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A B S T R A C T 

Let Ⱳ be a nonzero unital left 𝑅 -module and 𝑅 be a commutative ring with nonzero identity. 
As a generalization of 2-Absorbing submodules, we provide the idea of Nearly Quasi Primary-
2-Absorbing submodules in this article. As a proper submodule 𝑉 of Ⱳ  is called the Nearly 
Quasi Primary-2-Absorbing submodule of Ⱳ , if whenever 𝚛𝚜𝑥 ∈ 𝑉  for 𝚛, 𝚜 ∈ 𝑅 , 𝑥 ∈ Ⱳ , 
implies that either 𝚛𝑥 ∈ Ⱳ− 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  or 𝚜𝑥 ∈ Ⱳ− 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)   or 𝚛𝚜 ∈

√[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]. Several properties, characterizations and examples concerning this new 
notion are given.    
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1. Introduction 

2-𝐴bsorbing submodules are well recognized to have a significant impact on the theory of modules over 
commutative rings. This topic has received a lot of research thus far. One can look at [1, 2, 3] for numerous studies. 
The idea of generalizing the concept of 2-𝐴bsorbing submodule through the use of various methods is one of the key 
interests of many scholars. For instance, the Semi-2-𝐴bsorbing submodule generalization, was proposed and 
analyzed in [4], followed by a second generalization known as 2-𝐴bsorbing primary. In [5], the submodule was 
examined. It is important to remember that the idea of 2-𝐴bsorbing submodule was initially presented in 2011 by 
Darani A. and Soheilinia F. as a generalization of the 2-𝐴bsorbing ideal, whereas the 2-𝐴bsorbing ideal was first 
presented in 2007 by Badawi A, see [6,7]. All rings being considered in this study are commutative with nonzero 
identity, and all modules are nonzero unitary. Additionally Ⱳ always signifies such an 𝑅 -module and 𝑅 always 
denotes such a ring. Assume 𝑉 is a submodule of Ⱳ and 𝐼 is an ideal of 𝑅. The radical of 𝐼, symbolized by √𝐼, is then 
defined as the intersection of all prime ideals containing 𝐼 and equally consists of all components an of 𝑅 whose 
some power in 𝐼 , that is, "{𝑎 ∈  𝑅: 𝑎𝑛 ∈  𝐼 𝑓𝑜𝚛 𝚜𝑜𝚖𝑒 𝑛 ∈  𝑉}" . Additionally, the ideal [𝑉:𝑅Ⱳ] is defined as 
“{𝑎 ∈ 𝑅: 𝑎Ⱳ ⊆ 𝑉} and {𝑥 ∈ Ⱳ: 𝑎𝑥 ∈ 𝑉} for every 𝑎 ∈ 𝑅 in the submodule [𝑉:Ⱳ 𝑎]”. “Similar to  radical of an ideal, 
radical of a submodule of 𝑅-module Ⱳ can be define as the intersection of all prime submodules containing 𝑉 and 
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denoted by Ⱳ − 𝚛𝑎𝑑(𝑉). If not, that is if there is no prime submodule containing 𝑉 we say Ⱳ − 𝚛𝑎𝑑(𝑉) ≠ Ⱳ, where a 
submodule 𝑉 of Ⱳ is a prime submodule if whenever 𝑎𝚖 ∈  𝑉 , then either 𝑎 ∈ [𝑉:𝑅Ⱳ] or 𝚖 ∈ 𝑉 [8]”. Primary 
submodule as a generalization of prime submodule is defined as follow, a proper submodule 𝑉 of an 𝑅-module Ⱳ is 
called primary submodule, “if whenever 𝚛𝑥 ∈ 𝑉, for 𝚛 ∈ 𝑅, 𝑥 ∈ Ⱳ, implies that either 𝑥 ∈ 𝑉 or 𝚛𝑛Ⱳ ⊆ 𝑉 for some 
𝑛 ∈ 𝑍+ [9]”. “In [10] introduced the concept of 2-𝐴bsorbing quasi primary ideal, where  a proper ideal 𝐼 of a ring 𝑅 is 
2-𝐴bsorbing quasi-primary ideal if and only if whenever 𝚛𝚜𝑡 ∈ 𝐼, then 𝚛𝚜 ∈ √𝐼 or 𝚛𝑡 ∈ √𝐼 or 𝚜𝑡 ∈ √𝐼 for each 𝚛, 𝚜, 
𝑡 ∈ 𝑅”. Researcher Kos in 2017 popularized the concept of 2-𝐴bsorbing quasi primary ideal to 2-𝐴bsorbing quasi 
primary submodule, where a proper submodule 𝑉  of an 𝑅-module Ⱳ is called 2-𝐴bsorbing quasi primary 
submodule of Ⱳ, “if whenever 𝚛𝚜𝑥 ∈ 𝑉, where 𝚛, 𝚜 ∈ 𝑅, 𝑥 ∈ Ⱳ, implies that either 𝚛𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) or 𝚜𝑥 ∈ Ⱳ −

𝚛𝑎𝑑(𝑉) or 𝚛𝚜 ∈ √[𝑉:𝑅Ⱳ] [11]”. The concept of a multiplication module is one of the basic concepts in the theory of 
the module, define as an 𝑅-module Ⱳ is multiplication, if every submodule К of Ⱳ is of the form К = 𝐼Ⱳ for some 
ideal 𝐼 of 𝑅. Equivalently Ⱳ is a multiplication 𝑅-module if every submodule К of 𝑅 of the form К = [К:𝑅Ⱳ]Ⱳ [12]. 
“Recall that an 𝑅-module Ⱳ is faithful if 𝑎𝑛𝑛𝑅(Ⱳ) = (0), where 𝑎𝑛𝑛𝑅(Ⱳ) = {𝚛 ∈ 𝑅: 𝚛Ⱳ = (0)}  and an 𝑅-module Ⱳ 
is finitely generated if Ⱳ = 𝑅𝑥1 + 𝑅𝑥2 +⋯+ 𝑅𝑥𝑛  for 𝑥1 , 𝑥2 ,….., 𝑥𝑛 ∈ Ⱳ [13]. The Jacobsen radical of Ⱳ is the 
intersection of all maximal submodule of Ⱳ. Finally  an 𝑅-module Ⱳ is a projective if for any 𝑅-epimorphism 𝑓 from 
an 𝑅-module Ⱳ on to an 𝑅-module Ⱳ̅̅̅ and for any homomorphism 𝑔 from an 𝑅-module Ⱳ̿̿̿ to Ⱳ̅̅̅, there exists a 
homomorphism ℎ from Ⱳ̿̿̿ toⱲ such that 𝑓 ∘ ℎ = 𝑔 [13].”     

2. Nearly Quasi Primary-2-Absorbing Submodules. 

Definition 2.1 A proper submodule 𝑉 of an 𝑅-module Ⱳ is a Nearly Quasi Primary-2-Absorbing submodule of Ⱳ    ( 
simply NQPr-2-ABS ), if whenever 𝚛𝚜𝚖 ∈ 𝑉 for 𝚛, 𝚜 ∈ 𝑅, 𝚖 ∈ Ⱳ, implies that either 𝚛𝚖 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚜𝚖 ∈
Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚛𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]. And a proper ideal 𝐼 of a ring 𝑅 is said to be a NQPr-2-ABS ideal of 𝑅 if  
𝐼 is a NQPr-2-ABS submodule of an 𝑅-module 𝑅.   

Proposition 2.2 Every 2-Absorbing submodule of an 𝑅-module Ⱳ is a NQPr-2-ABS submodule of Ⱳ. 

Proof  Clear . 

Remark 2.3 The converse of proposition 2.2 it’s not true in general, see the following example. 

Example 2.4 Let Ⱳ = 𝑍36, 𝑅 = 𝑍 and the submodule 𝑉 = 〈12̅̅̅̅ 〉. Clear that the submodule 〈12̅̅̅̅ 〉 is NQPr-2-ABS 
submodule of 𝑍36, since 𝘑(𝑍36) = 〈6̅〉 and 𝑟𝑎𝑑𝑍36(〈12

̅̅̅̅ 〉) = 〈6̅〉. Hence for all 𝑎, 𝑏 ∈ 𝑅 and 𝚖 ∈ Ⱳ with 𝑎𝑏𝚖 ∈ 𝑉 we gave 
either 𝑎𝚖 ∈  𝑍36 − 𝚛𝑎𝑑(〈12̅̅̅̅ 〉) + 𝘑(𝑍36) =  〈6̅〉  or 𝑏𝚖 ∈  𝑍36 − 𝚛𝑎𝑑(〈12̅̅̅̅ 〉) + 𝘑(𝑍36) =  〈6̅〉  or 𝑎𝑏 ∈ √[𝑉 + 𝘑(𝑍36):𝑍 𝑍36] . 
But 𝑉 is not 2-𝐴bsorbing submodule of 𝑍36, because 2.3. 2̅ ∈ 〈12̅̅̅̅ 〉 for 2, 3 ∈ 𝑍 and 2̅ ∈ 𝑍36, implies that 2. 2̅ = 〈4̅〉 ∉
〈12̅̅̅̅ 〉 and 3. 2̅ = 〈6̅〉 ∉ 〈12̅̅̅̅ 〉. Also 2.3 = 6 ∉ [𝑉:𝑍Ⱳ] = 12𝑍. 

The following propositions are characterizations of NQPr-2-ABS submodule. 

Proposition 2.5 For a proper submodule 𝑉 of Ⱳ. The sentences that follow are comparable. 

1- 𝑉 is a NQPr-2-ABS submodule of Ⱳ. 

2- For every 𝚛 , 𝚜 ∈ 𝑅 , [𝑉 + 𝘑(Ⱳ):Ⱳ 𝚛
𝑛𝚜𝑛] = Ⱳ  for some 𝑛 ∈ 𝑍+ or [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚛] ∪

[Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚜].  

3- For every 𝚛,𝚜 ∈ 𝑅, [𝑉 + 𝘑(Ⱳ):Ⱳ 𝚛
𝑛𝚜𝑛] = Ⱳ for some 𝑛 ∈ 𝑍+or [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚛] or [𝑉:Ⱳ 𝚛𝚜] ⊆

[Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚜]. 

Proof (1)⇒(2): Suppose that 𝑉 is a NQPr-2-ABS submodule of Ⱳ. Let 𝚛,𝚜 ∈ 𝑅. If 𝚛𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ], then 
(𝚛𝚜)𝑛 = 𝚛𝑛𝚜𝑛 ∈ [𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]  for some 𝑛 ∈ 𝑍+  and so [𝑉 + 𝘑(Ⱳ):Ⱳ 𝚛

𝑛𝚜𝑛] = Ⱳ . Now, assume 𝚛𝚜 ∉
√[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]. Let 𝑥 ∈ [𝑉:Ⱳ 𝚛𝚜], then we have 𝚛𝚜𝑥 ∈ 𝑉, hence either 𝚛𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚜𝑥 ∈ Ⱳ −

𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ), since 𝑉 is a NQPr-2-ABS submodule of Ⱳ. Thus we get the result [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) +
𝘑(Ⱳ):Ⱳ 𝚛] ∪ [Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚜]. 

(2)⇒(3): It is common knowledge that if a submodule contains two other submodules, it must contain at least one of 
them. 

(3)⇒(1): Let 𝚛𝚜𝑥 ∈ 𝑉 for 𝚛,𝚜 ∈ 𝑅 and 𝑥 ∈ Ⱳ with 𝚛𝚜 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]. Then we have [𝑉 + 𝘑(Ⱳ):Ⱳ 𝚛
𝑛𝚜𝑛] ≠ Ⱳ for 

every 𝑛 ∈ 𝑍+. So by (3) we obtain that 𝑥 ∈ [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚛]or 𝑥 ∈ [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) +
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𝘑(Ⱳ):Ⱳ 𝚜] , hence either 𝚛𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  or 𝚜𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) . Therefore 𝑉  is a NQPr-2-ABS 
submodule of Ⱳ. 

Proposition 2.6 Let 𝑉 be a proper submodule of an 𝑅-module Ⱳ. Then 𝑉 is a NQPr-2-ABS submodule of Ⱳ if and 
only if 𝚛𝚜𝐸 ⊆ 𝑉, for 𝚛, 𝚜 ∈ 𝑅 and 𝐸 is a submodule of Ⱳ with 𝚛𝚜 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] implies that either 𝚛𝐸 ⊆ Ⱳ −

𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚜𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). 

Proof (⟹) Since 𝚛𝚜𝐸 ⊆ 𝑉, for 𝚛, 𝚜 ∈ 𝑅 and 𝐸 is a submodule of Ⱳ, then 𝐸 ⊆ [𝑉:Ⱳ 𝚛𝚜] and [𝑉 + 𝘑(Ⱳ):Ⱳ 𝚛
𝑛𝚜𝑛] ≠ Ⱳ 

for every 𝑛 ∈ 𝑍+, then by proposition 2.5 we gave 𝐸 ⊆ [𝑉:Ⱳ 𝚛𝚜] ⊆ [Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚛] or 𝐸 ⊆ [𝑉:Ⱳ 𝚛𝚜] ⊆
[Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ):Ⱳ 𝚜]. Hence either 𝚛𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚜𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ).  

(⟸) Direct. 

Proposition 2.7 For a proper submodule 𝑉 of Ⱳ. The sentences that follow are comparable. 

1- 𝑉 is a  NQPr-2-ABS submodule of Ⱳ. 

2- For every 𝑎 ∈ 𝑅, an ideal 𝐼 of 𝑅 and submodule 𝐸 of Ⱳ with 𝑎𝐼𝐸 ⊆ 𝑉, then either 𝑎𝐼 ⊆ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] or 𝑎𝐸 ⊆
Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝐼𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). 

3- For ideals 𝐼, 𝘑 of 𝑅 and submodule 𝐸 of Ⱳ with 𝐼𝘑𝐸 ⊆ 𝑉, then either 𝐼𝘑 ⊆ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] or 𝐼𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) +
𝘑(Ⱳ) or 𝘑𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). 

Proof (1)⇒(2): Let 𝑎𝐼𝐸 ⊆ 𝑉 for 𝑎 ∈ 𝑅, an ideal 𝐼 of 𝑅 and submodule 𝐸 of Ⱳ with 𝑎𝐼 ⊈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] and 𝐼𝐸 ⊈
Ⱳ− 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). Then there exists𝚛, 𝚜 ∈ 𝐼 such that 𝑎𝚛 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] and 𝚜𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). Now, 
to prove that 𝑎𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). Assume that 𝑎𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ), since 𝑎𝚛𝐸 ⊆ 𝑉 and 𝑉 is a NQPr-2-
ABS submodule of Ⱳ with 𝑎𝚛 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ], hence by proposition 2.6 we get 𝚛𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) and so 
(𝚛 + 𝚜)𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ), then by proposition 2.6 we have 𝑎(𝚛 + 𝚜) = 𝑎𝚛 + 𝑎𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ], because 
𝑎(𝚛 + 𝚜)𝐸 ⊆ 𝑉 . Since 𝑎𝚛 + 𝑎𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]  and 𝑎𝚛 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] , then 𝑎𝚜 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] . As 
𝑎𝚜𝐸 ⊆ 𝑉, by proposition 2.6 𝚜𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝑎𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ), which is contradiction. 

(2)⇒(3): Let 𝐼𝘑𝐸 ⊆ 𝑉, with 𝐼𝘑 ⊈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] for an ideals 𝐼 and 𝘑 of  𝑅, then there exist 𝚛 ∈ 𝐼 such that 𝚛𝘑 ⊈
√[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]. Assume that 𝐼𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) and 𝘑𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑+ 𝘑(Ⱳ), then by (2) we get 𝚛𝐸 ⊆ Ⱳ −

𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) for some 𝚛 ∈ 𝐼. Also there exist an element 𝚛 ∈ 𝐼 such that 𝚜𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ), by hypotheses 
𝐼𝐸 ⊈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) . As 𝚜𝘑𝐸 ⊆ 𝑉 , we get the result that 𝚜𝘑 ⊆ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]  and (𝚛 + 𝚜)𝘑 ⊈
√[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] , since (𝚛 + 𝚜)𝘑𝐸 ⊆ 𝑉 , we have (𝚛 + 𝚜)𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  and hence 𝚜𝐸 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) +
𝘑(Ⱳ), which is a contradiction.  

(3)⇒(1): Let 𝚛𝚜𝑥 ∈ 𝑉 for 𝚛, 𝚜 ∈ 𝑅 and 𝑥 ∈ Ⱳ. Then 〈𝚛〉〈𝚜〉𝑥 ⊆ 𝑉. By (3) either 〈𝚛〉〈𝚜〉 ⊆ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] or 〈𝚛〉𝑥 ⊆
Ⱳ− 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  or 〈𝚜〉𝑥 ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) .Thus either 𝚛𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ]  or 𝚛𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) 
or 𝚜𝑥 ∈ Ⱳ− 𝚛𝑎𝑑 + 𝘑(Ⱳ). 

Remark 2.8 If the submodule 𝑉 of Ⱳ is a NQPr-2-ABS submodule of Ⱳ, then the residual of Ⱳ ( [𝑉:𝑅Ⱳ] ) should 
not be NQPr-2-ABS ideal of 𝑅. For example: 

Consider the Z-module Ⱳ = Z⨁Z, the submodule 𝑉 = 5Z⨁6Z is a NQPr-2-ABS of Ⱳ, since  6.2. (0,1) ∈ 𝑉, implies 
that 6. (0,1) ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) = 𝑉, but [5Z⨁6Z Z⨁Z𝑅

: ] = 30𝑍 will not occur NQPr-2-ABS ideal of Z, because 
5.3.2 ∈ 30 , but  5.2 ∉ Ⱳ − 𝚛𝑎𝑑(30𝑍) + 𝘑(Ⱳ) = 30𝑍  and 3.2 ∉ 30𝑍  and 5.3 = 15 ∉ √[30𝑍 + 𝘑(𝑍):𝑍 𝑍] = √30𝑍 =
30𝑍.  

On Ⱳ ,we obtain the subsequent characterizations under specific circumstances. 
But before that we need to recall the following lemmas. 

Lemma 2.9 [𝟏𝟑, 𝐓𝐡𝐞𝐨. (𝟗. 𝟐. 𝟏)(𝐠)] “For any projective 𝑅-moduleⱲ, we have  𝘑(Ⱳ) = 𝘑(𝑅)Ⱳ.” 

Lemma 2.10 [𝟏𝟕] “Let Ⱳ be faithful multiplication Ʀ-module, then  𝘑(Ⱳ) = 𝘑(𝑅)Ⱳ.” 

Lemma 2.11 [[𝟏𝟓, 𝐏𝐫𝐨𝐩. (𝟐. 𝟏𝟐)]] “Let 𝑅 be a commutative ring with identity, 𝑉 be a proper submodule of a 
multiplication 𝑅-module Ⱳ and 𝐼 = [𝑉:𝑅Ⱳ]. Then Ⱳ−𝚛𝑎𝑑(𝑉) = √𝐼Ⱳ = √[𝑉:𝑅Ⱳ]Ⱳ.”  
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Proposition 2.12 Let Ⱳ be a multiplication projective 𝑅-module and 𝑉 be a proper submodule of Ⱳ. Then 𝑉 is a 
NQPr-2-ABS submodule of Ⱳ if and only if [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅. 

Proof (⟹)Let 𝚛𝚜𝑡 ∈ [𝑉:𝑅Ⱳ], where 𝚛, 𝚜, 𝑡 ∈ R and 𝚛𝚜 ∉ √[[𝑉:𝑅Ⱳ] + 𝘑(𝑅):𝑅 𝑅] = √[𝑉:𝑅Ⱳ] + 𝘑(𝑅) ,sine 𝚛𝚜(𝑡Ⱳ) ⊆
𝑉 and 𝑉 is NQPr-2-ABS submodule of Ⱳ with  𝚛𝚜 ∉ √[𝑉:𝑅Ⱳ] + 𝘑(𝑅), then either 𝚛(𝑡Ⱳ) ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 
𝚜(𝑡Ⱳ) ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). But Ⱳ is multiplication then by lemma 2.11 𝚛𝑎𝑑Ⱳ(𝑉) = √[𝑉:𝑅Ⱳ]Ⱳ. Thus either 
𝚛𝑡Ⱳ ⊆ √[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(Ⱳ) or 𝚜𝑡Ⱳ ⊆ √[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(Ⱳ). Now, the module  Ⱳ be a projective 𝑅-module, then by 
lemma 2.9 we have either 𝚛𝑡Ⱳ ⊆ √[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(𝑅)Ⱳ or 𝚜𝑡Ⱳ ⊆ √[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(𝑅)Ⱳ , hence either 𝚛𝑡 ∈
√[𝑉:𝑅Ⱳ] + 𝘑(𝑅) or 𝚜𝑡 ∈ √[𝑉:𝑅Ⱳ] + 𝘑(𝑅). Therefore [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅.  

(⟸)Assume that [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅, and 𝚛𝚜𝑥 ∈ 𝑉, for 𝚛,𝚜 ∈ 𝑅, 𝑥 ∈ Ⱳ with 𝚛𝚜 ∉ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ], it 
follows that (𝚛𝚜)𝑛Ⱳ ⊈ 𝑉 + 𝘑(Ⱳ) for some 𝑛 ∈ 𝑍+. But Ⱳ is projective multiplication, then by lemma 2.9 𝘑(𝑅)Ⱳ =
𝘑(Ⱳ). Hence (𝚛𝚜)𝑛Ⱳ ⊈ [𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(𝑅)Ⱳ for some 𝑛 ∈ 𝑍+. It follows that (𝚛𝚜)𝑛 ∉ [𝑉:𝑅Ⱳ] + 𝘑(𝑅) = [[𝑉:𝑅Ⱳ] +
𝘑(𝑅): 𝑅], hence 𝚛𝚜 ∉ √[[𝑉:𝑅Ⱳ] + 𝘑(𝑅): 𝑅]. Now, 𝚛𝚜𝑥 ∈ 𝑉, that is  𝚛𝚜(𝑥) ⊆ 𝑉 and Ⱳ is a multiplication, then (𝑥) =
𝘑Ⱳ for some ideal 𝘑 of 𝑅, that is 𝚛𝚜𝘑Ⱳ ⊆ 𝑉, it follows that 𝚛𝚜𝘑 ⊆ [𝑉:𝑅Ⱳ]. Since [𝑉:𝑅Ⱳ] is NQPr-2-Absorbing ideal of 
𝑅  and 𝚛𝚜 ∉ √[[𝑉:𝑅Ⱳ] + 𝘑(𝑅): 𝑅] , then either 𝚛𝘑 ⊆ √[𝑉:𝑅Ⱳ] + 𝘑(𝑅)  or 𝚜𝘑 ⊆ √[𝑉:𝑅Ⱳ] + 𝘑(𝑅) . That is 𝚛𝘑Ⱳ ⊆
√[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(𝑅)Ⱳ or 𝚜𝘑Ⱳ ⊆ √[𝑉:𝑅Ⱳ]Ⱳ+ 𝘑(𝑅)Ⱳ. Thus by lemma 2.9 and lemma 2.11 we get 𝚛(𝑥) ⊆ Ⱳ −

𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  or 𝚜(𝑥) ⊆ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). Hence either 𝚛𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)  or 𝚜𝑥 ∈ Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ). 
Thus 𝑉 is NQPr-2-ABS submodule of Ⱳ. 

By lemmas 2.10-11 and by proof of proposition 2.12 we get the result. 

Proposition 2.13 Let Ⱳ be a faithful multiplication 𝑅-𝑚𝑜𝑑𝑢𝑙𝑒 and 𝑉 be a proper submodule of Ⱳ. Then 𝑉 is NQPr-
2-ABS submodule of Ⱳ if and only if [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅. 

Lemma 2.14 [14, Coro. of Theo. 9] “Let 𝐼 and 𝘑 are ideals of ring 𝑅, and Ⱳ be a finitely generated multiplication 𝑅-
module. Then 𝐼Ⱳ ⊆ 𝘑Ⱳ if and only if 𝐼 ⊆ 𝘑 + 𝑎𝑛𝑛𝑅(Ⱳ).” 

Lemma 2.15 [15, Prop. (2.4)] “Let Ⱳ be a multiplication 𝑅-module and 𝐼 is an ideal of 𝑅 such that 𝑎𝑛𝑛(Ⱳ) ⊆ 𝐼, 
then 𝚛𝑎𝑑Ⱳ(𝐼Ⱳ) = √𝐼Ⱳ.” 

Proposition 2.16 Let Ⱳ be a finitely generated faithful multiplication 𝑅-module and 𝐼 is NQPr-2-ABS ideal of 𝑅. 
Then 𝐼Ⱳ is NQPr-2-ABS submodule of Ⱳ.  

Proof Let 𝚛𝚜𝐷 ⊆ 𝐼Ⱳ for 𝚛, 𝚜 ∈ 𝑅, and 𝐷 is a submodule of Ⱳ with 𝚛𝚜 ∉ √[𝐼Ⱳ + 𝘑(Ⱳ):𝑅Ⱳ], that is (𝚛𝚜)𝑛Ⱳ ⊈ 𝐼Ⱳ +
𝘑(Ⱳ) for some 𝑛 ∈ 𝑍+. Since Ⱳ is faithful 𝑅-module then by lemma 2.10 𝘑(Ⱳ) = 𝘑(𝑅)Ⱳ, that is (𝚛𝚜)𝑛Ⱳ ⊈ 𝐼Ⱳ+
𝘑(𝑅)Ⱳ for some 𝑛 ∈ 𝑍+, it follows that (𝚛𝚜)𝑛 ∉ 𝐼 + 𝘑(𝑅) = [𝐼 + 𝘑(𝑅):𝑅 𝑅] implies that 𝚛𝚜 ∉ √[𝐼 + 𝘑(𝑅):𝑅 𝑅], Now, 
since 𝚛𝚜𝐷 ⊆ 𝐼Ⱳ and Ⱳ is a multiplication then 𝐷 = 𝘑Ⱳ for some ideal 𝘑 of 𝑅, thus 𝚛𝚜𝘑Ⱳ ⊆ 𝐼Ⱳ. Hence by lemma 
2.14 𝚛𝚜𝘑 ⊆ 𝐼 + 𝑎𝑛𝑛𝑅(Ⱳ), but Ⱳ is a faithful, thus 𝑎𝑛𝑛𝑅(Ⱳ)=(0),   hence 𝑎𝑏𝘑 ⊆ 𝐼. But 𝐼 is NQPr-2-ABS ideal of 𝑅 and 
𝚛𝚜 ∉ √[𝐼 + 𝘑(𝑅):𝑅 𝑅] then by proposition 2.6 either 𝚛𝘑 ⊆ √𝐼 + 𝘑(𝑅) or 𝚜𝘑 ⊆ √𝐼 + 𝘑(𝑅), hence either 𝚛𝘑Ⱳ ⊆ √𝐼Ⱳ +
𝘑(𝑅)Ⱳ or 𝚜𝘑Ⱳ ⊆ √𝐼Ⱳ + 𝘑(𝑅)Ⱳ. It follows by lemma 2.10 and lemma 2.15, 𝚛𝘑Ⱳ ⊆ Ⱳ− 𝚛𝑎𝑑(𝐼Ⱳ) + 𝘑(Ⱳ) or 𝚜𝘑Ⱳ ⊆
Ⱳ− 𝚛𝑎𝑑(𝐼Ⱳ) + 𝘑(Ⱳ). That is 𝚛𝐷 ⊆ Ⱳ− 𝚛𝑎𝑑(𝐼Ⱳ) + 𝘑(Ⱳ) or 𝚜𝑉 ⊆ Ⱳ− 𝚛𝑎𝑑(𝐼Ⱳ) + 𝘑(Ⱳ). Hence by proposition 
2.6 𝐼Ⱳ is NQPr-2-ABS submodule of Ⱳ.   

Lemma 2.17 [𝟏𝟖, 𝐏𝐫𝐨𝐩. (𝟑. 𝟏)] “If Ⱳ ia a multiplication 𝑅-module, then Ⱳ is concellation if and only if  Ⱳ is faithful 
finitely generated.” 

Proposition 2.18 Let Ⱳ be a faithful finitely generated multiplication 𝑅-𝑚𝑜𝑑𝑢𝑙𝑒 and 𝑉 be 𝑎 𝑝𝑟𝑜𝑝𝑒𝑟 submodule of 
Ⱳ. The sentences that follow are comparable. 

1- 𝑉 is NQPr-2-ABS submodule of Ⱳ. 

2- [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅.  

3- 𝑉 = ℬⱲ for some NQPr-2-ABS ideal ℬ of 𝑅. 

Proof (1) 
          
⇔  (2) By proposition 2.13. 

(2) 
        
⇒  (3) Since [𝑉:𝑅Ⱳ] is NQPr-2-ABS ideal of 𝑅 and Ⱳ be a faithful, hence (0) = 𝑎𝑛𝑛𝑅(Ⱳ) = [(0):𝑅Ⱳ] ⊆ [𝑉:𝑅Ⱳ] 

and Ⱳ be multiplication 𝑅-module, so 𝑉 = [𝑉:𝑅Ⱳ]Ⱳ, implies that 𝑉 = ℬⱲ for some NQPr-2-ABS ideal ℬ = [𝑉:𝑅Ⱳ] 
of 𝑅. 
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(3) 
        
⇒  (2) Let 𝑉 = ℬⱲ for some NQPr-2-ABS ideal ℬ of 𝑅. Since Ⱳ is multiplication, then 𝑉 = [𝑉:𝑅Ⱳ]Ⱳ = ℬⱲ. But 

Ⱳ is faithful finitely generated multiplication, then by lemma 2.17  ℬ = [𝑉:𝑅Ⱳ], it follows that [𝑉:𝑅Ⱳ] is NQPr-2-
ABS ideal ℬ of 𝑅. 

Proposition 2.19 Let Ⱳ be a finitely generated multiplication projective 𝑅-module and 𝐼 is NQPr-2-ABS ideal of 𝑅 
with 𝑎𝑛𝑛𝑅(Ⱳ) ⊆ 𝐼. Then 𝐼Ⱳ is NQPr-2-ABS submodule of Ⱳ. 

Proof Clear. 

Remark 2.20 The intersection of two NQPr-2-ABS submodules of Ⱳ need not to be NQPr-2-ABS submodule of Ⱳ. 
The example below clarifies that: 
Consider the 𝑍-𝑚𝑜𝑑𝑢𝑙𝑒 𝑍 and the submodules 5𝑍, 6𝑍 are NQPr-2-ABS submodules of 𝑍-𝑚𝑜𝑑𝑢𝑙𝑒 𝑍, but 5𝑍 ∩ 6𝑍 =
30𝑍 is not NQPr-2-ABS submodule of 𝑍-𝑚𝑜𝑑𝑢𝑙𝑒 𝑍 ( because if 2.3.5 ∈ 30𝑍, but 2.5 ∉ 𝑍 − 𝚛𝑎𝑑(30𝑍) + 𝘑(𝑍) = 30𝑍 
and 3.5 = 15 ∉ 𝑍 − 𝚛𝑎𝑑(30𝑍) + 𝘑(𝑍) = 30𝑍. Also 2.3 = 6 ∉ √[30𝑍:𝑍 𝑍] = √[30𝑍 + 𝘑(𝑍):𝑍 𝑍] = √30𝑍 = 30𝑍. 

Under the certain condition the intersection of two NQPr-2-ABS submodules is NQPr-2-ABS submodule. 

Lemma 2.21[13, lemma (2.3.15)] “Let 𝐴, 𝐵 and 𝐶 are submodules of an 𝑅-module Ⱳ with 𝐵 ⊆ 𝐶, then (𝐴 + 𝐵) ∩
𝐶 = (𝐴 ∩ 𝐶) + 𝐵 = (𝐴 ∩ 𝐶) + (𝐵 ∩ 𝐶).” 

Lemma 2.22[16, Theo. 15(3)] “Let Ⱳ be a multiplication 𝑅-module and 𝐷, 𝑉 be a submodules of Ⱳ. Then Ⱳ−
𝚛𝑎𝑑(𝐷 ∩ 𝑉) = Ⱳ− 𝚛𝑎𝑑(𝐷) ∩Ⱳ− 𝚛𝑎𝑑(𝐷).” 

Proposition 2.23 Let 𝑉 and 𝐷 be a proper submodules of multiplication 𝑅-module Ⱳ with 𝘑(Ⱳ) ⊆ 𝑉 or 𝘑(Ⱳ) ⊆ 𝐷. If 
𝑉 and 𝐷 are NQPr-2-ABS submodules of Ⱳ, then 𝑉 ∩ 𝐷 is NQPr-2-ABS submodule of Ⱳ. 

Proof Suppose that 𝑉 and 𝐷 are NQPr-2-ABS submodules of Ⱳ, and let 𝚛𝚜𝑡 ∈ 𝑉 ∩ 𝐷 for 𝚛, 𝚜 ∈ 𝑅, 𝑡 ∈ Ⱳ, then 𝚛𝚜𝑡 ∈
𝑉 and 𝚛𝚜𝑡 ∈ 𝐷. But both 𝑉 and 𝐷 are NQPr-2-ABS submodules of Ⱳ, then either 𝚛𝑡 ∈ Ⱳ− 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚜𝑡 ∈
Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ) or 𝚛𝚜 ∈ √[𝑉 + 𝘑(Ⱳ):𝑅Ⱳ] and either 𝚛𝑡 ∈ Ⱳ− 𝚛𝑎𝑑(𝐷) + 𝘑(Ⱳ) or 𝚜𝑡 ∈ Ⱳ− 𝚛𝑎𝑑(𝐷) + 𝘑(Ⱳ) or 
𝚛𝚜 ∈ √[𝐷 + 𝘑(Ⱳ):𝑅Ⱳ]. Hence either 𝚛𝑡 ∈ (Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)) ∩ (Ⱳ − 𝚛𝑎𝑑(𝐷) + 𝘑(Ⱳ)) or 𝚜𝑡 ∈ (Ⱳ − 𝚛𝑎𝑑(𝑉) +
𝘑(Ⱳ)) ∩ (Ⱳ − 𝚛𝑎𝑑(𝐷) + 𝘑(Ⱳ) ) or (𝚛𝚜)𝑛Ⱳ ⊆ (𝑉 + 𝘑(Ⱳ)) ∩ (𝐷 + 𝘑(Ⱳ)) . If 𝘑(Ⱳ) ⊆ 𝐷 ⊆  Ⱳ − 𝚛𝑎𝑑(𝐷) , then 𝐷 +
𝘑(Ⱳ) = 𝐷 and 𝘑(Ⱳ) +Ⱳ− 𝚛𝑎𝑑(𝐷) = Ⱳ− 𝚛𝑎𝑑(𝐷). Thus either 𝚛𝑡 ∈ (Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)) ∩Ⱳ− 𝚛𝑎𝑑(𝐷) or 𝚜𝑡 ∈
(Ⱳ − 𝚛𝑎𝑑(𝑉) + 𝘑(Ⱳ)) ∩Ⱳ − 𝚛𝑎𝑑(𝐷) or (𝚛𝚜)𝑛Ⱳ ⊆ (𝑉 + 𝘑(Ⱳ)) ∩ 𝐷. It follows that by lemma 2.21 either 𝚛𝑡 ∈
(Ⱳ − 𝚛𝑎𝑑(𝑉) ∩Ⱳ− 𝚛𝑎𝑑(𝐷)) + 𝘑(Ⱳ)  or 𝚜𝑡 ∈ (Ⱳ − 𝚛𝑎𝑑(𝑉) ∩Ⱳ− 𝚛𝑎𝑑(𝐷)) + 𝘑(Ⱳ)  or (𝚛𝚜)𝑛Ⱳ ⊆ (𝑉 ∩ 𝐷) + 𝘑(Ⱳ) . 
Hence by lemma 2.22 we obtain that either 𝚛𝑡 ∈ Ⱳ− 𝚛𝑎𝑑(𝑉 ∩ 𝐷) + 𝘑(Ⱳ) or 𝚜𝑡 ∈ Ⱳ− 𝚛𝑎𝑑(𝑉 ∩ 𝐷) + 𝘑(Ⱳ) or 𝚛𝚜 ∈
√[(𝑉 ∩ 𝐷) + 𝘑(Ⱳ):𝑅Ⱳ]. That is 𝑉 ∩ 𝐷 is NQPr-2-ABS submodule of Ⱳ. Similarly if  𝘑(Ⱳ) ⊆ 𝑉, we get 𝑉 ∩ 𝐷 is NQPr-
2-ABS submodule of Ⱳ. 
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