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A B S T R A C T 

Let 𝑅 be a commutative ring with identity and 𝑈 be an 𝑅-module. This study deals the concept 
of almost approximaitly nearly quasiprime submodules as a new generalization of quasiprime 
submodules, also generalizations of (prime, nearly quasiprime, nearly prime, approximaitly 
quasiprime and approximaitly prime) submodules. We give same basic properties, and 
characterizations of this concept. Furthermore, we study the behaviour of almost 
approximaitly nearly quasiprime submodules under 𝑅-homomorphisms. Also, we explain the 
relationships between almost approximaitly nearly quasiprime submodules with the above 
concepts. 
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1. Introduction 

Quasiprime submodules of left unitary 𝑅-module 𝑈 over commutative ring have been introduced and studied in 
1999 by [1], where a proper submodule 𝐹 for 𝑈 is called quasiprime if whenever 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, implies 
that either 𝑎𝑢 ∈ 𝐹 or 𝑐𝑢 ∈ 𝐹 as generalization of a prime submodule [2]. Recently, many authors have focused on 
generalizing the concept of a quasiprime submodule such as “Nearly quasiprime, Approximaitly quasiprime, 
Approximaitly quasi-primary, Weakly approximaitly quasiprime, and Weakly nearly quasiprime” submodules see 
[3, 4, 5, 6, 7]. In this paper we introduce and study a new generalization of quasiprime submodule called almost 
approximaitly nearly quasiprime submodules as a proper submodule 𝐹 for an 𝑅-module 𝑈 is called almost 
approximaitly nearly quasiprime (simply Alappnq-prime) submodule if whenever 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, 
implies that either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Where 𝑠𝑜𝑐(𝑈) is the socle of 𝑈 defined 
by the intersection of all essential submodule in 𝑈, and 𝐽(𝑈) is the Jacobson radical of 𝑈 defined to be the 
intersection of all maximal submodules in 𝑈[8]. The concept of almost approximaitly nearly quasiprime submodule 
is also, generalizations of concepts “nearly prime and approximaitly prime” submodules which appear in [9, 10]. 
Recall that an 𝑅-module 𝑈 is cyclic if there exist 𝑢 ∈ 𝑈 such that 𝑈 = 𝑢𝑅 [11]. An 𝑅-module 𝑈 is a semi simple if and 
only if 𝑠𝑜𝑐(𝑈) = 𝑈 [8]. A submodule 𝐹 of an 𝑅-module 𝑈 is called small if 𝐹 + 𝐾 = 𝑈 implies that 𝐾 = 𝑈 for any 
proper submodule 𝐾 of 𝑈 [12]. A subset 𝑆 of a ring 𝑅 is called multiplicatively closed if 1 ∈ 𝑆 and 𝑎𝑏 ∈ 𝑆 for every 
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𝑎, 𝑏 ∈ 𝑆, let 𝑇 be the set of all order pairs (𝑢, 𝑠) where 𝑢 ∈ 𝑈 and 𝑠 ∈ 𝑆, the relation on 𝑇 is defined by (𝑢, 𝑠)~(𝑢′, 𝑠′) 
if there exists 𝑡 ∈ 𝑆 such that 𝑡(𝑠𝑢′ − 𝑠′𝑢) = 0 is an equivalence relation, and we denoted the equivalence classes of 

(𝑢, 𝑠) by 
𝑢

𝑠
. Let 𝑆−1𝑈 denoted the set of all equivalence classes 𝑇 with respect to this relation. 𝑆−1𝑈 is an 𝑅-module 

[13]. An 𝑅-module 𝑈 is multiplication if every submodule 𝐹 of 𝑈 is of the form 𝐹 = 𝐼𝑈 for some ideal 𝐼 of 𝑅 [14]. 

2. Basic Properties and Characterizations of Alappnq-prime Submodules. 

Definition 2.1 A proper submodule 𝐹 of an 𝑅-module 𝑈 is called almost approximaitly nearly quasiprime (simply 
Alappnq-prime) submodule, if for any 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, implies that either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 
𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). And an ideal 𝐽 of a ring 𝑅 is called Alappnq-prime ideal of 𝑅 if 𝐽 is an Alappnq-prime 𝑅-
submodule of an 𝑅-module 𝑅. 

Remarks and Examples 2.2 

1. Let 𝑈 = 𝑍72, 𝑅 = 𝑍, the submodule 𝐹 = 〈4̅〉 is an Alappnq-prime submodule of 𝑍72. Thus for each 𝑎, 𝑐 ∈ 𝑍, 𝑢 ∈

𝑍72 , if 𝑎𝑐𝑢 ∈ 𝐹 , implies that either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑍72) + 𝐽(𝑍72)) = 〈4̅〉 + (〈12̅̅̅̅ 〉 + 〈6̅〉) = 〈2̅〉  or 𝑐𝑢 ∈ 𝐹 +

(𝑠𝑜𝑐(𝑍72) + 𝐽(𝑍72)) = 〈2̅〉 . That is if 2.2. 1̅ = 4̅ ∈ 𝐹 , for 2 ∈ 𝑍 , 1̅ ∈ 𝑍72 , implies that 2. 1̅ ∈ 𝐹 + (𝑠𝑜𝑐(𝑍72) +

𝐽(𝑍72)) = 〈2̅〉. 

2. It’s obvious that every quasiprime submodule of an 𝑅-module 𝑈 is an Alappnq-prime submodule of 𝑈, but 
contrariwise isn't true as in example:   
Let 𝑈 = 𝑍72 , 𝑅 = 𝑍 , the submodule 𝑋 = 〈4̅〉 is an Alappnq-prime submodule of 𝑍72[see (1)]. But 𝑋  is not 
quasiprime submodule of 𝑍72, because 2.2. 1̅ ∈ 𝑋, but 2. 1̅ ∉ 𝑋. 

3. It’s obvious that every prime submodule of an 𝑅-module 𝑈  is an Alappnq-prime submodule of 𝑈 , but 
contrariwise isn't true as in example: 
Let 𝑈 = 𝑍72, 𝑅 = 𝑍, the submodule 𝑋 = 〈4̅〉 is an Alappnq-prime submodule of 𝑍72[see (1)]. But 𝑋 is not prime 
submodule of 𝑍72, because 2. 2̅ ∈ 𝑋, but neither 2̅ ∈ 𝑋 nor 2 ∈ [𝑋: 𝑍72] = 4𝑍. 

4. It’s obvious that every nearly quasiprime submodule of an 𝑅-module 𝑈 is an Alappnq-prime submodule of 𝑈, but 
contrariwise isn't true as in example:  
Let 𝑈 = 𝑍12, 𝑅 = 𝑍 and the submodule 𝑋 = 〈6̅〉 is an Alappnq-prime submodule of 𝑍12. Thus for each 𝑎, 𝑐 ∈ 𝑍, 𝑢 ∈

𝑍12 , if 𝑎𝑐𝑢 ∈ 𝑋 , implies that either 𝑎𝑢 ∈ 𝑋 + (𝑠𝑜𝑐(𝑍12) + 𝐽(𝑍12)) = 〈6̅〉 + (〈2̅〉 + 〈6̅〉) = 〈2̅〉  or  𝑐𝑢 ∈ 𝑋 +

(𝑠𝑜𝑐(𝑍12) + 𝐽(𝑍12)) = 〈2̅〉. That is if 2.3. 1̅ ∈ 𝑋, for 2, 3 ∈ 𝑍, 1̅ ∈ 𝑍12, implies that 2. 1̅ ∈ 𝑋 + (𝑠𝑜𝑐(𝑍12) + 𝐽(𝑍12)) =

〈2̅〉. But 𝑋 is not nearly quasiprime submodule of 𝑍12, because 2.3. 1̅ ∈ 𝑋, but neither 2. 1̅ ∈ 𝑋 + 𝐽(𝑍12) = 〈6̅〉 +
〈6̅〉 = 〈6̅〉 nor 3. 1̅ ∈ 𝑋 + 𝐽(𝑍12) = 〈6̅〉. 

5. It’s obvious that every nearly prime submodule of an 𝑅-module 𝑈 is an Alappnq-prime submodule of 𝑈, but 
contrariwise isn't true as in example:  
Consider the 𝑍-module 𝑍⨁𝑍, the submodule 𝑋 = 3𝑍⨁(0) is not nearly prime submodule of  the 𝑍-module 𝑍⨁𝑍, 
since 3(1,0) ∈ 𝑋 , but (1,0) ∉ 𝑋 + 𝐽(𝑍⨁𝑍)  and 3 ∉ [(3𝑍⨁(0)) + 𝐽(𝑍⨁𝑍):𝑍 𝑍⨁𝑍] = (0) . But 𝑋  is an Alappnq-
prime submodule of 𝑍⨁𝑍. 

6. It’s obvious that every approximaitly quasiprime submodule of an 𝑅-module 𝑈 is an Alappnq-prime submodule 
of 𝑈, but contrariwise isn't true as in example:  
Let 𝑈 = 𝑍72, 𝑅 = 𝑍 and the submodule 𝑋 = 〈4̅〉 is an Alappnq-prime submodule of 𝑍72[see (1)]. But 𝑋 is not 
approximaitly prime submodule of  𝑍72, because 2. 2̅ ∈ 𝑋, but 2̅ ∉ 𝑋 + 𝑠𝑜𝑐(𝑍72) = 〈4̅〉 + 〈12̅̅̅̅ 〉 = 〈4̅〉  and 2 ∉
[𝑋 + 𝑠𝑜𝑐(𝑍72):𝑍 𝑍72] = [〈4̅〉:𝑍 𝑍72] = 4𝑍. 

7. It’s obvious that every approximaitly prime submodule of an 𝑅-module 𝑈 is an Alappnq-prime submodule of 𝑈, 
but contrariwise isn't true as in example: 
Consider the 𝑍-module 𝑍⨁𝑍, the submodule 𝑋 = 5𝑍⨁(0) is not an Alappn-prime submodule of  the 𝑍-module 
𝑍⨁𝑍, since 5(1,0) ∈ 𝑋 , but (1,0) ∉ 𝑋 + 𝑠𝑜𝑐(𝑍⨁𝑍) and 5 ∉ [(5𝑍⨁(0)) + 𝑠𝑜𝑐(𝑍⨁𝑍):𝑍 𝑍⨁𝑍] = (0). But 𝑋  is an 
Alappnq-prime submodule of 𝑍⨁𝑍. 
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8. The intersection of any two Alappnq-prime submodules of an 𝑅-module 𝑈 need not to be an Alappnq-prime 
submodule of 𝑈, the following example explains that: 
Let 𝑈 = 𝑍72, 𝑅 = 𝑍, the submodules 〈2̅〉 and 〈3̅〉 are Alappnq-prime submodules of 𝑍72 [because 〈2̅〉 and 〈3̅〉 are 
prime]. But 〈2̅〉 ∩ 〈3̅〉 = 〈6̅〉 is not Alappnq-prime submodule of 𝑍72, because 2.3. 1̅ ∈ 〈6̅〉, for 2,3 ∈ 𝑍, 1̅ ∈ 𝑍72, but 

2. 1̅ ∉ 〈6̅〉 + (𝑠𝑜𝑐(𝑍72) + 𝐽(𝑍72)) = 〈6̅〉 + (〈12̅̅̅̅ 〉 + 〈6̅〉) = 〈6̅〉 and 3. 1̅ ∉ 〈6̅〉 + (𝑠𝑜𝑐(𝑍72) + 𝐽(𝑍72)) = 〈6̅〉. 

9. The residual of Alappnq-prime submodule of an 𝑅-module 𝑈 need not to be Alappnq-prime ideal of 𝑅. The 
following example explains that: 
Let  𝑈 = 𝑍72 , 𝑅 = 𝑍 , the submodule 𝑋 = 〈4̅〉 . 𝑋  is an Alappnq-prime submodule of 𝑍72  [see (1)]. But 
[𝑋:𝑍 𝑍72]=[〈4̅〉:𝑍 𝑍72] = 4𝑍 is not an Alappnq-prime ideal of 𝑍 because  2.2.1 ∈ 4𝑍 for 2,1 ∈ 𝑍 and 2.1 ∉ 4𝑍 +
(𝑠𝑜𝑐(𝑍) + 𝐽(𝑍)) = 4𝑍 + (0) = 4𝑍. 

Now, we introduce many characterizations of Alappnq-prime submodules. 

Proposition 2.3 Let 𝑈 be an 𝑅-module, and 𝐹 be a proper submodule of 𝑈. Then 𝐹 is an Alappnq-prime submodule 
of 𝑈 if and only if [𝐹:𝑈 𝑎𝑐] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐] for all 𝑎, 𝑐 ∈ 𝑅. 

Proof (⟾) Let 𝑢 ∈ [𝐹:𝑈 𝑎𝑐], implies that 𝑎𝑐𝑢 ∈ 𝐹. But 𝐹 is an Alappnq-prime submodule, then either 𝑎𝑢 ∈ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . It follows that either 𝑢 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎]  or 𝑢 ∈
[𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐]. Thus [𝐹:𝑈 𝑎𝑐] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐]. 

(⟽)  Let 𝑎𝑐𝑢 ∈ 𝐹 , for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 , then 𝑢 ∈ [𝐹:𝑈 𝑎𝑐] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐] , 
implies that 𝑢 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎]  or 𝑢 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐] . Hence 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 
𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Thus 𝐹 is an Alappnq-prime submodule of 𝑈. 

Proposition 2.4 Let 𝑈 be an 𝑅-module and 𝐹 be a proper submodule of 𝑈. Then 𝐹 is an Alappnq-prime submodule 
of 𝑈 if and only if for every 𝑎 ∈ 𝑅 and 𝑢 ∈ 𝑈 with 𝑎𝑢 ∉ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), [𝐹:𝑅 𝑎𝑢] ⊆ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑢]. 

Proof  (⟾) Suppose that 𝐹 is an Alappnq-prime submodule of 𝑈, and let 𝑐 ∈ [𝐹:𝑅  𝑎𝑢], implies that 𝑎𝑐𝑢 ∈ 𝐹. Since 𝐹 
is an Alappnq-prime submodule of 𝑈 and 𝑎𝑢 ∉ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) then 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)).That is 𝑐 ∈ [𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑢]. Hence [𝐹:𝑅 𝑎𝑢] ⊆ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑢].  

(⟽)  Let 𝑎𝑐𝑢 ∈ 𝐹 , for 𝑎, 𝑐 ∈ 𝑅 , and 𝑢 ∈ 𝑈  with 𝑎𝑢 ∉ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) , then 𝑐 ∈ [𝐹:𝑅 𝑎𝑢] ⊆ [𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)):𝑅 𝑢]. Hence 𝑐 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑢], that is 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Therefor 𝐹 is an Alappnq-prime 
submodule of 𝑈. 

Proposition 2.5 Let 𝑈 be a cyclic 𝑅-module, and 𝐹 be a proper submodule of 𝑈. Then 𝐹 is an Alappnq-prime 
submodule of 𝑈 if and only if [𝐹:𝑅 𝑎𝑐𝑢] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑎𝑢] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑐𝑢] for all 𝑎, 𝑐 ∈ 𝑅, 
𝑢 ∈ 𝑈. 

Proof (⟾) Let 𝑡 ∈ [𝐹:𝑅 𝑎𝑐𝑢], for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, implies that 𝑎𝑐(𝑡𝑢) ∈ 𝐹. But 𝐹 is an Alappnq-prime submodule of 𝑈, 
then either  𝑎(𝑡𝑢) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐(𝑡𝑢) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) , it follows that either 𝑡 ∈ [𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑎𝑢]  or 𝑡 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑐𝑢] . Hence 𝑡 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑎𝑢] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)):𝑅 𝑐𝑢]. Thus [𝐹:𝑅 𝑎𝑐𝑢] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑎𝑢] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑐𝑢]. 

(⟽) Let 𝑈 = 𝑅𝑢 for some 𝑢 ∈ 𝑈. Suppose that 𝑎𝑐𝑥 ∈ 𝐹 for 𝑎, 𝑐 ∈ 𝑅, 𝑥 ∈ 𝑈. Then there exists an element 𝑎 ∈ 𝑅 such 
that 𝑥 = 𝑎𝑢 . Therefore 𝑎𝑐𝑥 = 𝑎𝑐𝑎𝑢 ∈ 𝐹  that is 𝑎 ∈ [𝐹:𝑅 𝑎𝑐𝑢] ⊊ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑅 𝑎𝑢] ∪ [𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)):𝑅 𝑐𝑢] , it follows that 𝑎 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑎𝑢]  or 𝑎 ∈ [𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)):𝑈 𝑐𝑢] . Hence 𝑎𝑎𝑢 ∈ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), that is 𝑎𝑥 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑥 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Thus 
𝐹 is an Alappnq-prime submodule of  𝑈. 

Proposition 2.6 Let 𝑈 be an 𝑅-module, and 𝐹 be a submodule of 𝑈. Then 𝐹 is an Alappnq-prime submodule of 𝑈 if 
and only if whenever 𝑎𝑐𝐿 ⊆ 𝐹, for 𝑎, 𝑐 ∈ 𝑅 and 𝐿 is submodule of 𝑈, implies that either 𝑎𝐿 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 
𝑐𝐿 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). 
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Proof  (⟾) Suppose that 𝑎𝑐𝐿 ⊆ 𝐹, 𝑎, 𝑐 ∈ 𝑅 and 𝐿 is submodule of 𝑈, with 𝑎𝐿 ⊈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) and 𝑐𝐿 ⊈ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). So there exists a nonzero elements 𝑥1, 𝑥2 ∈  𝐿 such that 𝑎𝑥1 ∉ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) and 𝑐𝑥2 ∉ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Now 𝑎𝑐𝑥1 ∈ 𝐹 and 𝐹 is an Alappnq-prime submodule of 𝑈 and 𝑎𝑥1 ∉ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), implies 
that 𝑐𝑥1 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . Also 𝑎𝑐𝑥2 ∈ 𝐹  and 𝐹  is an Alappnq-prime submodule of 𝑈  and 𝑐𝑥2 ∉ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), implies that 𝑎𝑥2 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Again 𝑎𝑐(𝑥1 + 𝑥2) ∈ 𝐹 and 𝐹 is Alappnq-prime submodule 
of 𝑈, implies that either 𝑎(𝑥1 + 𝑥2) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐(𝑥1 + 𝑥2) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). If 𝑎(𝑥1 + 𝑥2) ∈ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), that is 𝑎𝑥1 + 𝑎𝑥2 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) and 𝑎𝑥2 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), implies that 𝑎𝑥1 ∈ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) which is contradiction. If 𝑐(𝑥1 + 𝑥2) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), that is 𝑐𝑥1 + 𝑐𝑥2 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)) and 𝑐𝑥1 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), implies that 𝑐𝑥2 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) which is contradiction. Hence 𝑎𝐿 ⊆
𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝐿 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). 

(⟽)  Suppose that 𝑎𝑐𝑢 ∈ 𝐹 , for 𝑎, 𝑐 ∈ 𝑅 ,  and 𝑢 ∈ 𝑈 , then 𝑎𝑐(𝑢) ⊆ 𝐹 , so by hypothesis either 𝑎(𝑢) ⊆ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐(𝑢) ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . That is either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)). Hence 𝐹 is an Alappnq-prime submodule of 𝑈. 

The following corollaries are direct consequence of above proposition. 

Corollary 2.7 Let 𝑈 be an 𝑅-module, and 𝐹 be a submodule of 𝑈. Then 𝐹 is an Alappnq-prime submodule of 𝑈 if and 
only if whenever 𝐼𝐽𝐿 ⊆ 𝐹, for 𝐼, 𝐽 are ideals of 𝑅 and 𝐿 is submodule of 𝑈, implies that either 𝐼𝐿 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)) or 𝐽𝐿 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) 

Corollary 2.8 Let 𝑈 be an 𝑅-module, and 𝐹 be a submodule of 𝑈. Then 𝐹 is an Alappnq-prime submodule of 𝑈 if and 
only if whenever 𝑎𝐽𝑢 ⊆ 𝐹, for 𝑎 ∈ 𝑅, 𝐽 is an ideal in 𝑅 and 𝑢 ∈ 𝑈, implies that either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 
𝐽𝑢 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). 

Proposition 2.9 Let 𝑈 be an 𝑅-module, and 𝐹 be a proper submodule of 𝑈, with 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is an 
Alappnq-prime submodule of 𝑈 if and only if [𝐹:𝑈 𝐼] is an Alappnq-prime submodule of 𝑈 for every ideal 𝐼 of 𝑅. 

Proof  (⟾) Assume 𝑎𝑐𝑢 ∈ [𝐹:𝑈 𝐼], for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, implies that 𝑎𝑐𝑢𝐼 ⊆ 𝐹, that is 𝑎𝑐𝑢𝑎 ∈ 𝐹 for each 𝑎 ∈ 𝐼. Since 𝐹 
is an Alappnq-prime submodule of 𝑈, it follows that either 𝑎𝑢𝑎 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢𝑎 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) +
𝐽(𝑈)), but 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) ⊆ 𝐹, implies that 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) = 𝐹. Thus either 𝑎𝑢𝑎 ∈ 𝐹 or 𝑐𝑢𝑎 ∈ 𝐹 for each 𝑎 ∈ 𝐼. 
That is either 𝑎𝑢 ∈ [𝐹:𝑈 𝐼] ⊆ [𝐹:𝑈 𝐼] + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ [𝐹:𝑈 𝐼] ⊆ [𝐹:𝑈 𝐼] + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Hence [𝐹:𝑈 𝐼] is 
an Alappnq-prime submodule of 𝑈. 

(⟽) Follows by put 𝐼 = 𝑅. 

The following propositions give some basic properties of Alappnq-prime submodules. 

Proposition 2.10 Let 𝑈 be an 𝑅-module with 𝐽(𝑈) or 𝑠𝑜𝑐(𝑈) is a quasiprime submodule of 𝑈, and 𝐹 ⊂ 𝑈 with 𝐹 ⊆
𝐽(𝑈) or 𝐹 ⊆ 𝑠𝑜𝑐(𝑈). Then 𝐹 is an Alappnq-prime submodule of 𝑈. 

Proof  Suppose that 𝐽(𝑈) is quasiprime and 𝐹 ⊆ 𝐽(𝑈). Let 𝑎𝑐𝑢 ⊆ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 ⊆ 𝐽(𝑈), so  𝑎𝑐𝑢 ⊆
𝐽(𝑈). But 𝐽(𝑈) is a quasiprime submodule of 𝑈 then either 𝑎𝑢 ∈ 𝐽(𝑈) ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐽(𝑈) ⊆ 𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Hence either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Thus 𝐹 is an Alappnq-prime 
submodule of 𝑈. 

Similar arguments follows if  𝑠𝑜𝑐(𝑈) is quasiprime and 𝐹 ⊆ 𝑠𝑜𝑐(𝑈). 

The following proposition shows that the intersection of two Alappnq-prime submodules is Alappnq-prime 
submdule under certain condition. 

“It is well known that a submodule 𝐹 of 𝑈 is a maximal essential if and only if 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 [15, Ex.12(5). p 242]”. 

Proposition 2.11 Let 𝑈 be an 𝑅-module with either 𝐹 or 𝐾 are maximal essential submodule of 𝑈, and 𝐾 ⊈ 𝐹. If 𝐹 
and 𝐾 are Alappnq-prime submodules of 𝑈 then 𝐹 ∩ 𝐾 is an Alappnq-prime submodule of  𝑈. 
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Proof Let 𝑎𝑐𝑢 ∈ 𝐹 ∩ 𝐾, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, then 𝑎𝑐𝑢 ∈ 𝐹 and 𝑎𝑐𝑢 ∈ 𝐾. But 𝐹 and 𝐾 are Alappnq-prime submodules 
of 𝑈, then either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) and 𝑎𝑢 ∈ 𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐾 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . Thus 𝑎𝑢 ∈ (𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) ∩ (𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)))  or 𝑐𝑢 ∈ (𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) ∩

(𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))). Since 𝐹 or 𝐾 are maximal essential in 𝑈 then 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 or 𝑠𝑜𝑐(𝑈) ⊆ 𝐾 and since 𝐹 or 𝐾 are 

maximal then 𝐽(𝑈) ⊆ 𝐹 or 𝐽(𝑈) ⊆ 𝐾. Suppose 𝐹 is a maximal essential in 𝑈 so 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 and 𝐽(𝑈) ⊆ 𝐹 and hence 
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) ⊆ 𝐹 , it follows that either 𝑎𝑢 ∈ 𝐹 ∩ (𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) or 𝑐𝑢 ∈ 𝐹 ∩ (𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) . 

Therefor by Modular law we have either 𝑎𝑢 ∈ (𝐹 ∩ 𝐾) + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ (𝐹 ∩ 𝐾) + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . 
Therefore 𝐹 ∩ 𝐾 is an Alappnq-prime submodule of  𝑈. 

Similar arguments follows if 𝐾 is maximal essential. 

Proposition 2.12 Let 𝐹 be a proper submodule of an 𝑅-module 𝑈. If 𝐹 is an Alappnq-prime submodule of 𝑈 then 
𝑆−1𝐹 is an Alappnq-prime submodule of an 𝑆−1𝑅-module 𝑆−1𝑈 where 𝑆 is multiplicatively closed subset of 𝑅. 

Proof Let 
𝑎1

𝑐1

𝑎2

𝑐2

𝑢

𝑐3
∈ 𝑆−1𝐹, for 

𝑎1

𝑐1
,

𝑎2

𝑐2
∈ 𝑆−1𝑅, 

𝑢

𝑐3
∈ 𝑆−1𝑈 and 𝑎1, 𝑎2 ∈ 𝑅, 𝑐1, 𝑐2, 𝑐3 ∈ 𝑆, 𝑢 ∈ 𝑈, then there exists a non-zero 

𝑡1 ∈ 𝑆 such that  𝑎1𝑎2(𝑡1𝑢) ∈ 𝐹 . But 𝐹 is an Alappnq-prime submodule of 𝑈, implies that either  𝑎1𝑡1𝑢 ∈ 𝐹 +

𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)  or  𝑎2𝑡1𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) . It follows that either 
𝑎1

𝑐1

𝑢

𝑐3
∈ 𝑆−1(𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) ⊆ 𝑆−1𝐹 +

𝑠𝑜𝑐(𝑆−1𝑈) + 𝐽(𝑆−1𝑈)  or 
𝑎2

𝑐2

𝑢

𝑐3
∈ 𝑆−1(𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) ⊆ 𝑆−1𝐹 + 𝑠𝑜𝑐(𝑆−1𝑈) + 𝐽(𝑆−1𝑈) . Therefore 𝑆−1𝐹  is an 

Alappnq-prime submodule of 𝑆−1𝑈. 

Proposition 2.13 Let 𝑓: 𝑈 → 𝑈′ be an 𝑅-epimorphism, and ker 𝑓 is a small submodule of 𝑈. If 𝐹 is an Alappnq-prime 
submodule of 𝑈′ then 𝑓−1(𝐹) is an Alappnq-prime submodule of 𝑈. 

Proof Let 𝑎𝑐𝑢 ∈ 𝑓−1(𝐹), for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, implies that 𝑎𝑐𝑓(𝑢) ∈ 𝐹. But 𝐹 is an Alappnq-prime submodule of 𝑈′, so 
either 𝑎𝑓(𝑢) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′))  or 𝑐𝑓(𝑢) ∈ 𝐹 + (𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′)) . Hence either 𝑎𝑢 ∈ 𝑓−1(𝐹) +

𝑓−1 ((𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′))) ⊆ 𝑓−1(𝐹) + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ 𝑓−1(𝐹) + 𝑓−1 ((𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′))) ⊆ 𝑓−1(𝐹) +

(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). That is either 𝑎𝑢 ∈ 𝑓−1(𝐹) + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝑓−1(𝐹) + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Hence 𝑓−1(𝐹) is 
an Alappnq-prime submodule of 𝑈. 

Proposition 2.14  Let 𝑓: 𝑈 → 𝑈′ be an 𝑅-epimorphism, and ker 𝑓 is a small submodule of 𝑈. If 𝐹 be an Alappnq-
prime submodule of 𝑈 with 𝐾𝑒𝑎 𝑓 ⊆ 𝐹 then 𝑓(𝐹) is an Alappnq-prime submodule of 𝑈′. 

Proof Let 𝑎𝑐𝑢′ ∈ 𝑓(𝐹), for 𝑎, 𝑐 ∈ 𝑅, 𝑢′ ∈ 𝑈′, and since 𝑓 is onto, then 𝑓(𝑢) = 𝑢′ for some 𝑢 ∈ 𝑈, thus 𝑎𝑐𝑓(𝑢) ∈ 𝑓(𝐹), 
it follows that 𝑎𝑐𝑓(𝑢) = 𝑓(𝑛) for some 𝑛 ∈ 𝐹. That is 𝑓(𝑎𝑐𝑢 − 𝑛) = 0, so 𝑎𝑐𝑢 − 𝑛 ∈ 𝐾𝑒𝑎 𝑓 ⊆ 𝐹, implies that 𝑎𝑐𝑢 ∈ 𝐹, 
implies that 𝑢 ∈ [𝐹:𝑅 𝑎𝑐]. But 𝐹 is an Alappnq-prime submodule, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 +

𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) . Thus 𝑎𝑢′ = 𝑎𝑓(𝑢) ∈ 𝑓(𝐹) + 𝑓 ((𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) ⊆ 𝑓(𝐹) + (𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′))  or 𝑐𝑢′ = 𝑎𝑓(𝑢) ∈

𝑓(𝐹) + 𝑓 ((𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))) ⊆ 𝑓(𝐹) + (𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′)) . Hence 𝑎𝑢′ ∈ 𝑓(𝐹) + (𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′))  or 𝑐𝑢′ ∈ 𝑓(𝐹) +

(𝑠𝑜𝑐(𝑈′) + 𝐽(𝑈′)). Thus 𝑓(𝐹) is an Alappnq-prime submodule of 𝑈′. 

Proposition 2.15 Let 𝑈 be an 𝑅-module, and 𝐹, 𝐾  are submodules of 𝑈 such that 𝐾 ⊆ 𝐹 , and 𝐹  is a proper 

submodule of 𝑈. If 𝐹 is an Alappnq-prime submodule of 𝑈, then 
𝐹

𝐾
  is an Alappnq-prime submodule of  

𝑈

𝐾
. 

Proof Let 𝑎𝑐(𝑢 + 𝐾) = 𝑎𝑐𝑢 + 𝐾 ∈
𝐹

𝐾
 , for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 + 𝐾 ∈

𝑈

𝐾
 , 𝑢 ∈ 𝑈 . Then 𝑎𝑐𝑢 ∈ 𝐹 . But 𝐹  is an Alappnq-prime 

submodule, then either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) . It follows that 𝑎𝑢 + 𝐾 ∈
𝐹+(𝑠𝑜𝑐(𝑈)+𝐽(𝑈))

𝐾
 or 𝑐𝑢 + 𝐾 ∈

𝐹+(𝑠𝑜𝑐(𝑈)+𝐽(𝑈))

𝐾
, that is either 𝑎𝑢 + 𝐾 ∈

𝐹

𝐾
+

𝐹+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐹+𝐽(𝑈)

𝐾
⊆

𝐹

𝐾
+ 𝑠𝑜𝑐 (

𝑈

𝐾
) + 𝐽 (

𝑈

𝐾
) or 𝑐𝑢 +

𝐾 ∈
𝐹

𝐾
+

𝐹+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐹+𝐽(𝑈)

𝐾
⊆

𝐹

𝐾
+ 𝑠𝑜𝑐 (

𝑈

𝐾
) + 𝐽 (

𝑈

𝐾
). Hence 

𝐹

𝐾
 is an Alappnq-prime submodule of  

𝑈

𝐾
. 
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Proposition 2.16 Let 𝑈 be a semi simple 𝑅-module, and 𝐹, 𝐾 are submodules of 𝑈 such that 𝐾 ⊆ 𝐹, and 𝐹 is a 

proper submodule of 𝑈. If 𝐾 and 
𝐹

𝐾
 are Alappnq-prime submodules of 𝑈 and 

𝑈

𝐾
 respectively, then 𝐹 is an Alappnq-

prime submodule of 𝑈. 

Proof Let 𝑎𝑐𝑢 ∈ 𝐹 , for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 . So (𝑢 + 𝐾) = 𝑎𝑐𝑢 + 𝑎𝑐𝐾 ∈
𝐹

𝐾
 . If 𝑎𝑐𝑢 ∈ 𝐾  and 𝐾  is an Alappnq-prime 

submodule, then either 𝑎𝑢 ∈ 𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) ⊆  𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈))  or 𝑐𝑢 ∈ 𝐾 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) ⊆  𝐹 +
(𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)), it follows that 𝐹 is an Alappnq-prime submodule of 𝑈. So, we may assume that 𝑎𝑐𝑢 ∉ 𝐾. It follows 

that (𝑢 + 𝐾) ∈
𝐹

𝐾
 , but 

𝐹

𝐾
 is an Alappnq-prime submodule of  

𝑈

𝐾
 , then either 𝑎(𝑢 + 𝐾) ⊆

𝐹

𝐾
+ (𝑠𝑜𝑐 (

𝑈

𝐾
) + 𝐽 (

𝑈

𝐾
)) or 𝑐(𝑢 +

𝐾) ⊆
𝐹

𝐾
+ (𝑠𝑜𝑐 (

𝑈

𝐾
) + 𝐽 (

𝑈

𝐾
)). Since 𝑈 is a semi simple, hence by [11, Ex.(12)(a), p. 239]  𝑠𝑜𝑐 (

𝛭

Ɗ
) =

𝑠𝑜𝑐(𝛭)+Ɗ

Ɗ
 and 

𝐽 (
𝛭

Ɗ
) =

𝐽(𝛭)+Ɗ

Ɗ
. Thus, either 𝑎(𝑢 + 𝐾) ∈

𝐹

𝐾
+

𝐾+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐾+𝐽(𝑈)

𝐾
 or 𝑐(𝑢 + 𝐾) ∈

𝐹

𝐾
+

𝐾+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐾+𝐽(𝑈)

𝐾
. Since 𝐾 ⊆ 𝐹 , it 

follows that 𝐾 + 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈) and 𝐾 + 𝐽(𝑈) ⊆ 𝐹 + 𝐽(𝑈), hence 
𝐹

𝐾
+

𝐾+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐾+𝐽(𝑈)

𝐾
 ⊆

𝐹

𝐾
+

𝐹+𝑠𝑜𝑐(𝑈)

𝐾
+

𝐹+𝐽(𝑈)

𝐾
. 

Thus either 𝑎(𝑢 + 𝐾) ∈
𝐹+(𝑠𝑜𝑐(𝑈)+𝐽(𝑈))

𝐾
 or 𝑐(𝑢 + 𝐾) ∈

𝐹+(𝑠𝑜𝑐(𝑈)+𝐽(𝑈))

𝐾
, it follows that either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) 

or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Hence 𝐹 is an Alappnq-prime submodule of 𝑈. 

3. Sufficient Conditions Alappnq-prime Submodules to be (Quasiprime, Prime, Nearly quasiprime, 
Nearly prime, Approximaitly quasiprime, and Approximaitly prime) Submodules. 

As we give in Remarks and Examples 2.2 (2)(3)(4)(5)(6)(7), every (quasiprime, prime, nearly quasiprime, nearly 
prime, approximaitly quasiprime, and approximaitly prime) submodules of an 𝑅-module 𝑈 is Alappnq-prime 
submodules of 𝑈, but contrariwise isn't true. The following results showed that under certain conditions the reverse 
implication is holds. 

Proposition 3.1 Let 𝑈 be 𝑅-module and 𝐹 ⊂ 𝑈 such that 𝐽 (
𝑈

𝐹
) = (0) and 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is quasiprime if and 

only if 𝐹 is Alappnq-prime.  

Proof (⟾) Direct. 

(⟽) Since 𝐽 (
𝑈

𝐹
) = (0), then by [9, Theo. (9.1.4)(b)] we get 𝐽(𝑈) ⊆ 𝐹. Let 𝑎𝑐𝑢 ∈ 𝐹 for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 is 

Alappnq-prime, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)  or 𝑐𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) . But 𝑠𝑜𝑐(𝑈) ⊆ 𝐹  and 𝐽(𝑈) ⊆ 𝐹 , 
hence 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹  and 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝐽(𝑈) = 𝐹 . Thus either 𝑎𝑢 ∈ 𝐹  or 𝑐𝑢 ∈ 𝐹 . Therefore 𝐹  is 
quasiprime. 

Proposition 3.2 Let 𝑈 be 𝑅-module and 𝐹 is an 𝑒ssential submodule for 𝑈 with 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is quasiprime if 
and only if 𝐹 is Alappnq-prime.  

Proof (⟾) Direct. 

(⟽) Let 𝑎𝑐𝑢 ∈ 𝐹 for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈, hence either 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝑐𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Since 𝐹 is 
𝑒ssential submodule of 𝑈, then 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 and by hypotheses 𝐽(𝑈) ⊆ 𝐹, we get 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹 and 𝐹 + 𝐽(𝑈) = 𝐹, 
thus 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹. Hence either 𝑎𝑢 ∈ 𝐹 or 𝑐𝑢 ∈ 𝐹. 

The following corollaries are direct consequence of proposition (3.1) and proposition (3.2). 

Corollary 3.3 Let 𝑈 be 𝑅-module and  𝐹 ⊂ 𝑈 such that 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is quasiprime if and only if 𝐹 is 
Alappnq-prime submodule. 

Corollary 3.4 Let 𝑈 be 𝑅-module and 𝐹 is maximal submodule for 𝑈 with 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is quasiprime if and 
only if 𝐹 is Alappnq-prime submodule. 
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Proposition 3.5 Let 𝑈 be 𝑅-module with 𝑠𝑜𝑐(𝑈) = (0), 𝐽(𝑈) = (0) and 𝐹 ⊂ 𝑈. Then 𝐹 is quasiprime if and only if 𝐹 
is Alappnq-prime submodule of 𝑈. 

Proof Direct. 

Proposition 3.6 Let 𝑈 be multiplication 𝑅-module with 𝐹 is maximal submodule for 𝑈 and 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is 
prime if and only if 𝐹 is Alappnq-prime.  

Proof (⟾) Direct. 

(⟽) Let 𝑎𝑢 ∈ 𝐹 for 𝑎 ∈ 𝑅, 𝑢 ∈ 𝑈, then 𝑎(𝑢) ⊆ 𝐹. Since 𝑈 is multiplication then (𝑢) = 𝐼𝑈 for some ideal 𝐼 for 𝑅, it 
follows that 𝑎(𝑢) = 𝑎𝐼𝑈 ⊆ 𝐹, that is 𝑎𝐼𝑢 ⊆ 𝐹, for all 𝑢 ∈ 𝑈. Since 𝐹 is an Alappnq-prime submodule of 𝑈, hence by 
corollary 2.8 𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝐼𝑢 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). Since 𝐹 is maximal submodule of 𝑈, then 

𝐽(𝑈) ⊆ 𝐹 and by hypotheses 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, we get 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) = 𝐹. That is either 𝑎𝑈 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) +

𝐽(𝑈)) = 𝐹 or (𝑢) ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) = 𝐹. Thus either 𝑎𝑈 ⊆ 𝐹 or 𝑢 ∈ 𝐹. Hence 𝐹 is prime. 

By the same way we can prove the following propositions. 

Proposition 3.7 Let 𝑈 be multiplication 𝑅-module and 𝐹 ⊂ 𝑈 such that 𝐽 (
𝑈

𝐹
) = (0), and 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is 

prime if and only if 𝐹 is Alappnq-prime. 

Proposition 3.8 Let 𝑈 be multiplication 𝑅-module and 𝐹 ⊂ 𝑈 such that 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is prime if and 
only if 𝐹 is Alappnq-prime. 

Proposition 3.9 Let 𝑈 be multiplication 𝑅-module with 𝐹 is essential submodule in 𝑈 and 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is prime 
if and only if 𝐹 is Alappnq-prime. 

Proposition 3.10 Let 𝑈 be 𝑅-module, 𝑠𝑜𝑐(𝑈) ⊆ 𝐽(𝑈) and 𝐹 ⊂ 𝑈. Then 𝐹 is nearly quasiprime if and only if 𝐹 is 
Alappnq-prime. 

Proof (⟾) Direct. 

(⟽) Let 𝑎𝑐𝑢 ∈ 𝐹  for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 . Since 𝐹  is Alappnq-prime, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 +
𝑠𝑜𝑐(𝑈) + 𝐽(𝑈). Since 𝑠𝑜𝑐(𝑈) ⊆ 𝐽(𝑈), then  𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐽(𝑈), thus either 𝑎𝑢 ∈ 𝐹 + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 + 𝐽(𝑈). Hence 
𝐹 is nearly quasiprime submodule of 𝑈. 

Proposition 3.11 Let 𝑈 be 𝑅-module with 𝐹 ⊂ 𝑈 and 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is nearly quasiprime if and only if 𝐹 is 
Alappnq-prime. 

Proof (⟾) Direct. 

(⟽) Let 𝑎𝑐𝑢 ∈ 𝐹  for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 . Since 𝐹  is Alappnq-prime, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 +
𝑠𝑜𝑐(𝑈) + 𝐽(𝑈). Since 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, then 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹, so 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝐽(𝑈). Thus either 𝑎𝑢 ∈ 𝐹 +
𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 + 𝐽(𝑈). Hence 𝐹 is nearly quasiprime submodule of 𝑈. 

The proofs of the following results are direct. 

Proposition 3.12 Let 𝑈 be 𝑅-module with 𝐹 is proper of 𝑈, and 𝑠𝑜𝑐(𝑈) = (0). Then 𝐹 is nearly quasiprime if and 
only if 𝐹 is Alappnq-prime. 

Proposition 3.13 Let 𝑈 be 𝑅-module and 𝐹 is an 𝑒ssential submodule for 𝑈. Then 𝐹 is nearly quasiprime if and only 
if 𝐹 is Alappnq-prime. 

Proposition 3.14 Let 𝑈 be multiplication 𝑅-module with 𝐹 ⊂ 𝑈 and 𝑠𝑜𝑐(𝑈) ⊆ 𝐹. Then 𝐹 is nearly prime if and only 
if 𝐹 is Alappnq-prime. 
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Proof (⟾) Direct. 

(⟽) Let 𝑎𝑢 ∈ 𝐹 for 𝑎 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝑈 is multiplication then (𝑢) = 𝐼𝑈 for some ideal 𝐼 for 𝑅, it follows that 
𝑎(𝑢) = 𝑎𝐼𝑈 ⊆ 𝐹, that is 𝑎𝐼𝑢 ⊆ 𝐹, for all 𝑢 ∈ 𝑈. Since 𝐹 is an Alappnq-prime submodule of 𝑈, hence by corollary 2.8 
𝑎𝑢 ∈ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)) or 𝐼𝑢 ⊆ 𝐹 + (𝑠𝑜𝑐(𝑈) + 𝐽(𝑈)). But 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, then 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝐽(𝑈), thus 
either 𝑎𝑈 ⊆ 𝐹 + 𝐽(𝑈) or 𝑢 ∈ 𝐹 + 𝐽(𝑈). Hence 𝐹 is nearly prime submodule of 𝑈. 

The proofs of the following results are direct. 

Proposition 3.15 Let 𝑈 be multiplication 𝑅-module with 𝐹 is proper of 𝑈, and 𝑠𝑜𝑐(𝑈) = (0). Then 𝐹 is nearly prime 
if and only if 𝐹 is Alappnq-prime. 

Proposition 3.16 Let 𝑈 be multiplication 𝑅-module and 𝐹 is an 𝑒ssential submodule of 𝑈. Then 𝐹 is nearly prime if 
and only if 𝐹 is Alappnq-prime. 

Proposition 3.17 Let 𝑈 be 𝑅-module with 𝐹 ⊂ 𝑈 and 𝐽(𝑈) ⊆ 𝐹. Then 𝐹 is approximaitly quasiprime if and only if 𝐹 
is Alappnq-prime. 

Proof (⟾) Direct. 

(⟽) Let 𝑎𝑐𝑢 ∈ 𝐹  for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 . Since 𝐹  is Alappnq-prime, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 +
𝑠𝑜𝑐(𝑈) + 𝐽(𝑈). Since 𝐽(𝑈) ⊆ 𝐹 , then 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈). Thus either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 +
𝑠𝑜𝑐(𝑈). Hence 𝐹 is approximaitly quasiprime. 

Proposition 3.18 Let 𝑈 be 𝑅-module with 𝐽(𝑈) ⊆ 𝑠𝑜𝑐(𝑈), and 𝐹 ⊂ 𝑈. Then 𝐹 is approximaitly quasiprime if and 
only if 𝐹 is Alappnq-prime. 

Proof (⟾) Direct. 

(⟽)  Since 𝐽(𝑈) ⊆ 𝑠𝑜𝑐(𝑈) , then 𝐹 + 𝐽(𝑈) + 𝑠𝑜𝑐(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈) . Let 𝑎𝑐𝑢 ∈ 𝐹  for 𝑎, 𝑐 ∈ 𝑅 , 𝑢 ∈ 𝑈 . Since 𝐹  is 
Alappnq-prime, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈). Thus 𝐹 
is approximaitly quasiprime. 

The proofs of the following results are direct. 

Proposition 3.19 Let 𝑈 be 𝑅-module with 𝐽(𝑈) = 𝑠𝑜𝑐(𝑈) = (0), and 𝐹 ⊂ 𝑈. Then 𝐹 is approximaitly quasiprime if 
and only if 𝐹 is Alappnq-prime. 

Proposition 3.20 Let 𝑈 be 𝑅-module and 𝐹 is maximal submodule for 𝑈. Then 𝐹 is approximaitly quasiprime if and 
only if 𝐹 is Alappnq-prime. 

Proposition 3.21 Let 𝑈 be 𝑅-module with 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, 𝐽(𝑈) ⊆ 𝐹 and 𝐹 ⊂ 𝑈. Then the following concepts are 
equivalent: 
1. 𝐹 is quasiprime submodule of 𝑈. 

2. 𝐹 is approximaitly quasiprime submodule of 𝑈. 

3. 𝐹 is Alappnq-prime submodule of 𝑈. 

4. 𝐹 is nearly quasiprime submodule of 𝑈. 

Proof (1) ⟹ (2) Let 𝐹 be a quasiprime submodule of an 𝑅-module 𝑈 and 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 is 
quasiprime submodule, then either 𝑎𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈). Thus either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) or 
𝑐𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈). Hence 𝐹 is an approximaitly quasiprime submodule of 𝑈. 

(2) ⇔ (3) It follows by proposition 3.17 
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(3) ⇔ (4) It follows by proposition 3.11 

(4) ⟹ (1) Since 𝐽(𝑈) ⊆ 𝐹, then 𝐹 + 𝐽(𝑈) = 𝐹, Let 𝑎𝑐𝑢 ∈ 𝐹 for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 is nearly quasiprime, then 
either 𝑎𝑢 ∈ 𝐹 + 𝐽(𝑈) = 𝐹 or 𝑐𝑢 ∈ 𝐹 + 𝐽(𝑈) = 𝐹. Thus either 𝑎𝑢 ∈ 𝐹 or 𝑐𝑢 ∈ 𝐹. Therefore 𝐹 is quasiprime. 

Proposition 3.22 Let 𝑈 be multiplication 𝑅-module such that 𝐽(𝑈) ⊆ 𝑠𝑜𝑐(𝑈), and 𝐹 ⊂ 𝑈. Then 𝐹 is approximaitly 
prime if and only if 𝐹 is Alappnq-prime. 

Proof (⟾) Direct. 

(⟽)  Since 𝐽(𝑈) ⊆ 𝑠𝑜𝑐(𝑈) , then 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈) . Let 𝑎𝑢 ∈ 𝐹 , for 𝑎 ∈ 𝑅 , 𝑢 ∈ 𝑈 . Since 𝑈  is 
multiplication and 𝐹 is Alappnq-prime, then by proposition (3.2.9) 𝐹 is Alappn-prime implies that either ∈ 𝐹 +
𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈)  or 𝑎𝑈 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈) + 𝐽(𝑈) = 𝐹 + 𝑠𝑜𝑐(𝑈) . Thus either 𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈)  or 𝑎𝑈 ⊆ 𝐹 +
𝑠𝑜𝑐(𝑈). Hence 𝐹 is approximaitly prime submodule of 𝑈. 

The proofs of the following results are direct. 

Proposition 3.23 Let 𝑈 be multiplication 𝑅-module such that 𝐽 (
𝑈

𝐹
) = (0), and 𝐹 ⊂ 𝑈. Then 𝐹 is approximaitly prime 

if and only if 𝐹 is Alappnq-prime. 

Proposition 3.24 Let 𝑈 be multiplication 𝑅-module and 𝐹 is a maximal submodule of 𝑈. Then 𝐹 is approximaitly 
prime if and only if 𝐹 is Alappnq-prime. 

Proposition 3.25 Let 𝑈  be a multiplication 𝑅-module such that 𝑠𝑜𝑐(𝑈) ⊆ 𝐹 , 𝐽(𝑈) ⊆ 𝐹  and 𝐹 ⊂ 𝑈 . Then the 
following concepts are equivalent: 

1. 𝐹 is prime submodule of 𝑈. 

2. 𝐹 is quasiprime submodule of 𝑈. 

3. 𝐹 is approximaitly quasiprime submodule of 𝑈. 

4. 𝐹 is nearly quasiprime submodule of 𝑈. 

5. 𝐹 is Alappnq-prime submodule of 𝑈. 

6. 𝐹 is nearly prime submodule of 𝑈. 

7. 𝐹 is approximaitly prime submodule of 𝑈. 

Proof (1) ⟹ (2) It follows by [1, Rem. and Exam. (2.1.2)(1)(7)] 

(2) ⟹ (3) Let 𝐹 be quasiprime submodule of an 𝑅-module 𝑈 with 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 is quasiprime 
submodule, then either 𝑎𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈). Thus either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 +
𝑠𝑜𝑐(𝑈). Hence 𝐹 is an approximaitly quasiprime submodule of 𝑈. 

(3) ⟹ (4) Let 𝐹 be approximaitly quasiprime submodule of an 𝑅-module 𝑈 and 𝑎𝑐𝑢 ∈ 𝐹, for 𝑎, 𝑐 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 
is approximaitly quasiprime submodule, then either 𝑎𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) or 𝑐𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈). But 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, then 𝐹 +
𝑠𝑜𝑐(𝑈) = 𝐹. Thus  𝑎𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝐽(𝑈) or 𝑐𝑢 ∈ 𝐹 ⊆ 𝐹 + 𝐽(𝑈). Hence 𝐹 is nearly quasiprime submodule of 𝑈. 

(4) ⇔ (5) It follows by proposition 3.11 

(5) ⇔ (6) It follows by proposition 3.14 
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(6) ⟹ (7) Let 𝐹 be nearly prime submodule of an 𝑅-module 𝑈 and 𝑎𝑢 ∈ 𝐹, for 𝑎 ∈ 𝑅, 𝑢 ∈ 𝑈. Since 𝐹 is nearly prime 
submodule, then either 𝑢 ∈ 𝐹 + 𝐽(𝑈) or 𝑎𝑈 ⊆ 𝐹 + 𝐽(𝑈). But 𝐽(𝑈) ⊆ 𝐹, then 𝐹 + 𝐽(𝑈) = 𝐹. Thus either 𝑢 ∈ 𝐹 ⊆ 𝐹 +
𝑠𝑜𝑐(𝑈) or 𝑎𝑈 ⊆ 𝐹 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈). Hence 𝐹 is approximaitly prime submodule of 𝑈. 

(7) ⟹ (1) Since 𝑠𝑜𝑐(𝑈) ⊆ 𝐹, then 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹, Let 𝑎𝑢 ∈ 𝐹 for 𝑎 ∈ 𝑅, 𝑢 ∈ 𝑈. But 𝐹 is approximaitly prime, then 
either 𝑢 ∈ 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹 or 𝑎𝑈 ⊆ 𝐹 + 𝑠𝑜𝑐(𝑈) = 𝐹. Thus either 𝑢 ∈ 𝐹 or 𝑎𝑈 ⊆ 𝐹. Therefore 𝐹 is prime submodule 
of 𝑈. 
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