1988), 1193-1200. h12i Electrical Engineering, 54(2016),494-505.



