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Abstract:

In this paper, we have introduce definition of compact set in fuzzy metric space,also we
have to prove some result in compact fuzzy metric space and we have to proved equivalent
between compact and sequentially compact .

Mathematics Subject Classification:46A50

|. Introduction:

The theory of fuzzy sets was introduction by Zadeh [9] in 1965. After the pioneer work of
Zadeh , many researchers have extended this concept in various branches of mathematics,
after Zadeh Tarapada bag and Syamal samanta are study compact in fuzzy normed space ,
also P. Tirado is study compact and G-compact in fuzzy metric space and Aphan introduction
some of theorem on compact set .

This paper is study some new result of compact fuzzy metric space and we have to prove
equivalent between compact and sequentially compact in fuzzy metric space.
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Definition(1.1)[1]: A binary operation =: [0,1] X [0,1] — [0,1] is a continuous
(t-norm) on the set [0,1] ,if * is satisfying the following conditions :
(TN-1)a*b = bxa foralla,b €[0,1] (i.e.*iscommutative).

(TN-2)a*(bxc)=(axb)*c foralla,b,c €[0,1],(i.e. * is associative).
(TN-3) a*1 =a foralla€]|0,1].

(TN-4) If b,c € [0,1] suchthatb <c,thena* b < a* c foralla € [0,1], (i.e. xis
monotone).
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Definition(1.2)[1]: Let X be a non-empty set, * be a continuous t-norm on[0,1].
A function M: X x X x (0,%0) — [0, 1] is called a fuzzy metric function on X if it satisfies the
following axioms: for all x,y,z € X and for allt,s > 0

(FM-1) M (x,y,t) > 0.

(FM-2) M (x,y,t) =1 & x=y.
(FM-3) M (x,y,t) = M (y,x,t) .
(FM-4) M (x,y,t +s) =M (x,z,t) * M (z,y,s).
(FM-5) M (x,y,°): (0,) — [0, 1] is continuous.
Definition(1.3)[2]: Let (X, M,*) be a fuzzy metric space. Then
(@) A sequence {x,} in X is said to be convergent to x in X if for each

r € (0,1)andeach t > 0, there exist k € Z* such that M (x,, x,t) > 1 —rforall n
>k (orequivalent lim,_, M (x,,x,t) =1).

(b) A sequence {x,} in X is said to be Cauchy sequence if for each r € (0, 1) and each
t > 0,thereexist k €Z* suchthat M (x,,, x,,, t) > 1—71
foralln,m > k (orequivalent lim, ,,_, M (x,, xp,t) = 1).

Definition(1.4),[3] : Let (X, M,*) be a fuzzy metric space . A subset A of X is said to be
bounded if there exist t > 0 and 0 < r < 1 such that

M(x,y,t) >1—r forall x,y € A.

Definition(1.5),[2]: Let (X, M,*) be a fuzzy metric space. A subset A of X is said to be closed
if for any sequence {x,} in A converge to x = x € A.

Definition(1.6),[2] : Let (X, M,*) and (Y, M,*) be two fuzzy metric space . The function
f:X — Y issaid to be continuous at x, € X if for all » € (0,1) and t > 0 there existr; €
(0,1) and s > 0 such that for all x € X

M(x,x9,8) >1—r; implies M(f(x),f(xg),t) >1—7r
The function f is called a continuous function if it is fuzzy continuous at every point of X.

Definition(1.7),[4] : Let (X, M,*) be a fuzzy metric space and A c X .We say A is compact
set if every open cover has a finite subcover .

Definition(1.8).[4]: (X, M,*) is said to be sequentially compact fuzzy metric space if

every sequence in X has a convergent subsequence in it.

Example(1.9)[5] : LetX =[—1,1]. Obviously (X, d) is a compact metric space, where d
is the Euclidean metric. Therefore (X, M;,*) is a compact fuzzy metric space.

Example(1.10)[5]: Let (X,d) be the metric space where X = [0,1] and d the Euclidean
metric on X. Let * be the continuous t-norm. We define a fuzzy set M in X x X X [0,o)
given by the following condition:

M(x,y,t) =0, ift=0
M(x,y,t)=1—d(xy), if 0 < t< 1,
M (x,y,t) = 1, ift > 1.
It is clear that (X, M,*) is a compact fuzzy metric space.
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Remark(1.11)[2]: In fuzzy metric space every open ball is open set .

Theorem(1.12) : Every finite set in fuzzy metric space is compact .

Proof: LetA = {a;,ay, ... ... , 4} be finite set
Forevery0<r<1,t>0
suppose {B(a,r,t):a € A} is an open cover of A such that
A € UgeqB(a,1,t)
Foralla;€eA ,i=1.2,..,n
= a; € Ug,eaB(a;1,t) = a; € B(a;,1,t) for some i
Hence B(a;, 7, t) is finite sub cover such that A € Ug,e B (a;, 7, t)
Hence A is compact .
Proposition(1.13) : Let A, B are compact set in fuzzy metric space , then AUB is compact

Corollary(1.14) : Let A finite set and B be a compact set in fuzzy metric space then AUB is
compact .

Proof : by theorem (1.13) and proposition (1.14 ) we get AUB is compact .

Theorem(1.15) : Let (X, M,*) be a fuzzy metric space and A € X , then A is compact iff
every sequence has a converge subsequence to a point in X. (i.e. A is compact iff it is
sequentially compact )

Proof : Let A is compact set, let {x,,} be a sequence in A
let {B(x,7,t):x € A} is open cover of A suchthat A € U,csB(x,1,t)

Since {x,} €A = {x,} € UyesB(x,1,t) = {x,} € B(x,r,t) forsomex, x € A
vr €(01), £>0 such thatM(xn,x,é) >1—1,.

Since A is compact there exist finite subcover {B(x;,r,t): x; € A}

Such that A € UjL,B(x;,1,t)

Let {x,, } be asubsequence of {x,} = {x,, } € UiL;B(x;,7,t) = {x,,} € B(x;,7,t) for
some x; € A

=Vre@1), é > 0 such that M (xnk,xl-,é) >1—-n
Now : M(xnk,x, t) > M (xnk,xl-,g) * M (xn,xi,é) * M (xn,x, é)
>A-r)«A-r)«Q-r)>1-r

Hence x,, — x.
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Conversely : suppose A is not compact and let {x,, } subsequence of {x,} such that x,,, — x .

Let {B(x,7,t):x € A} is open cover of Asuchthat A € U, B(x,7,t) = M(xp,x,t) >
1 — r ,there exist finite subcover {B(x;,r,t): x; € A}

but A & UyeaB(x;7, 1)

= M(xnk,xl-, t) <1l-r

= M(xp,, x,t) < 1 —r which is contradiction .

Hence A is compact .

Theorem(1.16)[6] : In fuzzy metric space every closed subset of compact set is compact .

Theorem(1.17): Let (X, M,*) be a fuzzy metric space , A € X is a compact such that for
any x & A then there existtwo openset U,V in X suchthat AC U ,x e V3UNV =0.

Proof: lLetx¢ A ,a€A = x+a

Since (X, M,*) is Hausdorff

Then there exist U = B(a,r,t) ,V = B(x,r,t) is open set 3
aeUxeVandUNV =0

Since {U, : a € A} is open cover of A and A is compact

Then there exist finite subcover {U,,, i = 1,2, ....n} such that
A€ UL Ug,

Take V=NV, x; €A

U, Visopenset, ACU,xeVandUNV =0.

Theorem(1.18): Let {x,} be a Cauchy sequence in a compact A in fuzzy metric space ,show
that there exist x € A such that x,, — x.

Proof:
Let {x,,} beacauchy sequence in A
Suppose {x,} has not converge to x
Let 1—r=M(x,,xt),0<r<1
Since 0<1—r<1 , thereexist 0 < r; < 1 such that
A-r)*xA—-—r)>1-r
Since {x,,} be a Cauchy sequence in A
Forall 0 <r; <1,t>0thereexistk € N

M(xn,xm,é) >1—-rnn mn=k
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Since A compact

Then A isclosed = A=A

Let {x,,} any sequence in A

Since A=A = thereexist x€ A andforall 0<7r, <1,t>0

t
Such that M (xm,x, 5) >1—-n

Now: M(x,, x,t) = M (xn, xm,é) * M (xm, X, é)

>((1-r)*(1—mr)>1—r (contradiction)

Hence Xp = X.

Theorem(1.19) : Let f be a function from (X, M,,*) to (Y, M,,*) and f: X — Y be continuous
function . If A be a compact subset of X ,then f(A) is compact subset of Y.

Proof : Let {y,,} be a sequence in f(A) ,then for each n there exist {x,} in A such that

f(xn) = yn

. Since A is compact , there exists {x,, } a subsequence of {x,,}

and x, € A such that x,, — x, in A

Since f is continuous at x,

if forall » € (0,1) and t > 0 there exist r; € (0,1) and s > 0 such that for all x € X

M(x,x9,8) >1—r; implies M(f(x),f(xg),t) >1—7r

Now ; x,, — x, in A = there exist n € Nsuch that for all k = n

M(xp,, %0,5) > 1—13 = M(f(xpn, ), f(x0),t) >1—7
i.e. M(yn,, f(x), t) > 1 —rforall k =n,.
= f (A) is a compact subset of Y.
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