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A B S T R A C T 

In this paper, we present some properties of the difference for quadruple sequences spaces of 

fuzzy complex numbers related to the space  (ℓ𝓅)
4
 defined by triple maximal Orlicz functions 

and discuss some properties such as completeness, solidity, monotonicity, symmetric, 
convergence-freeness, and so on. 
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1. introduction 

         Sargent ([3],[4]) was the first to use the space m(φ). He looked at some of the properties of the space m(φ). 
Later, it was studied from the perspective of sequence space, and Rath and Tipathy [2],Tripathy and Sen ([7],[8],[9]), 
Tripathy and Mahanta [6], and others characterized some matrix classes with one member as m(φ).   

         In this paper , we introduce the class of the quadruple sequences spaces of fuzzy complex numbers related to 
the space (ℓ𝓅)

4
 defined by the triple maximal Orlicz function 𝓂(𝕄,φ,△𝔟

𝔞, 𝓅)𝔽
4   . Definitions and preliminaries 

which are needed in our work have been provided in Section two. In the third section , we look at some of the 
properties of the class .  

           P(Q) denotes the set of all permutations of the element of (𝔔𝔫𝔪𝔱𝔧),, i.e. ℙ(𝔔) =

{(𝔔𝜋(𝔫)𝜋(𝔪)𝜋(𝔱)𝜋(𝔧)): π be a permutation on ℕ}, in which N be a set of natural numbers..  
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          Assume that  𝔜𝔰𝔯𝔢𝔠 is a class of all ℕ subsets that do not have more than 𝔰 elements. For all 

𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ, (φ𝔫𝔪𝔱𝔧) is a non-decreasing triple sequence of positive complex numbers with the form  

𝔫𝔪𝔱𝔧φ(𝔫+1)(𝔪+1)(𝔱+1)(𝔧+1) ≼ (𝔫 + 1)(𝔪 + 1)(𝔱 + 1)(𝔧 + 1)φ𝔫𝔪𝔱𝔧 . 

 

2. Definitions and Preliminaries  

         If 𝔚1 ≺𝔐2 implies 𝔾(𝔐1) ≼ 𝔾(𝔐2), ∀ 𝔐1,𝔐2 ∈ ℝ  then the map 𝔾 ∶ ℝ → ℝ  is called non-

decreasing . 

  

        If (𝔚1,𝔐2) ≺ (𝔑1,𝔑2) implies 𝔾 (𝔐1,𝔐2) ≼ 𝔾 (𝔑1, 𝔑2), ∀(𝔚1,𝔐2) , (𝔑1, 𝔑2) ∈ ℝ × ℝ  

then the map 𝔾 ∶ ℝ × ℝ → ℝ× ℝ  is said to be non-decreasing . 

 

        If the inequality 𝔾(
𝔑1 + 𝔑2

2
) ≼

1

2
(𝔾(𝔑1) + 𝔾(𝔑2)), ∀ 𝔑1, 𝔑2 ∈ ℝ then the real-valued function 

𝔾(𝔑) of the real variable 𝔑 is called convex . 

 

         If ∀ ε ≻ 0, ∃ ς ≻ 0 ∋ |𝔾(𝔑) − 𝔾(𝕒)| ≺ ε, ∀ 𝔑 ∈ (𝕒 , 𝕒 + ς) then the map 𝔾 ∶ ℝ → ℝ  is said to 

be a continuous from the right at 𝕒 . 

 

        An Orlicz function is a function ℳ: [0,∞) → [0,∞), which is a continuous, non-decreasing , and 

convex with ℳ(0) = 0,ℳ(𝔄) ≻ 0 as 𝔄 ≻ 0 and ℳ(𝔄) → ∞ as 𝔄 → ∞ .  

 

        A maximal Orlicz function is a function ℋ: [0,∞) → [0,∞) ∋ ℋ(𝔄) = 𝔄2ℳ(𝔄) and ℳ is 

Orlicz function , which is a continuous , non-decreasing and convex with ℋ(0) = 0,ℋ(𝔄) ≻

0 as 𝔄 ≻ 0 and ℋ(𝔄) → ∞ as 𝔄 → ∞ .   

 

        A triple maximal Orlicz function is a function 𝕄:[0,∞)×[0,∞)×[0,∞) → [0,∞)×[0,∞)×[0,∞) ∋

𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)), where  𝕄1 ∶ [0,∞)→[0,∞) ∋ 𝕄1(𝔄) =

𝔄2ℳ1(𝔄) and 𝕄2 ∶ [0,∞)→[0,∞) ∋ 𝕄2(𝔖) = 𝔖2ℳ2(𝔖)and 𝕄3 ∶ [0,∞)→[0,∞) ∋ 𝕄3(ℜ) =

ℜ2ℳ3(ℜ) .These functions are non-decreasing, continuous, even, convex , that hold the following 

conditions : 
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𝕚) 𝕄1(0) = 0,𝕄2(0) = 0,𝕄3(0) = 0 ⟹ 𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(0),𝕄2(0),𝕄3(0)) = (0,0,0). 

𝕚𝕚) 𝕄1(𝔄) ≻ 0 ,𝕄2(𝔖) ≻ 0 ,𝕄3(ℜ) ≻ 0 ⟹ 𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)) ≻ (0,0,0), for 

𝔄 ≻ 0,𝔖 ≻ 0,ℜ ≻ 0,by which we say (𝔄 , 𝔖 , ℜ) ≻ (0,0,0) that 𝕄1(𝔄) ≻ 0 ,𝕄2(𝔖) ≻ 0 ,𝕄3(ℜ) ≻

0. 

𝕚𝕚𝕚) 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞,𝕄3(ℜ) → ∞ as 𝔄 → ∞,𝔖 → ∞,ℜ → ∞⟹ 𝕄(𝔄 , 𝔖 , ℜ) =

(𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)) → (∞,∞,∞) as (𝔄 , 𝔖 , ℜ) → (∞,∞,∞) by which we say 𝕄(𝔄 , 𝔖 , ℜ) →

(∞,∞,∞) as 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞,𝕄3(ℜ) → ∞  .  

 

      If (⋉ℓ𝓀𝒿𝒾 𝔄ℓ𝓀𝒿𝒾)  𝔼
4 whenever (𝔄ℓ𝓀𝒿𝒾) 𝔼4 for every quadruple sequence (⋉ℓ𝓀𝒾) of scalars with 

|⋉ℓ𝓀𝒿𝒾| ≼ 1, ∀ ℓ, 𝓀, 𝒿, 𝒾 ∈ ℕ then the quadruple sequence spaces 𝔼4 is a solid . 

 

           Assume that  𝕂 = {(ℓ𝔫 , 𝓀𝔫 , 𝒿𝔫 , 𝒾𝔫), ∀ 𝔫 ∈ ℕ , ℓ1 ≺ ℓ2 ≺ ℓ3 ≺   ,  𝓀1 ≺ 𝓀2 ≺ 𝓀3 and 𝒿1 ≺

 𝒿2 ≺ 𝒿3 , 𝒾1 ≺ 𝒾2 ≺  𝒾3 , … } ⊆ ℕ × ℕ × ℕ × ℕ and let 𝔼4 be a quadruple sequences space . A 𝕂-step 

space of 𝔼4 be a quadruple sequences space 

 ξ𝕂
𝔼4 = {(𝔄ℓ𝓀𝒿𝒾) ∈ 𝕎

4 ∶  (𝔄ℓ𝓀𝒿𝒾) ∈ 𝔼
4} , where 𝕎4 = {( 𝔄ℓ𝓀𝒿𝒾) ∶  𝔄ℓ𝓀𝒿𝒾 ∈ ℝ or ℂ} .  

 

          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) in 𝔼4 has a canonical pre-image that is a quadruple sequence 

(𝔘ℓ𝓀𝒿𝒾) is defined by :  

                         𝔘ℓ𝓀𝒿𝒾 = {
𝔄ℓ𝓀𝒿𝒾     if     (ℓ, 𝓀, 𝒿, 𝒾) ∈ 𝕂

Ō               otherwise
  . 

 

       A set of canonical pre-images of all elements in ζ𝕂
𝔼4  be a canonical pre-image of a step space ζ𝕂

𝔼4.  

   

        If a quadruple sequence spaces 𝔼4 contains the canonical pre-image of all its step spaces then it is 

a monotone.  

   

           If (𝔄π(ℓ)π(𝓀)π(𝒿)π(𝒾)) ∈ 𝔼4 whenever (𝔄ℓ𝓀𝒿𝒾) 𝔼
4, then a quadruple sequence spaces 𝔼4 is a 

symmetric . 
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         If (𝔘ℓ𝓀𝒿𝒾) 𝔼4 whenever (𝔄ℓ𝓀𝒿𝒾) 𝔼4 and  𝔄ℓ𝓀𝒿𝒾 = 0 implies 𝔘ℓ𝓀𝒿𝒾 = 0 , then  a quadruple 

sequence spaces 𝔼4 is a convergent-free . 

 

         A fuzzy real number 𝔽 is a fuzzy subset of the real line ℝ , i.e. a mapping  𝔽 ∶ ℝ → [0,1] 

associating each real number 𝕣 with its grade of membership 𝔽(𝕣), satisfies the following conditions 

[34] : 

1. 𝔽 is a convex if for each 𝔽(𝕣2) ≽ 𝔽(𝕣1) ∧ 𝔽(𝕣3) = min{ 𝔽(𝕣1), 𝔽(𝕣3)} , ∀𝕣1 ≺ 𝕣2 ≺

𝕣3 , ∀ 𝕣1, 𝕣2, 𝕣3 ∈ ℝ .   

2. 𝔽 is normal if there is a  𝕣0 ∈ ℝ and 𝔽( 𝕣0) = 1.        

3. 𝔽 is upper-semi-continuous ∀ 𝕒 ∈ 𝕀 , ∀ ε ≻ 0 and 𝔽−1 ([0 , 𝕒 + ε)) is open in  

     the usual topology of ℝ 

4. 𝔽 is a non-negative fuzzy number ∀ 𝕣 ≺ 0 implies 𝔽(𝕣) = 0 . 

 The set of all non-negative fuzzy numbers of  ℝ(𝕀) denoted by ℝ∗(𝕀) . Let ℝ(𝕀) denote the set 

of all fuzzy numbers which are upper-semi continuous , normal and have compact support, i.e. if ℍ ∈

ℝ(𝕀) then ℍ∝
 is compact, for any ∝∈ [0,1], where  

        ℍ∝ = {𝕣 ∈ ℝ ∶ ℍ(𝕣) ≽ ∝ , if ∝∈ [0,1] } . 

        ℍ0 = closure of ({𝕣 ∈ ℝ ∶ ℍ(𝕣) ≻ 0 , if ∝ = 0}) . 

 

        The class of the quadruple sequences space 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4 is introduced as follows: 

𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4 = {𝔔𝔫𝔪𝔱𝔧 = ((𝔔1)𝔫𝔪𝔱𝔧 , (𝔔2)𝔫𝔪𝔱𝔧 , (𝔔3)𝔫𝔪𝔱𝔧) ∶

 sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠
1

φ𝔰𝔯𝔢𝔠
 ∑ ∑ ∑ ∑ [(𝕄1 ((

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
)) ⋎ 𝕄2 ((

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
)) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 ((
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
)))]

𝓅

≺ ∞, for some 𝜌 ≻ 0}, ∀ 0 ≺ 𝓅 ≺ ∞ where 𝕄 = (𝕄1 ,𝕄2 ,𝕄3). 

 

3. Main results  

 

Theorem 3.1 :  

         ∀ 0 ≺ 𝓅 ≺ ∞ ,𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4  does not solid . 
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Proof :  

       Suppose 𝔞 = 2, 𝔟 = 3,𝓅 = 2. Let (𝔔𝔫𝔪𝔱𝔧) = ((𝔔1)𝔫𝔪𝔱𝔧 , (𝔔2)𝔫𝔪𝔱𝔧 , (𝔔3)𝔫𝔪𝔱𝔧) =

(𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅  , 𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅  , 𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅ ), ∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ and φ𝔰𝔯𝔢𝔠 = 𝔰𝔯𝔢𝔠, ∀ 𝔰, 𝔯, 𝔢, 𝔠 ∈ ℕ. Assume that 𝕄(𝓍1, 𝓍2, 𝓍3) =

(|𝓍1|, |𝓍2|, |𝓍3|) , ∀ 𝓍1, 𝓍2, 𝓍3 ∈ [0,∞). Then  𝒹̅(△3
2 𝔔𝔫𝔪𝔱𝔧, 0̅) = 0, ∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ. Then  we have  

sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [(𝕄1 (

�̅�(Δ3
2(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎ 𝕄2 (

�̅�(Δ3
2(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(Δ3

2(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

ρ
))]

2

≺ ∞ , for some ρ ≻ 0. This tends to , (𝔔𝔫𝔪𝔱𝔧) =

(𝔔1)𝔫𝔪𝔱𝔧 , (𝔔2)𝔫𝔪𝔱𝔧 , (𝔔3)𝔫𝔪𝔱𝔧 ∈  𝓂(𝕄, 𝔰𝔯𝔢, Δ3
2 , 2)𝔽

4 .  

Take the quadruple sequence for example (𝔫𝔪𝔱𝔧) = ((1)𝔫𝔪𝔱𝔧 , (2)𝔫𝔪𝔱𝔧 , (3)𝔫𝔪𝔱𝔧) a collection of 

scalars specified by, 

         𝔫𝔪𝔱𝔧 ={
(1,1,1),     in order to  𝔫, 𝔪, 𝔱, 𝔧  is in addition
(0,0,0),                                          in any case   

   

Now, 𝔫𝔪𝔱𝔧𝔔𝔫𝔪𝔱𝔧  = {
𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅ ,                in order to  𝔫, 𝔪, 𝔱, 𝔧  is in addition
(0,0,0),                                              in any case     

 

This implies that, sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [(𝕄1 (

�̅�(Δ3
2 (1)𝔫𝔪𝔱𝔧(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄2 (
�̅�(Δ3

2 (2)𝔫𝔪𝔱𝔧(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎ 𝕄3 (

�̅�(Δ3
2 (3)𝔫𝔪𝔱𝔧(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

ρ
))]

2

= ∞, for fixed 𝜌 ≻ 0 . 

This demonstrates that, 𝔫𝔪𝔱𝔧𝔔𝔫𝔪𝔱𝔧 ∉  𝓂(𝕄, 𝔰𝔯𝔢𝔠, Δ3
2 , 2)𝔽 

4 .  

Consequently, 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4  does not solid , for 0 ≺ 𝓅 ≺ ∞. 

 

Proposition 3.2 :  

         ∀ 0 ≺ 𝓅 ≺ ∞ ,𝓂(𝕄,φ,△𝔟
𝔞 , 𝓅)𝔽

4  does not symmetric. 

Proof : 

             Assume 𝔞 = 1, 𝔟 = 1,𝓅 =
1

2
 . Let 𝕄(𝓍1, 𝓍2, 𝓍3) = (𝓍1

2, 𝓍2
2, 𝓍3

2) , ∀ 𝓍1, 𝓍2, 𝓍3 ∈ [0,∞). 

Suppose φ𝔰𝔯𝔢𝔠 =  𝔰𝔯𝔢𝔠 , ∀ 𝔰, 𝔯, 𝔢, 𝔠 ∈ ℕ. 
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Let (𝔔𝔫𝔪𝔱𝔧) =  ((𝔔1)𝔫𝔪𝔱𝔧 , (𝔔2)𝔫𝔪𝔱𝔧 , (𝔔3)𝔫𝔪𝔱𝔧) = (𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅  , 𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅  , 𝔫𝔪𝔱𝔧̅̅ ̅̅ ̅̅  ), ∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ .Then 

�̅�(Δ𝔔𝔫𝔪𝔱𝔧, 0̅) = 1 ,∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ. Consequently (𝔔𝔫𝔪𝔱𝔧) ∈  𝓂(𝕄, 𝔰𝔯𝔢𝔠, Δ,
1

2
)𝔽
4 . 

  Assume (𝔖𝔫𝔪𝔱𝔧) = ((𝔖1)𝔫𝔪𝔱𝔧 , (𝔖2)𝔫𝔪𝔱𝔧 , (𝔖3)𝔫𝔪𝔱𝔧)  be a reorganization of (𝔔𝔫𝔪𝔱𝔧) ∋ (𝔖𝔫𝔪𝔱𝔧) =

(𝔔1111 , 𝔔2222 , 𝔔4444, 𝔔3333 , 𝔔9999 , 𝔔5555, 𝔔16161616 , 𝔔6666 , 𝔔25252525 , … . )  

Then , �̅�(Δ𝔖𝔫𝔪𝔱𝔧, 0̅) = ((𝔫𝔪𝔱𝔧 − 1)2 + (2𝔫𝔪𝔱𝔧 − 1), (𝔫𝔪𝔱𝔧 − 1)2 + (2𝔫𝔪𝔱𝔧 − 1), (𝔫𝔪𝔱𝔧 − 1)2 +

(2𝔫𝔪𝔱𝔧 − 1)) = ((𝔫𝔪𝔱𝔧)2, (𝔫𝔪𝔱𝔧)2, (𝔫𝔪𝔱𝔧)2),∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ. 

This demonstrates that, sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠  
1

𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [(𝕄1 (

�̅�(Δ(𝔖1)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎𝔱∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄2 (
�̅�(Δ(𝔖2)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎ 𝕄3 (

�̅�(Δ(𝔖3)𝔫𝔪𝔱𝔧 ,0̅)

ρ
))]

1

2

= ∞ , for some 𝜌 ≻ 0 .  

Consequently (𝔖𝔫𝔪𝔱𝔧) ∉  𝓂(𝕄, 𝔰𝔯𝔢𝔠, Δ,
1

2
)𝔽
4 .  

This , 

 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4  does not symmetric. 

 

Proposition 3.3 :  

            ∀ 0 ≺ 𝓅 ≺ ∞ ,𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4  does not convergence-free . 

Proof : 

        Assume 𝔞 =  1, 𝔟 = 4 , 𝓅 =  
1

2
 , Let 𝕄(𝓍1, 𝓍2, 𝓍3) = (𝓍1

4, 𝓍2
4, 𝓍3

4) , ∀ 𝓍1, 𝓍2, 𝓍3 ∈ [0,∞). Let take 

φ𝔰𝔯𝔢𝔠 =  𝔰𝔯𝔢𝔠 , ∀ 𝔰, 𝔯, 𝔢, 𝔠 ∈ ℕ. Consider the quadruple sequence (𝔔𝔫𝔪𝔱)= ((𝔔1)𝔫𝔪𝔱 , (𝔔2)𝔫𝔪𝔱, (𝔔3)𝔫𝔪𝔱) , 

which is described as:    

𝔔𝔫𝔪𝔱𝔧 (𝔵) =  

{
 
 

 
 (1 + 𝔫𝔪𝔱𝔧𝔵 ,1 + 𝔫𝔪𝔱𝔧𝔵 ,1 + 𝔫𝔪𝔱𝔧𝔵 ),      in order to       𝔵 ∈ [

−1

𝔫𝔪𝔱𝔧
 , 0] ,

(1 − 𝔫𝔪𝔱𝔧𝔵 ,1 − 𝔫𝔪𝔱𝔧𝔵 ,1 − 𝔫𝔪𝔱𝔧𝔵) ,       in order to        𝔵 ∈ [0 ,
1

𝔫𝔪𝔱𝔧
] ,

(0,0,0)                                           in any case
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Then, Δ4𝔔𝔫𝔪𝔱𝔧 (𝔵) =

 

{
 
 

 
 (1 +

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱+4)

2𝔫𝔪𝔱𝔧+4
𝔵 ,1 +

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)

2𝔫𝔪𝔱𝔧+4
𝔵 ,1 +

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)

2𝔫𝔪𝔱𝔧+4
𝔵) , in order to   𝔵 ∈ [

−2𝔫𝔪𝔱𝔧+4

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)
 , 0] ,

(1 −
𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)

2𝔫𝔪𝔱𝔧+4
𝔵 ,1 −

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)

2𝔫𝔪𝔱𝔧+4
𝔵 ,1 −

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)

2𝔫𝔪𝔱𝔧+4
𝔵) , in order to   𝔵 ∈ [0 ,

2𝔫𝔪𝔱𝔧+4

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)
] ,

(0,0,0)                                                                in any case

  

As a result, 

 �̅�(Δ4𝔔𝔫𝔪𝔱𝔧, 0̅) = (
2𝔫𝔪𝔱𝔧+4

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱+4)
 ,

2𝔫𝔪𝔱𝔧+4

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)
 ,

2𝔫𝔪𝔱𝔧+4

𝔫𝔪𝔱𝔧(𝔫𝔪𝔱𝔧+4)
) = (

1

𝔫𝔪𝔱𝔧
+

1

𝔫𝔪𝔱𝔧+4
 ,

1

𝔫𝔪𝔱𝔧
+

1

𝔫𝔪𝔱𝔧+4
 ,

1

𝔫𝔪𝔱𝔧
+

1

𝔫𝔪𝔱𝔧+4
) . 

We have get  sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [(𝕄1 (

�̅�(Δ4(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎ 𝕄2 (

�̅�(Δ4(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

ρ
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(Δ4(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

ρ
))]

1

2

≺ ∞, for fixed 𝜌 ≻ 0 .  

Consequently, (𝔔𝔫𝔪𝔱𝔧 ) ∈ 𝓂(𝕄, 𝔰𝔯𝔢𝔠, Δ4,
1

2
)𝔽
4.  

Let's try another quadruple sequence now (𝔖𝔫𝔪𝔱𝔧) = ((𝔖1)𝔫𝔪𝔱𝔧 , (𝔖2)𝔫𝔪𝔱𝔧 , (𝔖3)𝔫𝔪𝔱𝔧) ∋ 𝔖𝔫𝔪𝔱 (𝔵) =

{
 
 

 
 (1 +

𝔵

(𝔫𝔪𝔱𝔧)2
 , 1 +

𝔵

(𝔫𝔪𝔱𝔧)2
 , 1 +

𝔵

(𝔫𝔪𝔱𝔧)2
) , in order to  𝔵 ∈ [−(𝔫𝔪𝔱𝔧)2, 0],

(1 −
𝔵

(𝔫𝔪𝔱𝔧)2
 ,1 −

𝔵

(𝔫𝔪𝔱𝔧)2
 ,1 −

𝔵

(𝔫𝔪𝔱𝔧)2
)  ,   in order to    𝔵 ∈ [0 , (𝔫𝔪𝔱𝔧)2],

(0,0,0)̅̅ ̅̅ ̅̅ ̅̅ ̅                                        in any case

  

So that, Δ4𝔖𝔫𝔪𝔱𝔧 (𝔵) =

{
 
 

 
 (1 +

𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
 ,1 +

𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
 ,1 +

𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
) , for  𝔵 ∈ [−(2(𝔫𝔪𝔱𝔧)2 + 8𝔫𝔪𝔱𝔧 + 16) , 0],

(1 −
𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
, 1 −

𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
, 1 −

𝔵

2(𝔫𝔪𝔱𝔧)2+8𝔫𝔪𝔱𝔧+16
 ) , for 𝔵 ∈ [0 , (2(𝔫𝔪𝔱𝔧)2 + 8𝔫𝔪𝔱𝔧 + 16)],

(0,0,0)                                                                                in any case

  

Hence, �̅�(Δ4𝔖𝔫𝔪𝔱𝔧, 0̅) = (2(𝔫𝔪𝔱𝔧)2 + 8𝔫𝔪𝔱𝔧 + 16) , ∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ . Hence  

sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [(𝕄1 (

�̅�(𝛥4(𝔖1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(𝛥4(𝔖2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(𝛥4(𝔖3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
))]

1

2

= ∞ . Therefore (𝔖𝔫𝔪𝔱𝔧) ∉ 𝓂(𝕄, 𝔰𝔯𝔢𝔠, Δ4,
1

2
)𝔽
4. This, 

𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4  does not convergence-free . 
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Proposition 3.4 :  

           ∀ 1 ≼ 𝓅 ≺ ∞,𝓂(𝕄,φ,△𝔟
𝔞)𝔽
4 ⊆ 𝓂(𝕄,φ,△𝔟

𝔞, 𝓅)𝔽
4 .  

Proof :  

        Assume 𝔔 = (𝔔1 , 𝔔2, 𝔔2) ∈ 𝓂(𝕄,φ,△𝔟
𝔞)𝔽
4 . Then we have,  

sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

φ𝔰𝔯𝔢𝔠
∑ ∑ ∑ ∑ [ 𝕄1 (

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,   0̅)

𝜌
) ⋎  𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,   0̅)

𝜌
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

 𝕄3 (
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,   0̅)

𝜌
)] = 𝕂 (≺ ∞),  for fixed exists 𝜌 ≻ 0 .Then, we have get , ∀ fixed 𝔰, 𝔯, 𝔢, 𝔠 

∑ ∑ ∑ ∑ [ 𝕄1 (
�̅�(△𝔟

𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,   0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,   0̅)

𝜌
) ⋎ 𝕄3 (

�̅�(△𝔟
𝔞(𝔔3)𝔫𝔪𝔱𝔧 , 0̅)

𝜌
)]𝔧∈ℴ ≼  𝕂𝜑𝔰𝔯𝔢𝔠 ,𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ  

∀ ℴ ∈ 𝔜𝔰𝔯𝔢𝔠.  

  ⟹ [∑ ∑ ∑ ∑ (𝕄1 (
�̅�(△𝔟

𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄3 (

�̅�(△𝔟
𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
))

𝓅

𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ ]

1

𝓅

≼

𝕂φ𝔰𝔯𝔢𝔠 , ∀ ℴ ∈ 𝔜𝔰𝔯𝔢 . 

⟹ sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

φ𝔰𝔯𝔢𝔠
[(∑ ∑ ∑ ∑ (𝕄1 (

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
))

𝓅

)

1

𝓅

] ≼ 𝕂  .   

        i.e. sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

φ𝔰𝔯𝔢𝔠
[(∑ ∑ ∑ ∑ (𝕄1 (

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎𝔧∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
))

𝓅

)

1

𝓅

] ≺ ∞ .Therefore 𝔔 ∈ 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4, for 1 ≼ 𝓅 ≺ ∞. 

 

Proposition 3.5 : 

           ∀ 1 ≼ 𝓅 ≺ ∞ , ℓ𝓅(𝕄,△𝔟
𝔞)𝔽
4 ⊆ 𝓂(𝕄,φ,△𝔟

𝔞, 𝓅)𝔽
4 ⊆ ℓ∞(𝕄,△𝔟

𝔞)𝔽
4  . 

Proof :  
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         Assume 𝕄(𝓍1, 𝓍2, 𝓍3) = (𝓍1
𝓅
, 𝓍2

𝓅
, 𝓍3

𝓅
) , ∀ 𝓍1, 𝓍2, 𝓍3 ∈ [0,∞) and 1 ≼ 𝓅 ≺ ∞ and 𝜑𝔫𝔪𝔱𝔧 =

(1,1,1), ∀ 𝔫,𝔪, 𝔱, 𝔧 ∈ ℕ , Let take 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4 = ℓ𝓅(𝕄,△𝔟
𝔞)𝔽
4 is obtained. As a consequence, the 

first inclusion is self-evident. Assume that, 

 (𝔔𝔫𝔪𝔱𝔧) = ((𝔔1)𝔫𝔪𝔱𝔧 , (𝔔2)𝔫𝔪𝔱𝔧 , (𝔔3)𝔫𝔪𝔱𝔧)  ∈ 𝓂(𝕄,φ,△𝔟
𝔞, 𝓅)𝔽

4. 

sup𝔰,𝔯,𝔢,𝔠≽1,ℴ∈𝔜𝔰𝔯𝔢𝔠 
1

φ𝔰𝔯𝔢𝔠
[∑ ∑ ∑ ∑ (𝕄1 (

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎𝔱∈ℴ𝔱∈ℴ𝔪∈ℴ𝔫∈ℴ

𝕄3 (
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
))

𝓅

]

1

𝓅

= 𝕂(≺ ∞).∀ 𝔰, 𝔯, 𝔢, 𝔠 = 1 , (𝕄1 (
�̅�(△𝔟

𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄2 (

�̅�(△𝔟
𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎

𝕄3 (
�̅�(△𝔟

𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
)) ≼ 𝕂φ1111 , which suggests that, sup𝔰,𝔯,𝔢,𝔠≽1 (𝕄1 (

�̅�(△𝔟
𝔞(𝔔1)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎

𝕄2 (
�̅�(△𝔟

𝔞(𝔔2)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
) ⋎ 𝕄3 (

�̅�(△𝔟
𝔞(𝔔3)𝔫𝔪𝔱𝔧 ,0̅)

𝜌
)) ≺ ∞, which indicate that (𝔔𝔫𝔱 ) ∈ ℓ∞(𝕄,△𝔟

𝔞)𝔽
4 . 

Consequently ℓ𝓅(𝕄,△𝔟
𝔞)𝔽
4 ⊆ 𝓂(𝕄,𝜑,△𝔟

𝔞, 𝓅)𝔽
4 ⊆ ℓ∞(𝕄,△𝔟

𝔞)𝔽
4 . 
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