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1. INTRODUCTION

Fractional calculus is a strong tool for describing the memory and inherited features of
various materials and processes.[1]-[3], It has applications in biology, chemistry,
viscoelasticity, anomalous diffusion, fluid mechanics, acoustics, control theory, and other
fields of science and engineering. Fractional differential equations were implicated in a family
of integro-differential equations with singularities in these applications.[3-6].The existence
and uniqueness theorems for fractional ordinary differential equations were introduced.[4]
Several analytical or numerical approaches for solving fractional differential equations were
proposed previously, such as [2], [5]and [6], In this paper, we study the asymptotic behaviuor
of eigenvalues and eigenfunctions for the fractional boundary value problem, as is known [5]
, supported on the interval [0, a] is related to the study of the Regge spectral problem on this
interval. This problem has the form

—§DEy(x) + q(x)y(x) = 22p(x)y(x); x€[0,a, 1<a<?2 (1.1)

y(0) =0, y'(a) —idy(a) =0, (1.2)

such that gq(x),p(x) € L, [0,a], where L, [0,a] is the set of all integrable function
f()on[0,aland0 < m< f(x) <M < o,anda €(1,2], and A1 is a spectral
parameter, q(x), p(x) are integrable functions. And y(x) € C[0, a], $DZy(x) € C3[0, a].

Let L be a linear operator defined on some set of elements as element y # 0 is called
eigenfunctions of L if Ly = Ay. , the number A is called an eigenvalue of operator L.

In another representation the number A is called an eigenvalue of operator L if there exists in
the domain of definition of the operator L a function y # 0 such that Ly = Ay.

One of the simplest operators which is frequently encountered in applications is an operator of
the form

— d?
L= —@+q(x),

where the function g (x) will be assumed real and, to begin with, continuous on some interval
[a, b] For this operater the set of elements (functions) y(x) mentioned above is determined by
the obvious differentiability condition and also by certain conditions on the boundary of the
interval [a, b] [7] .
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1. PRELIMINARIES CONCEPTS

1.1. Preliminaries

In this section, we present some definitions, lemmas and theorems, which are required for
our work.

Definition 1.1 [4] The Gamma function is defined by the integral formula

rz) = f0°° t?le tdt, z€(
The integral converges absolutely for Re(z) > 0.

Definition 1.2 [8](Fractional Integral of Order a ) for every a > 0 and a locally integrable
function h(t), the right FI of order « is defined:

JER(E) = ﬁf: (t—$)*1h(s)ds, —o<a<t<ow (1.3)
Alternatively, it can be defined also the left FI by:
1 b
JZh(E) = mft (s —t)* 1h(s)ds, —co<t<bh<o .

Properties 1.1 [8].Let f(x), h(x) € L*[0, a] are continuous functions a,b € R, and n,m > 0,
then:

) 1217 f(0) = 113 () = 127 f (x)
i) Ig(af(x) + bh(x)) =allf(x) + bIZh(x)

Definition1.3 [9](Fractional Derivative of Order «) for every a, and m = [a] the Riemann-
Liouville derivative of order a can be defined as:

JDER(E) = f (t — s)™ "% 1p(s)ds (1.4)

r'(m a) dtm
Definition 1.4 [8]Let « > 0, m = [a]. The Caputo derivative operator of order & and f(t)
be n —times differentiable function, t > a is defined as

m

EDER(D) = s f (t — s)m=a- 1(;15) h(s)ds (1.5)

a (t S)a m+1

Or DEh(t) =

F(m a)
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Remark1.1 [4], [10]The Relation between integration and differentiation of the Caputo
operator of order «a are given as shown:

e The Caputo derivative of fractional integral is
“DEUS () = f(©) (1.6)

e The fractional integral of Caputo derivative is

IE(°DEF®) = F(6) - Z( Y o, (17)

From the above we got ¢ DZ(IZf(t)) # IZ(DEf(t))

2. From the above definitions and properties, we have the Caputo fractional derivative is not
equivalent with (Riemann-Liouville) fractional derivative but their fractional integral are
equivalent.

1.2. Relation between Caputo a order derivative and Riemann-Liouville a
order derivative. [4], [8]

Letn € N,a € [n — 1,n). And let f(x) be a function such that “Dg f (x) and D f (x) exist.
Then the relation between the (R-L) and the Caputo derivatives is given by:

“DEF(x) = DEF(x) — Npzh oD £00 (g (1.8)

k=0 r(g+1-a)

Definition 1.5 [7] (EIGENVALUES AND EIGENFUNCTIONS)

Let L be a linear operator defined on some set of elements as element y + 0 is called

eigenfunctions of L if Ly = Ay, the number A is called an eigenvalue of operator L.

In another representation the number A is called an eigenvalue of operator L if there exists in

the domain of definition of the operator L a function y # 0, such that Ly = Ay.

Definition1.6[11] A normed space X is a vector space with a norm defined on it, A Banach

space is a complete normed space.
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Definition 1.7 [11]The vector space C|[e, d] of the complex-valued continuous functions
defined on a closed interval [e, d] is Banach space with respect to the following norm
”U”C[e,d] = MQXxe[e,d) |7-7(x)| , v € Cle,d].

Lemma 1.1 [12]:

Let 8 > 0 and n = [B] + 1, then the solutions to the equation ngh(t) = 0 is given by
h(t) = cog + ¢yt + cpt?> + -+ ¢,,_1t" 1 ,wherec; ER,i =0,1,2,...,n — 1 are some
constants, If assume that h € C™[0, a],then I8 8th(t) =h(t) + ¢y + cit + cpt? + -+
cnp1t™ 1 for some constantsc; € R,i = 0,1,2,...,n — 1.

Lemma 1.2 [13] Let y(x) € C(0,a] with 1 < a < 2 Then the solution of the boundary
value problem (1.1)-(1.2) is

y(x) = ﬁfg(x -0 (q®) — ?p@®)y(t)dt + xmfoa(a —1—ila+

ie) (a — )*2(q(t) — 2?p(1))y(D)dt

1

or ykx)= )

[XGe = 0% (q(0) = 2p(D)y(D)dt + xw

1

Where w = D@D

Jy (@ =1 —ida+iat) (a — )*2(q(t) — 22p(D)y(D)dt

2. ASYMPTOTIC BEHAVIORS OF EIGENVALUES AND
EIGENFUNCTIONS

In this section we will define the fractional operator related to theT.Regge differential
equation with fractional boundary conditions and the weight function p(x) = 1 and show the
asymptotic behavior for Eigenvalues and Eigenfunctions.

Definition 2.1: [14] Denoting the fractional T.Regge operator as
Lyyi= _gD;cx +q(x)

Remember the T.Regge problem is

" (%) + q(x)y(x) = Ap(x)y(x), 0<x<
a, (2.1)
y(0) =0, y'(a)—idy(a) =0, (2.2)

Consider the fractional T.Regge equation L, ,y(x) = —{DEy(x) + q(x)y(x)

And  L,,y(x)+ A*p(x)y(x) =0. (2.3)
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Where p(x) > 0 and p(x), q(x) are real valued continuous functions in the interval [0, a] ,
a € (1,2] with the following boundary conditions

Dgys(a) — iAl§~%y;(a) = 0 (2.4)
D§yx(a) —iAD§ y;(a) = 0 (2.5)
Property 2.1. [14]Operatorsi;+, Ij~, D+, Dy~, €D+, and €Dy~ are satisfy the following

b b
L[ fIGg()dx = [, gQ)Ig-f(x)dx,

2. [ fO)DE-g(x)dx = [ g(x)°D% f(x)dx +
Pt (DM DR RS g ()]

3.7 FD% g(dx = [ g(0)*DEF()dx + Tt (~DFFO DT g ()|

Theorem 2.1. If I3~%y,(0) = 0, D& 1y, (0) = 0 then Eigenvalues of Fractional Boundary
Value Problem (FBVP) given by 2.3, 2.4 and 2.5 are only real or imaginary parts.

Proof: Assume that A, (A is Lambda cojugate) are an eigenvalue for problem 2.3, 2.4 and
2.5 and y(x), ¥(x) are corresponding eignfunctions.

Sowe have L, ,y(x) + 2*p(x)y(x) =0

And I~ %y, (0) =0 , 6D¥ 'y (0) =0,

oDgya(a) —idl§ %y (@) =0 ,  §Dgya(a) —idgD¢ "ya(a) = 0,

And we have

Laxy(x) + Pp(0)y(x) =0, (2.6)
And  I37%5(0)=0 , DF 13 (0)=0 (2.7)
oDy (@) +iMg™ (@) =0 ,  §Dgyz(@) +idDE ' Fz(a) = 0 (2.8)

We multiply equation 2.3 by y(x) and equation 2. 6 by y(x) we get

V() Laxy(x) + A2p(x)y(x)y(x) = 0 Implies that 7(x) Ly .y (x) + Xp(x)|y(x)|* =
0 (2.9)

And y(x) L, y(x) + Fp(x)y(x)y(x) =0
YO Ly ¥ () + Ap(x) [y()|*> = 0 (2.10)

Subtract equation 2.9 and 2.10 to obtain
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V() Loy (6) = () Ly (x) = (A2 = 22)p(0) |y (x)|?
From this equality we obtain (A2 — 12)p(x)|y(x)|? = y(x)§D%y (x) — y(x) §DEy (x).

Integrating both sides of the above equation from 0 to a , we have

a

(22— /Tz)fp(x)ly(X)Izdx = J}"'(x)SDp‘é‘y(X) — y(x) 6Dy (x) dx

0

Use properties 2.1 and note that the right-hand side of the integrated equality contains only
boundary terms, we obtain the above equation is equal to

(22— 712) [ p)y(®)|? dx = —[§DFy(x) §DEF (x) — 5D~ 15 (x) §DEy (x)] +
[$DE7 (0157 y () = §DEY (I “F ()],

(22 = 22) [[p)ly@)|?dx = —[§DF 1y(a)§DEy(a) — §DF15(a) Dy (a)] +
[6D27(@)I§~%y(a) — §DFy(@)I§~*F(a)] + [§DF 1y (0) 5Dy (0) —
§DZ1y(0)5DZy(0)] — [§DEF(0)IE~*y(0) — SDEy(0)IZ~*7(0)],

From boundary condition we get
157900 =0 , §DF 'y;(0)=0 ,Ig“y3(0) =0 , §DF'¥;(0) =0

Now

(22 = 22) [ p)ly(0)|? dx = —[§DE y(a) - §DFF(a) — §DF15(a) - SDEy(a)] +
[6D£¥(a). 16~ %y (a) — §D¢y(a). 1§~y (a)],

Finally, from the boundary conditions we have
oD ya(a) =157 %a(@) , and  GDFT'FR(@) =I5 yi(a)

using the boundary conditions (2.5), and (2.8) we obtain

(22 = 22) [T p()ly(0)|? dx = =[5DE ty(a) - $DFF(a) — $DEF(a) - §DEy(a) —
SDE¥(a). $DE y(a) + §DEy(a). D F(a)],

(22 = 22) [ p(o)ly(0))? dx = 0.

And since y(x) is a non-trivial solution and p(x) > 0
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so we infer that (42— 22)=0—-(1—-2)(1+1)=0
IfA—A1=0=21=21= 2aisreal number
andif1+1=0=1=-1= 1iscomplex number ]

Theorem 2.2. If I3~ %y, (0) = 0, D& 1y, (0) = 0 then eigenfunctions, corresponding to distinct
eigenvalues of Fractional Boundary Value Problem (FBVP) given by2.3, 2.4 and 2. 5 are
orthogonal w.r.t. weight function p(x) on [0, a] that is

b
f Py, (O)y,(x)dx =0 A # 1,
a

When functions yljcorrespond to eigenvalues 4; .

Proof: The proof is similar to theorem 2.1.

Theorem 2.3 if the Eigenvalues of Fractional Boundary Value Problem (FBVP) given by2.3,

2.4 and 2. 5 are only real or imaginary part and 12~ %y;(0) = 0,D& 1y, (0) = Othen L“_"(ygx)
Lgxy(x)
yx)

Proof: The proof is similar to theorem 2.1.

Theorem 2.4 if the Eigenvalues of Fractional Boundary Value Problem (FBVP) given by2.3,
2.4 and 2.5 are only real or imaginary part and 15~%y;(0) = 0, D& 1y,(0) = 0 then

fax®) _ Lax®) - where y(x) = u(x) + iv(x).

u
Proof: The proof is similar to theorem 2.1.

Corollary 2.1 If Zex( — Zax()

then the eigenvalues of fractional boundary value problem
given by 2.3, 2.4 and 2.5 are only real or imaginary part.

Proof: The same as theorem 2.4

Corollary 2.2 If the eigenvalues of fractional boundary value problem (FBVP) given 2.3, 2.4
and 2.5, are only real or imaginary parts then Im(y(x)) L Re(y(x)) =

Re(y(0)) Loz Im(y(x))

Proof: Similar to theorem 2.4 assume Re(y(x)) = u(x) and Im(y(x)) = v(x)
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Corollary 2.3 If Im(y(x))§D&Re(y(x)) = Re(y(x))§D&Im(y(x)) then the eigenvalues of
Fractional Boundary Value Problem (FBVP) given by 2.3, 2.4 and 2.5 are only real or
Imaginary parts.

Proof: Similar to corollary 2.2

Proposition 2.5: The eigenvalues of fractional boundary value problem (FBVP) given by2.3,
2.4 and 2.5 are only real or imaginary parts if and only if

Im(Y(x))La,xRe(Y(x)) = Re()’(x))['a,xlm(y(x))-
Proof: Adding corollary 2.2 and 2.3 obtain the proof.

Example 2.1: consider the Boundary value problem
{ D¥y(x) + Ay(x) =0, 1<a<?2
py(0) —ry'(0) =0, qy(1) +sy'(1) =0

Solution: In our problemp =1,r=0,s=1,qg=idlandletA € R

If = 0, letting the general solution u(x) = A + Bx satisfy the boundary conditions we obtain

A = B = 0 i.e the problem only has zero solution.

If = 0, letting the general solution is

y(x) = BXE,7(—2%x%) and [iAE, ,(—1) — AE,1(—A)B] =0
The coefficient determined is

Eg2(=2)

iAEq2(—A) = AEg1(—A)B — BEg 1(—4) = iEg,(—4) »B = iE 2
a,1\™

So the solution is y(x) = BxE, ,(—A*x%) = ix ?"22_2 Eq(—2%x%)
a,1\™

CONCLUSIONS

In this work, fractional boundary value problem (T.Regge problem for fractional order)
has been studied. The T.Regge Problem for fractional order has some behavior of eigenvalues
and eigenfunctions. The asymptotic behavior for eigenvalues and eigenfunctions for fractional
order T.Regge problem have been investigated. We got some result for eigenvalues that are
the results prove the accuracy of the work.
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