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Abstract:

This study present new idea in way to more future wonderful ideas, exploiting mathematical
side of specific, through several ways employing very wide resources of mathematical
functions and their properties that with natural in improve features of activation function,
from these studies this study which drive an activation function through compose two (and
more) functions with properties to be continuous and drivable.

We can drive membership function under fuzzy logic by this as composite function on
wavelet function or vice versa, and for many different functions (as future work).

Also there idea to compose wavelets from families such SLOG mother wavelets with
RASP or POLYWOG wavelets, that specifically arises from NNs representation and
classification problems ,which also drivable .Each one from these functions have derivative
which also can be composed to get an other activation function .
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1. Introduction:

Most if not all studies and works on NNs and WNNSs in this moment try to improve their
works and options, from these studies what award to improve structure of the important part
in network which is the activation function.

In prior study there is idea to construct activation function as summation between two
sigmoid functions (which odd function) or three functions as in reference [1].

Other ways award to exploit wavelet to combine with NNs and through use wavelets as
activation function in what named WNNSs.

A new techniques that hybrid many ways such NNs and wavelets analysis with fuzzy
logic and fuzzy learning rules in scaling function as in reference[2],or exploiting logarithmic
wavelet modeling as occurred in reference[3],and more studies which that not acquainted on
it.

The idea to Design and development from the electronic circuits of mathematical models
in order to generate activation functions employed in the Artificial Neural Networks(ANN)in
reference[4],which present six models for activation functions.

The work in this paper has been based on casting an activation function in head principle
through composite the functions, that aim to make activation function in form of composite to
get on a best features for function and then for data that process by this function. Several
ways exploit this will shown in more accuracy.

A way depend on composite two mother wavelets (and daughters) from different wavelets
families, which compose SLOG by RASP wavelet families and with POLYWAG wavelet
family. While the other way by compose POLYWAG by SLOG family.

Also for attempt to improve the computations these composite functions have been
derived with first derivative, and to promote the work a derivative extended to parameters
wavelet scale and shift.

The properties of chosen wavelet functions were helpful to forming the function which not
requisite be in composed function.

2. Some Families of Wavelets

2.1 SLOG Wavelets:

This family of mother wavelets result from finite term sums of weighted and delayed
logistic functions[5].A logistic function which is a type of monotonically increasing, smooth,
asymptotic sigmoid (S-shaped) function which usually represents the threshold function at the
neuron output of the neural networks models .

=0
e +1

The first SLOG mother wavelet exhibiting the following Superposition LOGistic
sigmoids;

Sigmoid function which centered at zero J.

1 1 1 !
hslog1 (X) = 1+ - 1+e*3 B 1+e %38 " 1+e ! ) (1)
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Figure (1):(a) SLOG; wavelet (b) A SLOG, wavelet (c) Sigmoid function .

Which represent a minimum-oscillation wavelet (down-up-down),its plot were normalized to
have unity amplitudes .

20



Journal of AL-Qadisiyah for computer science and mathematics
Vol.6 No.2 Year 2014

Bushra.H

2.2 POLWOG Wavelets:
These wavelets arise from POLYnomials WindOwed with Gaussians type of functions

XZ

— : . =) : "
.that represent all derivatives of Gaussian function=e 2 ,In this work a second derivative
was applied which with form[5];

Moo, (X) =k (° =3x) e™/? | k =0.7246 (2)

Figure(2):Some POLYWOG wavelets .

2.3 RASP Wavelets:

These Rational functions with Second-order Poles wavelets are real, odd functions with
zero mean .The distinction among these mother wavelets is their rational form of functions
being strictly proper and having simple/double poles of second order.

RASP; Wavelet with form in[5].

X
h X)=——— ...(3
Raspl( ) (XZ +1)2 ()
X €0s(X)
Piasp, (X) = Tl —(4)
A dooAh A
| . _\1 |I \-\_\_. f\\j.l lIlll |I lll'\/f:l '\‘;

-7 :- 1 -1T b

Figure (3): First and Second RASP Wavelets.

3. Compose the Activation Function:

© Compose of two functions as:

go f(x)=g[f(x)]

for two functions f and g onx which mean circlinggon f .

We can compose (or in other word circling) more than two functions. This work circling
functions in (1) and (2) as putting;
f(X) = hyjoq, (X) and 9(X) = hpomog (X) k =0.7246

Compose fongas;go f(x):

ge f (X) = g( f (X)) = hpolywogz (hslogl (X))
Represented by variable x as in form (2):
g(f (X)) =K[(f (x))* =3 (x)].eL ™2 |~ 0.7246 (5
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Represented by variable x as in form (1):
1 1 1 1
f(x)) =k - - -
(1 00) [[1+ e 1 11e™® 1+e*° 1t e‘x =2 [1+ e Xt o (6)
1 1 Yt 1712]
— —_ ]] l+e 1+e 1+e 1+e
1+e ™ 14+e*3? 14e
If we simplify f (x) apart as in form:
1+u 1+v 1+u 1+v
f(x)= P TP T - c(7)
+U e+Vv wW+U W+V
where u=u(x)=1+e " +e*" (8)
, v=v(X)=1+e" P4+ .n(9)
and w=w(x)=e> ...(10)
Or use other form ;
e +u e 4y
f(x)=2- — (11
) e +u e v 1y
where u=u(x)=e**+e>*+1 (12)
and  v=v(x)=e P +e P +1 co(13)
So the composite will be as:
1+u  1+v 1+u  1+4v, 120 My
A(x) = g(f(x) =k. [[ -3 - J.e e ceo(14)
TR W+U W+V
for k=0.7246 ,and 7L(x) the implicated function.
® Some question requisite here what happen if the compose be inversed ?
That compose of two functions in form;
fo g(X) = f (g(X)) = hslogl (hpolywogz (X))
= 12— 12— 12 + LI (15)  for
14 e KOC-30e™ 1L 4 4 o IkOC-30e™ 113 q | o AKOC-30e7™ 218 1 | o Tk 316 21
constant value k =0.7246
when facilitation form get on :
1 1 1 1
J(x) = 1(g(x))= 14 g Thuvi+t h 14 g Tkuvl+3 o 14 g -3 + 14 gyt --(16)
where u =u(x) = x> —3x (17)
and v= v(x)e_% ....(18)
©The compose of another two functions in form;
ge f(x)=g(f(x)
= hpolywog (hRasp2 (X))
xcos(x)
X COS(X X COS(X 1’12
kP g (1)
X°+1

,for constant values k =0.7246 .
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® The compose functions in other way in form;
fog(X) = (N10g, © Prasp, J(X) = Nj0, (Neagp, (X)) = T(9(X))
1 1 1 1
f (g(X))— 7[xcos(x)] 1 - 7[xcos(x) - 7[xcos(x) _3 7[Xcos(x)]7l ° "(20)

X% +1 - X2 +1 X% +1 X2 +1
l+e l+e l+e

Note: The suggested question could executed for all contributed functions .

©We can compose(circling) the two functions RASP, with SLOG, wavelet with
zero mean ,form(4),composed by g(x) in form :

3 3 1 1
X)=h X) = - + ....(21
900 = Nijog, (X) 1+e*t 1+e 1+ 14+e7% (2)
As

x+

go f(X)=9g(f (X)) =hgagp, (N1, (X))
3 3 1 1 o (22)

:1+e—f(x)—l _l+e—f(x)+1 _1+e—f(x)—3 +1+e—f(x)+3
If we denote the composite function for x by 77(x) ;
3 3 1 1
77(X) = ~ xcos(x)+1) - - X c0os(x) - B xcos(x)+3) 3 X cos(x) ""(23)
l+e ¥+ l+e ¥+ 1ye ¥4 l+e ¥+

Represented as finite terms sums series of cosines and exponential terms functions, which
has parts from a sigmoid functions forms.
4. Some Properties of Composted Activation Function
Properties of functions like even 3(x) = $(—x), and odd function —3(x) = 3(—x) .
For (17)and(18),function;
u(=x) = —(x* =3x) =—u(x)

and for v(x)=e 2 =v(=x)

The features of these functions apart on the composite function, in timeu is odd function, v
is not ,butv is even function and u is not even function.

Composite function;

1 1 1
‘9(_)(): 2, - 2, - 2,
14 @ KT8 2 g | o K07 -3)e U g oIk -3(-x)e -3
N 1
1+ e K0 =3(xpe 1211
1 1 1 1
F(—x)= — — + (24
1+ekuv+1 1+ekuv+3 1_+_ekuv—3 1+ekuv—1 ( )
—kuv-1 —kuv-3 —kuv+3 —kuv+1
e e e e
Or 9(_X) = e—kuv—l + l B e—kuv—3 + 1 o e—kuv+3 + l + e—kuv+1 + 1 T '(25)
When communicate the terms of function to coincide with essential function in form (16);
l —kuv+1 l —kuv+3 1 —kuv-3 l —kuv-1
=———(e -——— (e —-——— (e +——(e
e—kuv+l +1( ) e—kuv+3 +1( ) e—kuv—S +1( ) e—kuv—l +1( )
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It is clear that this is equivalent to essential, but with set from additional parentheses are
(e, (e™V*?), (e™ ) and (e "), respectively. Which can represent as polynomial with
power of exponential?
= (e™")(Ist term.e® + 2nd term.e® + 3rd term.e ™ + 4thterm.e %)

— (e—kuv+l)( 1 _ 1 e2 _ 1 e—4 + 1 e—2)
e—kuv+1+1 e—kuv+3+1 e—kuv—3+1 e—kuv—l+1

The feature of function to be centered at origin (with mean zero)in [5];
j I(x)dx = j f (g(x))dx

=In(l+e"“" ™M) —In(L+ &) —In(L+ e""*®) + In(L + &)
=In@)—In(Q) - In(1) +In(2) =0
Integration here is through depend on k,u,v as constants with respect to values of x.
The value of function at zero is zero;
3(X)=1_1_ 1 N 1 =e‘l_e‘3_ 1 +1
1+e" 1+e® 1+e® 1+e’ 1+e' 1+e? 1+e° 1+e™
et+l e+l
“1+e! 146’
at u(0)=0,v(0)=1
At zeroi(x) be also zero, atw(0) =1, u(0) =1+e>+e™, v(0)=1+¢° +e* .

=0

1+u 1+v

1+u 1+v 1+u 1+4v, [[———1%2]
7L(0)=91(f(0))=k-[[1 -—71-3 +——]le
+Uu 1+v 1+u 1+v
=k.0e°=0

5. Derive Composite Activation Function:
Here derive form (16) with respect to x through chain rule by functions uandv ;

af (9(x)) _ af (g(x)) du  of(g(x)) dv

' ....(26)

OX ou dx oV dx
of (g(X)) d_u B kve—kuv+1 ~ kve—kuv+3 ~ kve—kuv—B N kve_kUV_l
—au . dx (1+ e—kuv+1)2 (1+ e—kuv+3)2 (1+ e—kuv—3)2 (1+ e—kuv—l)Z
Here we suppose o as, o = kuvand then substitute it as;
of (g(x)) du gt g o*3 g o3 a0l du
—GU & = (1+e—0'+1)2 - (1+e—0'+3)2 - (1-1—87073)2 + (1+e7671)2].& (27)
With du_ 3(x* -1)

dx
,and ;
-0+l -o+3 —o-3 o1

af(g(x»'ﬂ:ku[ e- VA e— e e—_s 7T e_—l 2]@ ~.(28)

v e @Lre ) (Lre )t Lre ) ox

,with % = —xef% =—xv, for k =0.7246
X

24



Journal of AL-Qadisiyah for computer science and mathematics
Vol.6 No.2 Year 2014

Bushra.H
By compile terms in (26)it will be;
-0+l -0+3 -0-3 -o-1
af(g(x» kV[B(X 1)[ e—12_ e—sz_ e——32+ e——lZ]
OX @+e ™) @+e 7)) (@+e ) (L+e )
-0+l e—o‘+3 e—o‘—3 e—o‘—l . (29)

— XU. - - +
[(1+ efa+l)2 (1+ efa+3)2 (1+ efo'f3)2 (1+ efo'fl)Z ]]
It is cleared here the activation function constructed from a polynomial of sigmoids and
exponential functions .

6. Driving the Composted Function with Respect to Shifting and Scaling:
Since each hidden node has window in time frequency plane the parameters that control

on shape of wavelet and its values which are shift and scalea, andb, .
1 1 1 1

h X) = - - + ...(30
g, (X) 1+ 1+e™® 1+e72 14e (30
where 7 = X ; b, ,n=1,.....N number of windowing wavelets
dhslogl (X) B _(_efr+l) _(_efr+3) _(_87173) _(_efrfl)
= - - +
dr (L+e™™? [@+e™)? (L+e™%)? (L+e™h)?
e—r+l e71+3 87173 e—r—l
=[ e —Ti3v2 a2 1 2]
@+e ") (@+e ") (@QA+e ) @+e™ )
or_x-b _x b_ 1
o a a a a
when driving by b,
ahs,ogl (X) Q B —_l[ ele ~ efr+3 ~ e—r—a 7771 ]
or b a (l+e ) (A+e ) (l+e )’ (1+ e h)?
A composite function;
dg(f(x)) 1 1 1
— 2 —_k.[3 - -
dx [ ([1+ e 1+e? 143 1+ e*X 1)
[ _e—><+l B e—x+3 B e—x 3 e—x— ] [ 1
(1+e—x+1)2 (1+ e—x+3)2 (1+ e—x—3)2 (l e—x 1)2 1+e—x+1
1 1 l’“l 1+e:EX+3 1+el”"3 "1+e’ ’1] /2]
1+e ™3 14+e*3 M 1+ e‘X SU
dg(f(X)):69(f(><))_d_u+ag(f(X))ﬂJrag(f(X))_d_W 1)
dx ou dx ov  dx ow  dx
og(f(x)) du 1+u 1+v w+u)—(1+u
au dx WHU WV (W+u)?
+u  14v .,
1+u  1+4v wW+U)=(@+u), 1+u 1+v Cwh Wy
gLy wrw -,y e 2
W+U W+V (W+u)® WU WV
1+u 1+v .,
Cweuwsy 2 (WHU) — (14U _ax
el W=Dy g grs g2

(w+u)?
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1+u  1+v,, (w=1) 1+u  1+v
-—)( ) +H(=—-
W+U W+V (wW+u) W+U W+V

Hu 1+v,, +u 1+v,

wW=1 o [ ‘W wey o wa
[ 2 el

(—)e

(W+u)

=3/ ( 5

AU R (Y

(W+u)®

Hu v,

(w-1) )[(1+u CLl+vy, l+u 14w 2 gl W wey /)
W+u)> " wH+u w+v wWHUu WV

+u 14+v .,

=-3k[ (

[ W+U  W+V

+e 2 Ju-1]

(w=1 ., 1+u 1+v,,
7)( - )
W+U)TWHU  W+V (32)

ag(f(x) du o o oo
B g ==l il ((

+u 14v .,

B [ WHU WAy 51 1+uU 3 1+Vv )

¢ I:(W+U W+V)

ag(f(x)) %—k[[g(“u B 1+v)2(—(w+v)+(l+v))
N dX T WHU WV (W+V)?

+1] |

1+u  14v
(o)

WHU  WHV ]
2

1+u 1+v)(_(—(w+v)+(1+v) 1+u  1+v
W+U  W+V (W+V)? W+U  W+V

-3( )e!

I+u  14v

[’WW/] e (U R (5)

(W+V)?

)] I_e—x+3 _ e—2x+4]

+€

+u I+

1+u 1+v,, 1-w 1+u 14v,,  1-w )e[_m_m 5

=3k ( . _ ).
W+U W+V (W+V) W+U W+V (W+V)

+u 14v

[owwoww 2y 1-w ~
+e .(—(W+V)2)] Iv-1

I+u  14v o

2[W+UW+V2]

)e

1-w _1+u 1+v 1+u 1+v
= 3k[v -1 A )+ [~
(W+V)" "W+U W4V W+U W+V

tu I4v .y,

[ WU W+V

+e > ]
..(33)
ag(f(x)) d_W:k[[3(1+u B 1+v)2(—(1+u)_—(1+v))
ow dx T OwHU WV (WHu)E (W)

+u 1+v

_3[(1+u B 1+v).(1+u 1ty —(1+u)_—(1+v)))le[7ﬁfm

WHU  WHV W+U WHV(WHu)? (W+V)?

51

o v

[ Wi wey ](—(1+u)_—(1+v
S(w+u)? o (WHv)

0 1126

+€
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1+u  1+4v,, —(@+u)  (1+Vv)
( + 7
WHU WV (W+u)>  (W+v)

=3k I(

1+u  1+v

1+u  1+v, —@+u) (1+V) De [‘W+u ww
2

[(w+u w+Vv' (wW+u)? (W+v)

1+u  1+v .,

_(7 -

+e
(W+u)? (w+v)

e ) | @) e o
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@+v)

=3k J[(

[ w+u  wW+v

)
e e AR Yy gy (2w
W+ u W+V

ag(f(x))d_w B [[( (1+u)+ 1+v) )][(1+u 1+v)2

ow dx (W+u)®  (W+v)? W+U W+V

+u  14v o
1+u 1+v [oweu owey'
+C—-——)* +1]e 211
W+U W+V
If we suppose the function p to represent the form in (34) as:
1+u 1+v

W+U W+V
The previous equations will be formed as;
og(f(x)) du W=1) o TP
——= —=-3%K[u-1]| —= 2 1
FYR [u-1] Wru)? (0)e e +1 ]

09(f () O _ g it A=W ¢ £
kU e S DI (GRS

1+u 1+v o

[ W+U WAV

%ﬁ:‘»‘;&v skwp[ [(p) +e 2 L(p)*+11 ]

by communicating the derivatives in chain in (31);
00D 0] -o-m WDty -

+(v- 1)(( )) [(0)" +e pg][(p)“rl]]

Hu 14v ,

Loawp[(p)2+e 2 [(p)? +1]]]

do(f(9) (U IS
el >1( el e

+[( 4 2)? +1][(v-1) (w-
(w+

+2Wp ]
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...(34)
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Figure (4): A form p from the composite form. Figure (5): A function U from the composite form.
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Figure (6):A function V from the composite form.  Figure (7):A function W from the composite form
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Figure (8): Graphing of o f (X) function
Conclusions:

The work does hard to introduce an elegant way or a form from many thoughts introduced
and will be introduce. Presented thought try to restrict the computations through the form of
activation function which advantage from the composite functions properties. The ensuring
from the success of computations in this way as a new work in experimental calculations on
NNs or WNNSs (to be continued) in spite the complexity of form. The computations reflect on
a features values through NNs (WNNs) in two elicit directions. In direction that drive
POLYWOG,; ,POLYWOG3; on SLOG; mother wavelet and then under scaling and shifting on
a variable values through a composed function to get on an activation function with special
properties. In direction that compose a RASP, mother wavelet with mean zero by a SLOG;
mother wavelet in once, which is near to work of Fourier transform as a series of summation
of cosine functions of (shifted and scaled) variable(s) .The graph of composed function is
changed from negative to positive to negative values, which clearing effective of properties
of function on data.

Some computations be inaccessible, the us of activation function with form communicate
many functions (exponential, trigonometric, linear, ... , etc.) in sequential serial summation
or/and subtraction may eliminate or null the covariance in computations, will work to extend
the scope of computational intelligence and learning. For coming works will drive a
composite function for membership function on/by wavelet function (or membership
function) and for many functions, this feature available by association property for composite
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function. The range of results values from this function is clearly be accurate and little and
may be intersected this by properties of functions that were composite.
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