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1. Introduction

Quasiprime submodules of left unitary R-module U over commutative ring have been introduced and studied in
1999 by [1], where a proper submodule F for U is called quasiprime if whenever acu € F, for a,c € R, u € U, implies
that either au € F or cu € F as generalization of a prime submodule [2]. Recently, many authors have focused on
generalizing the concept of a quasiprime submodule such as “Nearly quasiprime, Approximaitly quasiprime,
Approximaitly quasi-primary, Weakly approximaitly quasiprime, and Weakly nearly quasiprime” submodules see
[3, 4, 5, 6, 7]. In this paper we introduce and study a new generalization of quasiprime submodule called almost
approximaitly nearly quasiprime submodules as a proper submodule F for an R-module U is called almost
approximaitly nearly quasiprime (simply Alappng-prime) submodule if whenever acu € F, fora,c € R,u € U,
implies that either au € F + (soc(U) +J(U)) or cu € F + (soc(U) + J(U)). Where soc(U) is the socle of U defined
by the intersection of all essential submodule in U, and J(U) is the Jacobson radical of U defined to be the
intersection of all maximal submodules in U[8]. The concept of almost approximaitly nearly quasiprime submodule
is also, generalizations of concepts “nearly prime and approximaitly prime” submodules which appear in [9, 10].

Recall that an R-module U is cyclic if there exist u € U such that U = uR [11]. An R-module U is a semi simple if and
only if soc(U) = U [8]. A submodule F of an R-module U is called small if F + K = U implies that K = U for any
proper submodule K of U [12]. A subset S of a ring R is called multiplicatively closed if 1 € S and ab € S for every
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a,b € S, let T be the set of all order pairs (u,s) where u € U and s € S, the relation on T is defined by (u, s)~(u’,s")
if there exists t € S such that t(su’ — s'u) = 0 is an equivalence relation, and we denoted the equivalence classes of

(u,s) by % Let ST1U denoted the set of all equivalence classes T with respect to this relation. S~*U is an R-module
[13]. An R-module U is multiplication if every submodule F of U is of the form F = IU for some ideal I of R [14].

2. Basic Properties and Characterizations of Alappnqg-prime Submodules.

Definition 2.1 A proper submodule F of an R-module U is called almost approximaitly nearly quasiprime (simply
Alappng-prime) submodule, if for any acu € F, for a,c € R, u € U, implies that either au € F + (soc(U) + J(U)) or
cu € F + (soc(U) + J(U)). And an ideal J of a ring R is called Alappng-prime ideal of R if ] is an Alappnq-prime R-
submodule of an R-module R.

Remarks and Examples 2.2

1.

Let U = Z,,, R = Z, the submodule F = (4) is an Alappng-prime submodule of Z,,. Thus for eacha,c € Z,u €
Z;,, if acu € F, implies that either au € F + (soc(Z;3) + J(Z73)) = (4) + ((12) + (6)) = (2) or cu € F +
(soc(Z7,) +J(Z73)) =(2). That is if2.2.1=4€F, for2€Z,1€Z,,, implies that 2.1 € F + (soc(Z;,) +
](Z72)) =(2).

. It's obvious that every quasiprime submodule of an R-module U is an Alappng-prime submodule of U, but

contrariwise isn't true as in example: ~
LetU = Z,,, R = Z, the submodule X = (4)is an Alappng-prime submodule of Z,,[see (1)]. But X is not
quasiprime submodule of Z,,, because 2.2.1 € X,but 2.1 ¢ X.

. It's obvious that every prime submodule of an R-module U is an Alappng-prime submodule of U, but

contrariwise isn't true as in example:
Let U = Z,,, R = Z, the submodule X = (4) is an Alappng-prime submodule of Z,,[see (1)]. But X is not prime
submodule of Z,,, because 2.2 € X, but neither 2 € X nor 2 € [X:Z,,] = 4Z.

. It's obvious that every nearly quasiprime submodule of an R-module U is an Alappng-prime submodule of U, but

contrariwise isn't true as in example:
Let U = Z;,, R = Z and the submodule X = (6) is an Alappng-prime submodule of Z,,. Thus for each a,c € Z,u €
Zy,, if acu € X, implies that either au € X + (soc(Z;3) +J(Z12)) = (6) + ((2) + (6)) = (2) or cu € X +
(soc(Z1,) +](Z12)) = (2). That is if 2.3.1 € X, for 2,3 € Z, 1 € Zy,, implies that 2.1 € X + (soc(Z15) +J(Z12)) =
(2). But X is not nearly quasiprime submodule of Z;,, because 2.3.1 € X, but neither 2.1 € X + J(Z;,) = (6) +
(6) =(6)nor3.1 € X + J(Z;,) = (6).

. It’s obvious that every nearly prime submodule of an R-module U is an Alappng-prime submodule of U, but

contrariwise isn't true as in example:

Consider the Z-module Z@Z, the submodule X = 3Z@®(0) is not nearly prime submodule of the Z-module ZZ,
since 3(1,0) € X, but (1,0) € X + J(Z®Z) and 3 ¢ [(3ZD(0)) + J(ZBZ):; ZDZ] = (0). But X is an Alappng-
prime submodule of Z®Z.

. It’s obvious that every approximaitly quasiprime submodule of an R-module U is an Alappnq-prime submodule

of U, but contrariwise isn't true as in example:

LetU = Z,,, R = Z and the submodule X = (4)is an Alappng-prime submodule of Z,,[see (1)]. But X is not
approximaitly prime submodule of Z,,, because?2.2 € X, but2 & X + soc(Z,,) = (4) + (12) = (4) and2 ¢
[X + s0c(Z72):7Z7,] = [(4):7Z7,] = 4Z.

. It’s obvious that every approximaitly prime submodule of an R-module U is an Alappng-prime submodule of U,

but contrariwise isn't true as in example:

Consider the Z-module Z&Z, the submodule X = 5Z@®(0) is not an Alappn-prime submodule of the Z-module
Z@®Z, since 5(1,0) € X, but (1,0) ¢ X + soc(Z@Z) and 5 ¢ [(5ZD(0)) + soc(ZDZ):; Z®Z] = (0). But X is an
Alappng-prime submodule of Z®Z.
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8. The intersection of any two Alappng-prime submodules of an R-module U need not to be an Alappng-prime
submodule of U, the following example explains that:
LetU = Z,,, R = Z, the submodules (2) and (3) are Alappng-prime submodules of Z,, [because (2) and (3) are
prime]. But (2) N (3) = (6) is not Alappng-prime submodule of Z,,, because 2.3.1 € {6), for 2,3 € Z,1 € Z,,, but
2.1¢(6)+ (soc(Z72) +](Z72)) = (6) + ({(12) + (6)) = (6) and 3.1 & (6) + (soc(Z72) +](Z72)) = (6).

9. The residual of Alappng-prime submodule of an R-module U need not to be Alappng-prime ideal of R. The
following example explains that:
Let U=2Z,,, R=2, the submodule X = (4). X is an Alappng-prime submodule of Z,, [see (1)]. But
[X:;Z,,]=[{(4):;Z,,] = 4Z is not an Alappng-prime ideal of Z because 2.2.1 € 4Z for2,1 € Zand 2.1 ¢ 4Z +
(soc(Z)+](2)) =4Z + (0) = 4~Z.

Now, we introduce many characterizations of Alappnq-prime submodules.

Proposition 2.3 Let U be an R-module, and F be a proper submodule of U. Then F is an Alappng-prime submodule
of U ifand only if [F:y ac] S [F + (soc(U) +J(U)):y a] U [F + (soc(U) + J(U)):y c] forall a,c € R.

Proof (=) Letu € [F:, ac], implies thatacu € F. But Fis an Alappng-prime submodule, then either au € F +
(soc(U) +J(U)) or cu€F + (soc(U)+J(U)). It follows that either u € [F + (soc(U) + J(U)):ya] or ue€
[F + (soc(U) + J(U)):y c]. Thus [F:y ac] € [F + (soc(U) + J(U)):y a] U [F + (soc(U) + J(U)):y c].

(&) Letacu €F, fora,c € R,u€ U, thenu € [F:yac] € [F + (soc(U) +J(U)):ya] U [F + (soc(U) +J(U)):y c],
implies that u € [F + (soc(U) +J(U)):y a] or u € [F + (soc(U) + J(U)):y c]. Hence au € F + (soc(U) +J(U)) or
cu € F + (soc(U) + J(U)). Thus F is an Alappng-prime submodule of U.

Proposition 2.4 Let U be an R-module and F be a proper submodule of U. Then F is an Alappnq-prime submodule
of U if and only if for every a € R and u € U with au € F + (soc(U) + J(U)), [F:r au] S [F + (soc(U) + J(U)):g u].

Proof (=) Suppose that F is an Alappng-prime submodule of U, and let ¢ € [F:z au], implies that acu € F. Since F
is an Alappng-prime submodule of U and au € F + (soc(U) + J(U)) then cu € F + (soc(U) + J(U)).Thatisc € [F +
(soc(U) +J(U)):g u]. Hence [F:g au] S [F + (soc(U) + J(U)):g u].

(&) Let acu € F, for a,c €R, and u € U with au & F + (soc(U) +J(U)), then c € [F:izau] € [F + (soc(U) +
J(U)):g u]. Hence ¢ € [F + (soc(U) +J(U)):g u], that is cu € F + (soc(U) + J(U)). Therefor F is an Alappng-prime
submodule of U.

Proposition 2.5 Let U be a cyclic R-module, and F be a proper submodule of U. Then F is an Alappng-prime
submodule of U if and only if [F:z acu] & [F + (soc(U) + J(U)):g au] U [F + (soc(U) + J(U)):g cu] for alla,c €R,
uelvu.

Proof (=) Lett € [F:i acu], for a,c € R, u € U, implies that ac(tu) € F.But F is an Alappnqg-prime submodule of U,
then either a(tu) € F + (soc(U) +J(U)) or c(tu) € F + (soc(U) +J(U)), it follows that either t € [F +
(soc(U) +J(U)):gau] or t € [F + (soc(U) +J(U)):gcu]. Hence t € [F + (soc(U) +J(U)):g au] U [F + (soc(U) +
J(U)):g cu]. Thus [F:g acu] G [F + (soc(U) +J(U)):g au] U [F + (soc(U) + J(U)):g cu].

(<) Let U = Ru for some u € U. Suppose that acx € F for a,c € R, x € U. Then there exists an element a € R such
that x = au . Therefore acx = acau € F that is a € [F:zacu] & [F + (soc(U) +J(U)):g au] U [F + (soc(U) +
J(U)):gcu], it follows that a € [F + (soc(U) + J(U)):y au] or a € [F + (soc(U) + J(U)):y cu]. Hence aau € F +
(soc(U) +J(U)) orcau € F + (soc(U) + J(U)), thatisax € F + (soc(U) + J(U)) or cx € F + (soc(U) + J(U)). Thus
F is an Alappng-prime submodule of U.

Proposition 2.6 Let U be an R-module, and F be a submodule of U. Then F is an Alappng-prime submodule of U if
and only if whenever acL € F, for a, ¢ € R and L is submodule of U, implies that either aL € F + (soc(U) + J(U)) or
cL € F + (soc(U) +J(U)).
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Proof (/=) Suppose thatacL € F,a,c € Rand L is submodule of U, withaL € F + (soc(U) +J(U))and cL & F +
(soc(U) + J(U)). So there exists a nonzero elements x;,x, € L such thatax, € F + (soc(U) + J(U)) and cx, ¢ F +
(soc(U) +J(U)). Now acx, € F and F is an Alappng-prime submodule of U and ax; & F + (soc(U) + J(U)), implies
that cx; € F + (soc(U) +J(U)). Also acx, €F and F is an Alappng-prime submodule of U and cx, & F +
(soc(U) + J(U)), implies that ax, € F + (soc(U) + J(U)). Again ac(x; + x,) € F and F is Alappng-prime submodule
of U, implies that either a(x; + x;) € F + (soc(U) + J(U)) or c(x; + x;) € F + (soc(U) + J(U)). Ifa(x; + x,) EF +
(soc(U) + J(U)), that isax; + ax, € F + (soc(U) + J(U)) and ax, € F + (soc(U) + J(U)), implies thatax,; € F +
(soc(U) + J(U)) which is contradiction. If c(x; + x,) € F + (soc(U) + J(U)), that is cx; + cx, € F + (soc(U) +
J(U)) and cx; € F + (soc(U) + J(U)), implies thatcx, € F + (soc(U) + J(U)) which is contradiction. Hence al ©
F + (soc(U) +J(U)) orcL € F + (soc(U) + J(1)).

(&) Suppose that acu € F, fora,c €R, andu €U, then ac(u) S F, so by hypothesis either a(u) € F +
(soc(U) +J(U)) or c(u) S F + (soc(U) +J(U)). That is either au € F + (soc(U) + J(U)) or cu € F + (soc(U) +
J(U)). Hence F is an Alappng-prime submodule of U.

The following corollaries are direct consequence of above proposition.

Corollary 2.7 Let U be an R-module, and F be a submodule of U. Then F is an Alappng-prime submodule of U if and
only if whenever IJL € F, forI,] are ideals of R and L is submodule of U, implies that either IL S F + (soc(U) +
JU))orJL € F + (soc(U) +J(U))

Corollary 2.8 Let U be an R-module, and F be a submodule of U. Then F is an Alappng-prime submodule of U if and
only if whenever aju € F, fora € R, ] is an ideal in R and u € U, implies that either au € F + (soc(U) + J(U)) or
Ju € F + (soc(U) + J()).

Proposition 2.9 Let U be an R-module, and F be a proper submodule of U, with soc(U) + J(U) € F. Then F is an
Alappng-prime submodule of U if and only if [F:; I] is an Alappng-prime submodule of U for every ideal I of R.

Proof (=) Assume acu € [F:y ], fora,c € R,u € U, implies that acul € F, that is acua € F for each a € I. Since F
is an Alappng-prime submodule of U, it follows that either aua € F + (soc(U) + J(U)) or cua € F + (soc(U) +
J(U)), but soc(U) + J(U) S F, implies that F + (soc(U) + J(U)) = F. Thus either aua € F or cua € F for each a € I
That is either au € [F:y I] € [F:y I+ (soc(U) + J(U)) orcu € [F:yI] € [F:y I] + (soc(U) +J(U)). Hence [F:y I]is
an Alappng-prime submodule of U.

(&) Follows by put I = R.
The following propositions give some basic properties of Alappng-prime submodules.

Proposition 2.10 Let U be an R-module with J(U) or soc(U) is a quasiprime submodule of U, and F € U withF
J(U) or F € soc(U). Then F is an Alappng-prime submodule of U.

Proof Suppose that J(U) is quasiprime and F € J(U). Letacu € F, fora,c € R,u € U. Since F € J(U), so acu S
J(U). ButJ(U)is a quasiprime submodule of U then either au € J(U) € F + (soc(U) +J(U))orcu € J(U) € F +
(soc(U) + J(U)). Hence either au € F + (soc(U) + J(U)) or cu € F + (soc(U) + J(U)). Thus F is an Alappng-prime
submodule of U.

Similar arguments follows if soc(U) is quasiprime and F € soc(U).

The following proposition shows that the intersection of two Alappng-prime submodules is Alappng-prime
submdule under certain condition.

“It is well known that a submodule F of U is a maximal essential if and only if soc(U) € F [15, Ex.12(5). p 242]".

Proposition 2.11 Let U be an R-module with either F or K are maximal essential submodule of U, and K & F. IfF
and K are Alappng-prime submodules of U then F N K is an Alappnq-prime submodule of U.
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Proof Letacu € FNK, fora,c € R,u € U, thenacu € F and acu € K. But F and K are Alappng-prime submodules
of U, then either au € F + (soc(U) + J(U)) or cu € F + (soc(U) + J(U)) and au € K + (soc(U) + J(U))orcu € K +
(soc(U)+J(U)) . Thus aue€ (F + (soc(U) +](U))) n (K + (soc(U) +](U))) or cue€ (F + (soc(U) +](U))) n
(K + (soc(U) +](U))). Since F or K are maximal essential in U then soc(U) € F or soc(U) € K and since F or K are
maximal then J(U) € F or J(U) € K. Suppose F is a maximal essential in U so soc(U) € F and J(U) € F and hence
(soc(U) +J(U)) € F, it follows that either au € F n (K + (soc(U) +](U))) orcu e Fn (K + (soc(U) +](U))).
Therefor by Modular law we have either au € (F N K) + (soc(U) + J(U)) or cu € (F N K) + (soc(U) + J(U)).
Therefore F N K is an Alappnqg-prime submodule of U.

Similar arguments follows if K is maximal essential.

Proposition 2.12 Let F be a proper submodule of an R-module U. If F is an Alappng-prime submodule of U then

S™1F is an Alappng-prime submodule of an S~*R-module S™1U where S is multiplicatively closed subset of R.

Proof Let 222X € §-1F for & 22
Ccq €2 C3 c1 C

t; € Ssuch that a;a,(t;u) € F. But Fis an Alappng-prime submodule of U, implies that either a;t;u € F +

soc(U) +J(U) or a,t;u € F +soc(U) +J(U). It follows that either ?CE € STY(F +soc(U) +J(U)) € S7F +
163
soc(S™U) 4+ J(S~1U) or Z—Zci € STY(F + soc(U) + J(U)) € S7F 4+ soc(S~*U) + J(S~'U). Therefore S7'F is an
23

Alappng-prime submodule of S71U.

%2 g g-1R, Ci € S"'Uand ay,a, €R, ¢y, ¢y, ¢35 € S,u € U, then there exists a non-zero
3

Proposition 2.13 Let f: U - U’ be an R-epimorphism, and ker f is a small submodule of U. If F is an Alappng-prime
submodule of U’ then f~1(F) is an Alappng-prime submodule of U.

Proof Let acu € f~1(F), for a,c € R, u € U, implies that acf (u) € F. But F is an Alappng-prime submodule of U’, so
either af(u) € F + (soc(U)+J(U")) or cf(u)€F + (soc(U)+J(U")) . Hence either au€ f1(F)+
f ((soc(U’) +](U’))) CfUF)+ (soc(U)+JU)) or cu€efTF)+f1 ((soc(U’) +](U’))) cf NP+
(soc(U) + J(U)). That is either au € f~1(F) + (soc(U) + J(U)) or cu € f~1(F) + (soc(U) + J(U)). Hence f~1(F) is
an Alappng-prime submodule of U.

Proposition 2.14 Let f:U — U’ be an R-epimorphism, and Ker f is a small submodule of U. If F be an Alappng-
prime submodule of U with Kea f € F then f(F) is an Alappng-prime submodule of U".

Proof Let acu’' € f(F), fora,c € R,u’ € U’, and since f is onto, then f(u) = u’ for some u € U, thus acf (u) € f(F),
it follows that acf (u) = f(n) for some n € F. Thatis f(acu —n) = 0,soacu —n € Kea f € F, implies that acu € F,
implies thatu € [F:; ac]. But F is an Alappng-prime submodule, then either au € F + soc(U) + J(U) or cu € F +

soc(U)+J(U) . Thus au' =af(u) € f(F) +f((soc(U) +](U))) C f(F)+ (soc(U)+JWU")) or cu' =af(u) €

f(F) +f((soc(U) +](U))) C f(F)+ (soc(U)+J(U")). Hence au' € f(F)+ (soc(U")+]J(U")) or cu' € f(F) +
(soc(U") +J(U"). Thus f(F) is an Alappng-prime submodule of U’.

Proposition 2.15 Let U be an R-module, and F,K are submodules of U such that K € F, and F is a proper
submodule of U. If F is an Alappng-prime submodule of U, theng is an Alappng-prime submodule of %

Proof Let ac(u + K) =acu+K€£, for a,cER,u+KE%,uEU. Then acu € F. But F is an Alappng-prime

submodule, then either au € F + (soc(U) +J(U)) or cu € F + (soc(U) +J(U)) . It follows that au+K €

F4(socU)+/ (1)) orcu+KEe 7”(5“(”)“(”)), that is eitherau + K € £+ Etsoc(U) + ) c £+ soc (%) +] (%) orcu +

K K
F  F+soc(U) . F+J(U) c

K € Tt t— € g + soc (%) +] (%) Hence g is an Alappng-prime submodule of %



6 Ali Sh. Ajeel, Haibat K. Mohammadali, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 14(3) 2022, pp Math. 65-74

Proposition 2.16 Let U be a semi simple R-module, and F, K are submodules of U such thatK € F, and F is a
proper submodule of U. If K andgare Alappng-prime submodules of U and%respectively, then F is an Alappng-
prime submodule of U.

Proof Letacu €F, fora,ceR,u€U. So (u+K)=acu+acK € g . If acu € K and K is an Alappng-prime

submodule, then either au € K + (soc(U) +J(U)) € F + (soc(U) +J(U)) or cu e K + (soc(U)+J(U)) € F +
(soc(U) +J(U)), it follows that F is an Alappng-prime submodule of U. So, we may assume that acu € K. It follows
F F . . U . F U U
that (u + K) € L but < isan Alappng-prime submodule of L then either a(u + K) € =t (soc (E) +] (E)) orc(u+
soc(M)+D
D

K) c £+ (soc (%) +] (%)) Since U is a semi simple, hence by [11, Ex.(12)(a), p. 239] soc (%) = and

K+soc(U) K+J(U)

](E)ZM_ Thus, eithera(u+K)E§+T+Torc(u+l()E£+K+%C(U)+w. Since K € F, it

D D
follows that K + soc(U) € F + soc(U)and K + J(U) € F + J(U), hence g + K+SIO(C(U) + K+I]((U) c g + F+S;C(U) F+;((U).
F+(soc(U)+](U))

Thus either a(u + K) € orc(lu+K)Ee€ , it follows that either au € F + (soc(U) + J(U))
orcu € F + (soc(U) + J(U)). Hence F is an Alappnqg-prime submodule of U.

F+(soc(U)+](U))
K

3. Sufficient Conditions Alappnq-prime Submodules to be (Quasiprime, Prime, Nearly quasiprime,
Nearly prime, Approximaitly quasiprime, and Approximaitly prime) Submodules.

As we give in Remarks and Examples 2.2 (2)(3)(4)(5)(6)(7), every (quasiprime, prime, nearly quasiprime, nearly
prime, approximaitly quasiprime, and approximaitly prime) submodules of an R-module U is Alappng-prime
submodules of U, but contrariwise isn't true. The following results showed that under certain conditions the reverse
implication is holds.

Proposition 3.1 Let U be R-module and F c U such that] (%) = (0) and soc(U) € F. Then F is quasiprime if and
only if F is Alappng-prime.

Proof (=) Direct.

(&) Since (g) = (0), then by [9, Theo. (9.1.4)(b)] we getJ(U) S F. Letacu € F fora,c € R,u € U. SinceF is

Alappng-prime, then either au € F + soc(U) +J(U) or cu € F + soc(U) +J(U). But soc(U) € F and J(U) € F,
hence F + soc(U) =F and F +soc(U) +J(U) =F +J(U) = F. Thus either au € F or cu € F. Therefore F is
quasiprime.

Proposition 3.2 Let U be R-module and F is an essential submodule for U with J(U) € F. Then F is quasiprime if
and only if F is Alappng-prime.

Proof (=) Direct.

(&) Letacu € F fora,c € R, u € U, hence either au € F + (soc(U) + J(U)) or cu € F + (soc(U) + J(U)). Since F is
essential submodule of U, then soc(U) S F and by hypotheses J(U) € F, we get F + soc(U) = Fand F + J(U) = F,
thus F + soc(U) + J(U) = F. Hence either au € F or cu € F.

The following corollaries are direct consequence of proposition (3.1) and proposition (3.2).

Corollary 3.3 Let U be R-module and F < U such that soc(U) + J(U) € F. Then F is quasiprime if and only if F is
Alappng-prime submodule.

Corollary 3.4 Let U be R-module and F is maximal submodule for U with soc(U) € F. Then F is quasiprime if and
only if F is Alappng-prime submodule.
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Proposition 3.5 Let U be R-module with soc(U) = (0),/(U) = (0) and F c U. Then F is quasiprime if and only if F
is Alappng-prime submodule of U.

Proof Direct.

Proposition 3.6 Let U be multiplication R-module with F is maximal submodule for U and soc(U) € F. Then F is
prime if and only if F is Alappng-prime.

Proof (=) Direct.

(&) Letau € F fora € R,u € U, then a(u) € F. Since U is multiplication then (1) = IU for some ideal I for R, it
follows that a(u) = alU C F, that isalu € F, for all u € U. Since F is an Alappng-prime submodule of U, hence by
corollary 2.8 au € F + (soc(U) + J(U)) or Iu € F + (soc(U) + J(U)). Since F is maximal submodule of U, then
J(U) € Fand by hypotheses soc(U) S F, we getF + (soc(U) +J(U)) = F. That is either alU € F + (soc(U) +
](U)) =For(u) SF+ (soc(U) +](U)) = F.Thus either aU € F or u € F. Hence F is prime.

By the same way we can prove the following propositions.

Proposition 3.7 Let U be multiplication R-module and F < U such that] (g) = (0), and soc(U) € F. ThenF is
prime if and only if F is Alappng-prime.

Proposition 3.8 Let U be multiplication R-module and F < U such that soc(U) + J(U) € F. Then F is prime if and
only if F is Alappng-prime.

Proposition 3.9 Let U be multiplication R-module with F is essential submodule in U and J(U) € F. Then F is prime
if and only if F is Alappnq-prime.

Proposition 3.10 Let U be R-module, soc(U) € J(U) and F c U. Then F is nearly quasiprime if and only if F is
Alappng-prime.

Proof (=) Direct.

(&) Letacu € F fora,c € R,u € U. Since F is Alappng-prime, then either au € F 4+ soc(U) +J(U) or cu € F +
soc(U) +J(U). Since soc(U) <€ J(U), then soc(U) +J(U) = J(U), thus either au € F + J(U) or cu € F + J(U). Hence
F is nearly quasiprime submodule of U.

Proposition 3.11 Let U be R-module with F c U and soc(U) S F. Then F is nearly quasiprime if and only if F is
Alappng-prime.

Proof (=) Direct.

(&) Letacu € F fora,c € R,u € U. Since F is Alappng-prime, then either au € F 4+ soc(U) +J(U) or cu € F +
soc(U) + J(U). Since soc(U) € F, thenF +soc(U) =F, soF +soc(U)+J(U) =F +J(U). Thus eitherau € F +
J(U) orcu € F +J(U). Hence F is nearly quasiprime submodule of U.

The proofs of the following results are direct.

Proposition 3.12 Let U be R-module with F is proper of U, and soc(U) = (0). Then F is nearly quasiprime if and
only if F is Alappng-prime.

Proposition 3.13 Let U be R-module and F is an essential submodule for U. Then F is nearly quasiprime if and only
if F is Alappng-prime.

Proposition 3.14 Let U be multiplication R-module with F c U and soc(U) € F. Then F is nearly prime if and only
if F is Alappnqg-prime.
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Proof (=) Direct.

(&) Letau € F fora € R,u € U. Since U is multiplication then (u) = IU for some ideal I for R, it follows that
a(u) = alU C F, thatisalu € F, for allu € U. Since F is an Alappng-prime submodule of U, hence by corollary 2.8
au € F + (soc(U) +J(U)) or Iu € F + (soc(U) + J(U)). Butsoc(U) € F, then F + soc(U) +J(U) = F +J(U), thus
eitheral € F + J(U) oru € F + J(U). Hence F is nearly prime submodule of U.

The proofs of the following results are direct.

Proposition 3.15 Let U be multiplication R-module with F is proper of U, and soc(U) = (0). Then F is nearly prime
if and only if F is Alappng-prime.

Proposition 3.16 Let U be multiplication R-module and F is an essential submodule of U. Then F is nearly prime if
and only if F is Alappng-prime.

Proposition 3.17 Let U be R-module with F c U and J(U) € F. Then F is approximaitly quasiprime if and only if F
is Alappng-prime.

Proof (=) Direct.

(&) Letacu € F for a,c € R,u € U. Since F is Alappng-prime, then either au € F + soc(U) + J(U) or cu € F +
soc(U) +J(U). Since J(U) € F, then F + soc(U) + J(U) = F + soc(U). Thus either au € F + soc(U) or cu € F +
soc(U). Hence F is approximaitly quasiprime.

Proposition 3.18 Let U be R-module with J(U) € soc(U), and F c U. Then F is approximaitly quasiprime if and
only if F is Alappng-prime.

Proof (=) Direct.

(&) Since J(U) € soc(U), then F +J(U) + soc(U) = F +soc(U). Let acu € F for a,c R, u € U. Since F is
Alappng-prime, then either au € F 4+ soc(U) + J(U) = F + soc(U) orcu € F + soc(U) + J(U) = F + soc(U). Thus F
is approximaitly quasiprime.

The proofs of the following results are direct.

Proposition 3.19 Let U be R-module with J(U) = soc(U) = (0), and F c U. Then F is approximaitly quasiprime if
and only if F is Alappng-prime.

Proposition 3.20 Let U be R-module and F is maximal submodule for U. Then F is approximaitly quasiprime if and
only if F is Alappng-prime.

Proposition 3.21 Let U be R-module with soc(U) € F,J(U) € F and F c U. Then the following concepts are
equivalent:
1. F is quasiprime submodule of U.

2.F is approximaitly quasiprime submodule of U.
3. F is Alappnqg-prime submodule of U.
4.F is nearly quasiprime submodule of U.

Proof (1) = (2) Let F be a quasiprime submodule of an R-module U and acu € F, fora,c € R,u € U. Since F is
quasiprime submodule, then either au € F € F + soc(U) or cu € F € F + soc(U). Thus either au € F + soc(U) or
cu € F + soc(U). Hence F is an approximaitly quasiprime submodule of U.

(2) © (3) It follows by proposition 3.17
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(3) © (4) It follows by proposition 3.11

(4) = (1) Since J(U) S F, then F + J(U) =F, Letacu € F fora,c € R,u € U. Since F is nearly quasiprime, then
eitherau € F + J(U) = Forcu € F 4+ J(U) = F. Thus either au € F or cu € F. Therefore F is quasiprime.

Proposition 3.22 Let U be multiplication R-module such that J(U) € soc(U), and F c U. Then F is approximaitly
prime if and only if F is Alappng-prime.

Proof (=) Direct.

(&) Since J(U) € soc(U), then F +soc(U)+J(U) =F +soc(U). Letau€F, fora€R, ueU. Since U is
multiplication and F is Alappng-prime, then by proposition (3.2.9) F is Alappn-prime implies that either € F +
soc(U)+J(U) =F +soc(U)oral S F + soc(U) +J(U) = F + soc(U). Thus either u € F + soc(U) or aU € F +
soc(U). Hence F is approximaitly prime submodule of U.

The proofs of the following results are direct.

Proposition 3.23 Let U be multiplication R-module such that J (%) = (0),and F c U. Then F is approximaitly prime
if and only if F is Alappnq-prime.

Proposition 3.24 Let U be multiplication R-module and F is a maximal submodule of U. Then F is approximaitly
prime if and only if F is Alappng-prime.

Proposition 3.25 Let U be a multiplication R-module such that soc(U) € F,J(U) € F and F c U. Then the
following concepts are equivalent:

1. F is prime submodule of U.
2.F is quasiprime submodule of U.
3. F is approximaitly quasiprime submodule of U.
4. F is nearly quasiprime submodule of U.
5. F is Alappng-prime submodule of U.
6. F is nearly prime submodule of U.
7. F is approximaitly prime submodule of U.
Proof (1) = (2) It follows by [1, Rem. and Exam. (2.1.2)(1)(7)]

(2) = (3) Let F be quasiprime submodule of an R-module U with acu € F, for a,c € R, u € U. Since F is quasiprime
submodule, then eitherau € F € F + soc(U) or cu € F € F + soc(U). Thus either au € F + soc(U) orcu € F +
soc(U). Hence F is an approximaitly quasiprime submodule of U.

(3) = (4) Let F be approximaitly quasiprime submodule of an R-module U and acu € F, fora,c € R, u € U. Since F
is approximaitly quasiprime submodule, then either au € F + soc(U) or cu € F + soc(U). Butsoc(U) € F, then F +
soc(U)=F.Thus au € FS F +J(U)orcu € F € F + J(U). Hence F is nearly quasiprime submodule of U.

(4) © (5) It follows by proposition 3.11

(5) & (6) It follows by proposition 3.14
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(6) = (7) Let F be nearly prime submodule of an R-module U and au € F, for a € R, u € U. Since F is nearly prime
submodule, then eitheru € F + J(U) oraU € F + J(U). ButJ(U) € F, then F + J(U) = F. Thus eitheru e F € F +
soc(U) oraU S F € F + soc(U). Hence F is approximaitly prime submodule of U.

(7) = (1) Since soc(U) € F, then F 4+ soc(U) = F, Letau € F fora € R,u € U. But F is approximaitly prime, then
eitheru € F + soc(U) = ForaU S F + soc(U) = F. Thus either u € F or aU € F. Therefore F is prime submodule
of U.
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