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A B S T R A C T 

           In this paper ,we give the statistically convergent for quadruple sequence spaces of fuzzy 

numbers defined by the triple maximal Orlicz function and shows explore properties such as semi-

normed space, complete semi-normed space, and others.     
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1. Introduction : 

           Fast [1] and Schoenberg [6] were the first to establish the concept of statistical convergence. It can be found in 

Zygmund [9] as well . Fridy and Orhan [2] , Maddox [3] , Salat [5], Rath and Tripathay [4] , Tripathy [7, 8] and many 

others later examined it.      

             In this paper ,we offer and define the classes of quadruple sequence spaces of fuzzy numbers (ℓ∞)𝔽
4(𝕄, 𝓆) , 

(c̅)𝔽
4(𝕄, 𝓆) , (c0̅)𝔽

4(𝕄, 𝓆) , (c̅)𝔽
4ℛ(𝕄, 𝓆) , (c0̅)𝔽

4ℛ(𝕄, 𝓆) , (c̅)𝔽
4ℬ(𝕄, 𝓆) , (c0̅)𝔽

4ℬ(𝕄, 𝓆) , (c̅)𝔽
4ℛ
ℬ

(𝕄, 𝓆) , (c0̅)𝔽
4ℛ
ℬ

(𝕄, 𝓆) 

specified by the triple maximal Orlicz functions .  
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2. Definitions and Preliminaries : 

          A map 𝔾 ∶ ℝ → ℝ  is called non-decreasing if 𝔚1 ≺𝔐2 implies 𝔾(𝔐1) ≼ 𝔾(𝔐2), 

∀ 𝔐1,𝔐2 ∈ ℝ  .  

 

           A map 𝔾 ∶ ℝ × ℝ → ℝ× ℝ  is said to be non-decreasing if (𝔚1,𝔐2) ≺ (𝔑1,𝔑2) implies 

𝔾 (𝔐1,𝔐2) ≼ 𝔾 (𝔑1, 𝔑2), ∀ (𝔚1,𝔐2), (𝔑1, 𝔑2) ∈ ℝ × ℝ  . 

          A real-valued function 𝔾(𝔑) of the real variable 𝔑 is called convex if the inequality 

𝔾(
𝔑1 + 𝔑2

2
) ≼

1

2
(𝔾(𝔑1) + 𝔾(𝔑2)), ∀ 𝔑1, 𝔑2 ∈ ℝ . 

 

          A map 𝔾 ∶ ℝ → ℝ  is said to be a continuous from the right at 𝕒 if  ∀ ε ≻ 0, ∃ ς ≻ 0 ∋

|𝔾(𝔑) − 𝔾(𝕒)| ≺ ε, ∀ 𝔑 ∈ (𝕒 , 𝕒 + ς) . 

 

        An Orlicz function is a function ℳ: [0,∞) → [0,∞), which is a continuous, non-decreasing , and 

convex with ℳ(0) = 0,ℳ(𝔄) ≻ 0 as 𝔄 ≻ 0 and ℳ(𝔄) → ∞ as 𝔄 → ∞ .  

 

        A maximal Orlicz function is a function ℋ: [0,∞) → [0,∞) ∋ ℋ(𝔄) = 𝔄2ℳ(𝔄) and ℳ is 

Orlicz function , which is a continuous , non-decreasing , and convex with ℋ(0) = 0,ℋ(𝔄) ≻

0 as 𝔄 ≻ 0 and ℋ(𝔄) → ∞ as 𝔄 → ∞ .  

  

        A triple maximal Orlicz function is a function 𝕄:[0,∞)×[0,∞)×[0,∞) → [0,∞)×[0,∞)×[0,∞) ∋

𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)), where  𝕄1 ∶ [0,∞)→[0,∞) ∋ 𝕄1(𝔄) =

𝔄2ℳ1(𝔄) and 𝕄2 ∶ [0,∞)→[0,∞) ∋ 𝕄2(𝔖) = 𝔖
2ℳ2(𝔖)and 𝕄3 ∶ [0,∞)→[0,∞) ∋ 𝕄3(ℜ) =

ℜ2ℳ3(ℜ) .These functions are non-decreasing, continuous, even, convex , that hold the following 

conditions : 

𝕚) 𝕄1(0) = 0,𝕄2(0) = 0,𝕄3(0) = 0 ⟹ 𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(0),𝕄2(0),𝕄3(0)) = (0,0,0). 

𝕚𝕚) 𝕄1(𝔄) ≻ 0 ,𝕄2(𝔖) ≻ 0 ,𝕄3(ℜ) ≻ 0 ⟹ 𝕄(𝔄 ,𝔖 , ℜ) = (𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)) ≻ (0,0,0), for 

𝔄 ≻ 0,𝔖 ≻ 0,ℜ ≻ 0,by which we say (𝔄 , 𝔖 , ℜ) ≻ (0,0,0) that 𝕄1(𝔄) ≻ 0 ,𝕄2(𝔖) ≻ 0 ,𝕄3(ℜ) ≻

0. 

𝕚𝕚𝕚) 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞,𝕄3(ℜ) → ∞ as 𝔄 → ∞,𝔖 → ∞,ℜ → ∞⟹ 𝕄(𝔄 , 𝔖 , ℜ) =

(𝕄1(𝔄),𝕄2(𝔖),𝕄3(ℜ)) → (∞,∞,∞) as (𝔄 , 𝔖 , ℜ) → (∞,∞,∞) by which we say 𝕄(𝔄 , 𝔖 , ℜ) →

(∞,∞,∞) as 𝕄1(𝔄) → ∞,𝕄2(𝔖) → ∞,𝕄3(ℜ) → ∞  .  
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          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) is a converge in Pringsheim's sense to a number 𝕃 if  

lim
ℓ,𝓀,𝒿,𝒾→∞

𝔄ℓ𝓀𝒿𝒾 = 𝕃 , where ℓ, 𝓀, 𝒿, and 𝒾 tend to ∞.  

 

          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) converges in Pringsheim's sense and it is said to be converge 

regularly if lim
ℓ→∞

𝔄ℓ𝓀𝒿𝒾 = 𝕃𝓀𝒿𝒾 and lim
𝓀→∞

𝔄ℓ𝓀𝒿𝒾 = 𝕁ℓ𝒿𝒾 and lim
𝒿→∞

𝔄ℓ𝓀𝒿𝒾 = 𝕋ℓ𝓀𝒾 and lim
𝒾→∞

𝔄ℓ𝓀𝒿𝒾 = 𝕋ℓ𝓀𝒿 

exists . 

 

        A subset 𝔼 of ℕ × ℕ × ℕ × ℕ is said to have natural density 𝓅(𝔼) if 𝓅(𝔼) =

lim
𝓃

1

𝓃
∑ 𝒳𝔼((ℓ,𝓀, 𝒿, 𝒾))
𝓃
ℓ,𝓀,𝒿,𝒾=1   exists, where                              𝒳𝔼(𝔰) =

{
1  if (ℓ,𝓀, 𝒿, 𝒾) ∈  𝔼
0  if (ℓ,𝓀, 𝒿, 𝒾) ∉  𝔼 

 , ∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ ℕ×ℕ×ℕ×ℕ  . 

 

          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) is statistically convergent to a number 𝕃 if  ∀ ε ≻ 0,we have 

𝓅({(ℓ, 𝓀, 𝒿, 𝒾) ∈ ℕ × ℕ × ℕ × ℕ ∶ 𝓆[𝔄ℓ𝓀𝒿𝒾 − 𝕃] ≽ ε}) = 0 .  

   

        Let 𝕍 be a vector space on a field ℱ(ℝ or ℂ) . A semi-norm is a function 𝓀 ∶ 𝕍 ⟶ ℝ defined on 

a linear space 𝕍, satisfies the following conditions :  

1. 𝓀(𝕩)‖𝕩‖ = 0⟺ 𝕩 = 0 , ∀ 𝕩 ∈ 𝕍  

2. 𝓀(𝕩 + 𝕪) ≤ 𝓀(𝕩)+ 𝓀(𝕪) , ∀ 𝕩 , 𝕪 ∈ 𝕍             

3. 𝓀(⋉ 𝕩) = |⋉|𝓀(𝕩) , ∀ 𝕩 ∈ 𝕍 ,⋉∈ ℱ.  

 

         A fuzzy real number 𝔽 is a fuzzy subset of the real line ℝ , i.e. a mapping  𝔽 ∶ ℝ → [0,1] 

associating each real number 𝕣 with its grade of membership 𝔽(𝕣), satisfies the following conditions 

[34] : 

1. 𝔽 is a convex if for each 𝔽(𝕣2) ≽ 𝔽(𝕣1) ∧ 𝔽(𝕣3) = min{ 𝔽(𝕣1), 𝔽(𝕣3)} , ∀𝕣1 ≺ 𝕣2 ≺

𝕣3 , ∀ 𝕣1, 𝕣2, 𝕣3 ∈ ℝ .   

2. 𝔽 is normal if there is a  𝕣0 ∈ ℝ and 𝔽( 𝕣0) = 1.        

3. 𝔽 is upper-semi-continuous ∀ 𝕒 ∈ 𝕀 , ∀ ε ≻ 0 and 𝔽−1 ([0 , 𝕒 + ε)) is open in  

     the usual topology of ℝ 

4. 𝔽 is a non-negative fuzzy number ∀ 𝕣 ≺ 0 implies 𝔽(𝕣) = 0 . 
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 The set of all non-negative fuzzy numbers of  ℝ(𝕀) is denoted by ℝ∗(𝕀) . Let ℝ(𝕀) denote the 

set of all fuzzy numbers which are upper-semi continuous , normal and have compact support, i.e. if 

ℍ ∈ ℝ(𝕀) then ℍ∝ is compact, for any ∝∈ [0,1], where  

        ℍ∝ = {𝕣 ∈ ℝ ∶ ℍ(𝕣) ≽ ∝ , if ∝∈ [0,1] } . 

        ℍ0 = closure of ({𝕣 ∈ ℝ ∶ ℍ(𝕣) ≻ 0 , if ∝ = 0}) . 

 

           In this paper , The quadruple sequences spaces are introduced as follows : 

 

(ℓ∞)𝔽
4(𝕄,𝓆) = {(𝔄ℓ𝓀𝒿𝒾) = ((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾) ∈ 𝕎𝔽

4(𝓆) ∶  sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄2 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≺ ∞ , for some 𝜌 ≻ 0} .  

 

(c̅)𝔽
4(𝕄,𝓆) = {(𝔄ℓ𝓀𝒿𝒾) = ((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾) ∈ 𝕎𝔽

4(𝓆) ∶

 stat − lim
ℓ,𝓀,𝒿,𝒾→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

ρ
))] = 0 , for some ρ ≻

0 , 𝕃1, 𝕃2, 𝕃3 ∈ ℝ or ℂ } .  

 

(c0̅)𝔽
4(𝕄,𝓆) = {(𝔄ℓ𝓀𝒿𝒾) = ((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾) ∈ 𝕎𝔽

4(𝓆) ∶

 stat − lim
ℓ,𝓀,𝒿,𝒾→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

ρ
))] = 0 , for some ρ ≻ 0} .  

 

          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽
4ℛ(𝕄, 𝓆) if (𝔄ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽

4(𝕄,𝓆) and there are the 

following statistical limits exist  

stat − lim
ℓ→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−(𝕃1)𝓀𝒿𝒾

ρ
)) ⋎ 𝕄2 (𝓆 (

(𝔄2)ℓ𝒽ℊ−(𝕃2)𝓀𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝒽ℊ−(𝕃3)𝓀𝒿𝒾

ρ
))] = 0, 

for 𝓀, 𝒿, 𝒾 = 1,2, ….  

stat − lim
𝓀→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−(𝕁1)ℓ𝒿𝒾

ρ
)) ⋎ 𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−(𝕁2)ℓ𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−(𝕁3)ℓ𝒿𝒾

ρ
))] = 0, 

for ℓ, 𝒿, 𝒾 = 1,2, ….  
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stat − lim
𝒿→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−(𝕋1)ℓ𝓀𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−(𝕋2)ℓ𝓀𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−(𝕋3)ℓ𝓀𝒾

ρ
))] = 0, 

for ℓ, 𝓀, 𝒾 = 1,2, ….  

             stat − lim
𝒾→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−(𝕊1)ℓ𝓀𝒿

ρ
)) ⋎ 𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−(𝕊2)ℓ𝓀𝒿

ρ
)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾−(𝕊3)ℓ𝓀𝒿

ρ
))] = 0, for ℓ, 𝓀, 𝒿 = 1,2, ….  

 

          A quadruple sequence (𝔄ℓ𝓀𝒿𝒾) ∈ (c0̅)𝔽
4ℛ(𝕄, 𝓆) , if (𝔄ℓ𝓀𝒿𝒾) ∈ (c0̅)𝔽

4(𝕄, 𝓆) and there are the 

following statistical limits exist  

stat − lim
ℓ→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝒽ℊ

ρ
)) ⋎ 𝕄3 (𝓆 (

(𝔄3)ℓ𝒽ℊ

ρ
))] = 0, for 𝓀, 𝒿, 𝒾 = 1,2, ….  

stat − lim
𝓀→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

ρ
))] = 0, for ℓ, 𝒿, 𝒾 = 1,2, ….  

stat − lim
𝒿→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

ρ
))] = 0, for ℓ, 𝓀, 𝒾 = 1,2, ….  

stat − lim
𝒾→∞

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

ρ
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

ρ
))] = 0, for ℓ, 𝓀, 𝒿 = 1,2, …. .  

 

           These spaces (c̅)𝔽
4(𝕄,𝓆) , (c0̅)𝔽

4(𝕄, 𝓆) , (c̅)𝔽
4ℛ(𝕄,𝓆) , (c0̅)𝔽

4ℛ(𝕄,𝓆) , (c̅)𝔽
4ℬ(𝕄, 𝓆) 

, (c0̅)𝔽
4ℬ(𝕄,𝓆) , (c̅)𝔽

4ℛ
ℬ

(𝕄, 𝓆) , (c0̅)𝔽
4ℛ
ℬ

(𝕄,𝓆) denoted the spaces of statistically convergent of fuzzy 

numbers in the Pringsheim sense, statistically null of fuzzy numbers in the Pringsheim sense, bounded 

statistically convergent of fuzzy numbers in the Pringsheim sense, bounded statistically null of fuzzy 

numbers in the Pringsheim sense, regularly statistically convergent of fuzzy numbers, regularly 

statistically null of fuzzy numbers, bounded regularly statistically convergent of fuzzy numbers, 

bounded regularly statistically null of fuzzy numbers. 

 

 

 

3. Main results  

            

Theorem 3.1: 
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          The quadruple sequence spaces ℤ(𝕄, 𝓆),where ℤ = (ℓ∞)𝔽
4 , (c̅)𝔽

4ℬ , (c0̅)𝔽
4ℬ , (c̅)𝔽

4ℛ
ℬ

, (c0̅)𝔽
4ℛ
ℬ

 are 

semi-normed spaces semi-normed by : 

𝕗[((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾 )] = inf {𝜌 ≻ 0 ∶ sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≼ 1} .  

Proof: 

       Since 𝓆 is a semi-norm , then 𝕗(𝔸) ≽ 0 , ∀ 𝔸 , 𝕗(θ4) = 0 and 𝕗(𝔶𝔸) = |𝔶|𝕗(𝔸), ∀ scalar 𝔶. 

Assume (𝔄)ℓ𝓀𝒿𝒾 = ((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾 ) and (ℌ)ℓ𝓀𝒿𝒾 =

((ℌ1)ℓ𝓀𝒿𝒾 , (ℌ2)ℓ𝓀𝒿𝒾 , (ℌ3)ℓ𝓀𝒿𝒾) and (𝔖)ℓ𝓀𝒿𝒾 = ((𝔖1)ℓ𝓀𝒿𝒾 , (𝔖2)ℓ𝓀𝒿𝒾 , (𝔖3)ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽
4ℬ(𝕄, 𝓆). There 

is a 𝜌1, 𝜌2 ≻ 0 ∋  

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎ 𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≼ 1 and [𝕄1 (𝓆 (

(ℌ1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄2 (𝓆 (
(ℌ2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄3 (𝓆 (

(ℌ3)ℓ𝓀𝒿𝒾

𝜌
))] ≼ 1 and [𝕄1 (𝓆 (

(𝔖1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎ 𝕄2 (𝓆 (

(𝔖2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄3 (𝓆 (
(𝔖3)ℓ𝓀𝒿𝒾

𝜌
))] ≼ 1 .  

Let  𝜌 = 𝜌1 + 𝜌2 + 𝜌3 . Then there's ,  

sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾+(ℌ1)ℓ𝓀𝒿𝒾+(𝔖1)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2+𝜌3
)) ⋎ 𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾+(ℌ2)ℓ𝓀𝒿𝒾+(ℌ3)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2+𝜌3
)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾+(ℌ3)ℓ𝓀𝒿𝒾+(𝔖3)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2+𝜌3
))] = sup

ℓ𝓀𝒿𝒾
[(

𝜌1

 𝜌1+𝜌2+𝜌3
)𝕄1 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾+(ℌ1)ℓ𝓀𝒿𝒾+(𝔖1)ℓ𝓀𝒿𝒾

 𝜌1
)) ⋎

(
𝜌2

 𝜌1+𝜌2+𝜌3
)𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾+(ℌ2)ℓ𝓀𝒿𝒾+(ℌ3)ℓ𝓀𝒿𝒾

 𝜌2
)) ⋎ (

𝜌3

 𝜌1+𝜌2+𝜌3
)𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾+(ℌ3)ℓ𝓀𝒿𝒾+(𝔖3)ℓ𝓀𝒿𝒾

𝜌3
))] =

 sup
ℓ𝓀𝒿𝒾

(
𝜌1

 𝜌1+𝜌2+𝜌3
) [𝕄1 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎ 𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌1
))] +

sup
ℓ𝓀𝒿𝒾

(
𝜌2

 𝜌1+𝜌2+𝜌3
) [𝕄1 (𝓆 (

(ℌ1)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄2 (𝓆 (

(ℌ2)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄3 (𝓆 (

(ℌ3)ℓ𝓀𝒿𝒾

𝜌2
))] +

sup
ℓ𝓀𝒿𝒾

(
𝜌3

 𝜌1+𝜌2+𝜌3
) [𝕄1 (𝓆 (

(𝔖1)ℓ𝓀𝒿𝒾

𝜌3
)) ⋎𝕄2 (𝓆 (

(𝔖2)ℓ𝓀𝒿𝒾

𝜌3
)) ⋎𝕄3 (𝓆 (

(𝔖3)ℓ𝓀𝒿𝒾

𝜌3
))] ≼

(
𝜌1

 𝜌1+𝜌2+𝜌3
) sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎ 𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌1
))] +
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(
𝜌2

 𝜌1+𝜌2+𝜌3
) sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(ℌ1)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄2 (𝓆 (

(ℌ2)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄3 (𝓆 (

(ℌ3)ℓ𝓀𝒿𝒾

𝜌2
))] +

(
𝜌3

 𝜌1+𝜌2+𝜌3
) sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔖1)ℓ𝓀𝒿𝒾

𝜌3
)) ⋎𝕄2 (𝓆 (

(𝔖2)ℓ𝓀𝒿𝒾

𝜌3
)) ⋎𝕄3 (𝓆 (

(𝔖3)ℓ𝓀𝒿𝒾

𝜌3
))] ≼ 1.  

Since 𝜌1, 𝜌2, 𝜌3 ≻ 0 , we have , 𝕗[((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾) +

((ℌ1)ℓ𝓀𝒿𝒾 , (ℌ2)ℓ𝓀𝒿𝒾 , (ℌ3)ℓ𝓀𝒿𝒾) + ((𝔖1)ℓ𝓀𝒿𝒾 , (𝔖2)ℓ𝓀𝒿𝒾 , (𝔖3)ℓ𝓀𝒿𝒾)] = inf { 𝜌1 + 𝜌2 + 𝜌3 ≻ 0 ∶

sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾 + (ℌ1)ℓ𝓀𝒿𝒾+ (𝔖1)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2 +𝜌3
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾+(ℌ2)ℓ𝓀𝒿𝒾+(𝔖2)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2 +𝜌3
)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾+(ℌ3)ℓ𝓀𝒿𝒾+(𝔖3)ℓ𝓀𝒿𝒾

 𝜌1+𝜌2 +𝜌3
))] ≼ 1} ≼ inf {𝜌1 ≻ 0 ∶ sup

ℓ𝓀𝒿𝒾
[𝕄1 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎

𝕄2 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾

𝜌1
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌1
))] ≼ 1} + inf {𝜌2 ≻ 0 ∶ sup

ℓ𝓀𝒿𝒾
[𝕄1 (𝓆 (

(ℌ1)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎

𝕄2 (𝓆 (
(ℌ2)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄2 (𝓆 (

(ℌ3)ℓ𝓀𝒿𝒾

𝜌2
))] ≼ 1} + inf {𝜌3 ≻ 0 ∶ sup

ℓ𝓀𝒿𝒾
[𝕄1 (𝓆 (

(𝔖1)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎

𝕄2 (𝓆 (
(𝔖2)ℓ𝓀𝒿𝒾

𝜌2
)) ⋎𝕄2 (𝓆 (

(𝔖3)ℓ𝓀𝒿𝒾

𝜌2
))] ≼ 1} = 𝕗[((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾)] +

𝕗[((ℌ1)ℓ𝓀𝒿𝒾 , (ℌ2)ℓ𝓀𝒿𝒾 , (ℌ3)ℓ𝓀𝒿𝒾)] + + 𝕗[((𝔖1)ℓ𝓀𝒿𝒾 , (𝔖2)ℓ𝓀𝒿𝒾 , (𝔖3)ℓ𝓀𝒿𝒾)] .  

 

Theorem 3.2: 

           Let  (𝕏, 𝓆) to be a complete semi-normed space .Then the quadruple sequences spaces 

ℤ(𝕄, 𝓆),where ℤ = (ℓ∞)𝔽
4 , (c̅)𝔽

4ℬ , (c0̅)𝔽
4ℬ , (c̅)𝔽

4ℛ
ℬ

, (c0̅)𝔽
4ℛ
ℬ

 are complete semi-normed spaces semi-

normed by : 

𝕗[((𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾 )] = inf {𝜌 ≻ 0 ∶ sup
ℓ𝓀𝒿𝒾

[𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≼ 1} . 

Proof: 

          Suppose (𝔄ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) be a Cauchy quadruple sequence in (c̅)𝔽
4ℬ(𝕄,𝓆). We must to demonstrate the 

following:  

𝒾) (𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄1)ℓ𝓀𝒿𝒾  and (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄2)ℓ𝓀𝒿𝒾  and (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄3)ℓ𝓀𝒿𝒾  as ℊ, 𝒻, ℯ, 𝒹 ⟶ ∞ , 

∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ ℕ × ℕ × ℕ × ℕ .  
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𝒾𝒾) (𝔄1)ℊ𝒻ℯ𝒹⟶ (𝔄1) and (𝔄2)ℊ𝒻ℯ𝒹⟶ (𝔄2) and (𝔄3)ℊ𝒻ℯ𝒹⟶ (𝔄3) as ℊ, 𝒻, ℯ, 𝒹 ⟶ ∞ , where stat-

lim (𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄1)ℊ𝒻ℯ𝒹 and stat-lim (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄2)ℊ𝒻ℯ𝒹 and  

stat-lim (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄3)ℊ𝒻ℯ𝒹 , ∀ ℊ, 𝒻, ℯ, 𝒹 ∈ ℕ . 

𝒾𝒾𝒾) (𝔄1)ℓ𝓀𝒿𝒾
stat
→   (𝔄1) and  (𝔄2)ℓ𝓀𝒿𝒾

stat
→   (𝔄2) and  (𝔄3)ℓ𝓀𝒿𝒾

stat
→   (𝔄3) . 

             Assume ε ≻ 0, for a fixed 𝓍0 ≻ 0 , choose 𝓇 ≻ 0 ∋ [𝕄1 (
𝓇𝓍0

3
) ⋎ 𝕄2 (

𝓇𝓍0

3
) ⋎ 𝕄3 (

𝓇𝓍0

3
)] ≽ 1 

and ∃ 𝓃0 ∈ ℕ, 𝕗 [(𝔄ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− 𝔄ℓ𝓀𝒿𝒾
𝓃𝓂𝒸𝒷)] ≺

ε

𝓇𝓍0
 , ∀ ℊ, 𝒻, ℯ, 𝒹, 𝓃,𝓂, 𝒸, 𝒷 ≽ 𝓃0. By the definition of  𝕗 , we 

have , [𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
−(𝔄1)ℓ𝒽ℊ

𝓃𝓂𝒸𝒷

𝕗[((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−(𝔄1)ℓ𝒽ℊ
𝓃𝓂𝒸𝒷)]

)) ⋎𝕄2 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
−(𝔄2)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷

𝕗[((𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−(𝔄2)ℓ𝒽ℊ
𝓃𝓂𝒸𝒷)]

)) ⋎

𝕄3 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
−(𝔄3)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷

𝕗[((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−(𝔄3)ℓ𝒽ℊ
𝓃𝓂𝒸𝒷)]

))] ≼ 1 ≼ [𝕄1 (
𝓇𝓍0

3
) ⋎ 𝕄2 (

𝓇𝓍0

3
) ⋎ 𝕄3 (

𝓇𝓍0

3
)] , 

∀ ℊ, 𝒻, ℯ, 𝒹, 𝓃,𝓂, 𝒸, 𝒷 ≽ 𝓃0⟹ 𝓆((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄1)ℓ𝒽ℊ
𝓃𝓂𝒸𝒷 , (𝔄2)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
− (𝔄2)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷 , (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−

(𝔄3)ℓ𝓀𝒿𝒾
𝓃𝓂𝒸𝒷) ≺

𝓇𝓍0

3
 .

ε

𝓇𝓍0
=
ε

3
  , ∀ ℊ, 𝒻, ℯ, 𝒹, 𝓃,𝓂, 𝒸, 𝒷 ≽ 𝓃0.  

        Therefore ((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) are Cauchy quadruple sequences in 𝕏 , 

∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ ℕ × ℕ × ℕ × ℕ .  

        Since 𝕏 be a complete then there is quadruple sequences (𝔄1)ℓ𝓀𝒿𝒾 , (𝔄2)ℓ𝓀𝒿𝒾 , (𝔄3)ℓ𝓀𝒿𝒾 ∈ 𝕏  ∋  

(𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄1)ℓ𝓀𝒿𝒾 and (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄2)ℓ𝓀𝒿𝒾 and (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

⟶ (𝔄3)ℓ𝓀𝒿𝒾  as  ℊ, 𝒻, ℯ, 𝒹 ⟶ ∞ , 

∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ ℕ × ℕ × ℕ × ℕ . 

       𝒾𝒾) We have get stat-lim (𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄1)ℊ𝒻ℯ𝒹 and stat-lim (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄2)ℊ𝒻ℯ𝒹 and stat-

lim (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

= (𝔄3)ℊ𝒻ℯ𝒹 , ∀ ℊ, 𝒻, ℯ, 𝒹 ∈ ℕ. then there exists subset 𝔼ℊ𝒻ℯ𝒹 ⊆ ℕ × ℕ × ℕ × ℕ ∋

𝕣(𝔼ℊ𝒻ℯ𝒹) = 1, ∀ ℊ, 𝒻, ℯ, 𝒹 ∈ ℕ and ∀ ε ≻ 0 , [𝕄1 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
− (𝔄1)ℊ𝒻ℯ𝒹

𝜌
)) ⋎

𝕄2 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
− (𝔄2)ℊ𝒻ℯ𝒹

𝜌
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄3)ℊ𝒻ℯ𝒹

𝜌
))] ≼ [𝕄1 (

ε

3𝜌
) ⋎ 𝕄2 (

ε

3𝜌
) ⋎ 𝕄2 (

ε

3𝜌
)] , 

∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ 𝔼ℊ𝒻ℯ𝒹 , ∀ ℊ, 𝒻, ℯ, 𝒹 ∈ ℕ and some ρ ≻ 0 ⟹   𝓆 (((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄1)ℊ𝒻ℯ𝒹) , ((𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−

 (𝔄2)ℊ𝒻ℯ𝒹) , ((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄3)ℊ𝒻ℯ𝒹)) ≺
ε

3
 , ∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ 𝔼ℊ𝒻ℯ𝒹 , ∀ ℊ, 𝒻, ℯ, 𝒹 ∈ ℕ and by the 

continuity of 𝕄 . 

         Let  ℊ, 𝒻, ℯ, 𝒹, 𝓃,𝓂, 𝒸, 𝒷 ≽ 𝓃0 and (ℓ,𝓀, 𝒿, 𝒾) ∈ 𝔼ℊ𝒻ℯ𝒹 ∩ 𝔼𝓃𝓂𝒸𝒷  . Then there's , 
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 𝓆 (((𝔄1)ℊ𝒻ℯ𝒹 − (𝔄1)𝓃𝓂𝒸𝒷), ((𝔄2)ℊ𝒻ℯ𝒹 − (𝔄2)𝓃𝓂𝒸𝒷), ((𝔄3)ℊ𝒻ℯ𝒹 − (𝔄3)𝓃𝓂𝒸𝒷)) ≼ 𝓆 (((𝔄1)ℊ𝒻ℯ𝒹 −

 (𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄2)ℊ𝒻ℯ𝒹 − (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄3)ℊ𝒻ℯ𝒹 − (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

)) + 𝓆 (((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−

(𝔄1)ℓ𝓀𝒿𝒾
𝓃𝓂𝒸𝒷) , ((𝔄2)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
− (𝔄2)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷) , ((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄3)ℓ𝓀𝒿𝒾
𝓃𝓂𝒸𝒷)) + 𝓆 ( ((𝔄1)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷 −

(𝔄1)𝓃𝓂𝒸𝒷), ((𝔄2)ℓ𝓀𝒿𝒾
𝓃𝓂𝒸𝒷 − (𝔄2)𝓃𝓂𝒸𝒷), ((𝔄3)ℓ𝓀𝒿𝒾

𝓃𝓂𝒸𝒷 − (𝔄3)𝓃𝓂𝒸𝒷)) ≺
ε

3
+
ε

3
+
ε

3
= ε . Consequently 

(𝔄1)ℊ𝒻ℯ𝒹 , (𝔄2)ℊ𝒻ℯ𝒹 , (𝔄3)ℊ𝒻ℯ𝒹 are Cauchy quadruple sequences in 𝕏 , so is complete . 

Thus ,  

        (𝔄1)ℊ𝒻ℯ𝒹 , (𝔄2)ℊ𝒻ℯ𝒹 , (𝔄3)ℊ𝒻ℯ𝒹 are converges in 𝕏  and (𝔄1)ℊ𝒻ℯ𝒹⟶ (𝔄1) and     

         (𝔄2)ℊ𝒻ℯ𝒹 ⟶ (𝔄2) and (𝔄3)ℊ𝒻ℯ𝒹⟶ (𝔄3) .  

𝒾𝒾𝒾) For ε1 ≻ 0 , let's assume ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0 and ρ ≻ 0 be so determined that [𝕄1 (
ε

𝜌
) ⋎ 𝕄2 (

ε

𝜌
) ⋎

𝕄3 (
ε

𝜌
)] ≺ ε1 and the following  be a satisfy .  

From the (𝒾𝒾), we have get a subset 𝔼 ⊆ ℕ × ℕ × ℕ × ℕ ∋ 𝓆 (((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄1)ℊ𝒻ℯ𝒹) , ((𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−

 (𝔄2)ℊ𝒻ℯ𝒹) , ((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄3)ℊ𝒻ℯ𝒹)) ≺
ε

3
 .  

By means of (𝒾), we arrive that ,  

𝓆 (((𝔄1)ℓ𝓀𝒿𝒾−(𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄2)ℓ𝓀𝒿𝒾 − (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄3)ℓ𝓀𝒿𝒾 − (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

)) ≺
ε

3
 , ∀ ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0 . 

By means of (𝒾𝒾), we obtain 

𝓆 (((𝔄1)
ℊ𝒻ℯ𝒹 − (𝔄1)) , ((𝔄2)

ℊ𝒻ℯ𝒹 − (𝔄2)) , ((𝔄3)
ℊ𝒻ℯ𝒹 − (𝔄3))) ≺

ε

3
 , ∀ ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0.  

Consequently ∀ ℊ, 𝒻, ℯ, 𝒹 ≽ 𝓃0 and for some ρ ≻ 0 and ∀ (ℓ, 𝓀, 𝒿, 𝒾) ∈ 𝔼 with 𝕣(𝔼) = 1, we get 

𝓆 (((𝔄1)ℓ𝓀𝒿𝒾 − (𝔄1)) , ((𝔄2)ℓ𝓀𝒿𝒾 − (𝔄2)) , ((𝔄3)ℓ𝓀𝒿𝒾 − (𝔄3))) ≼

𝓆 (((𝔄1)ℓ𝓀𝒿𝒾−(𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄2)ℓ𝓀𝒿𝒾 − (𝔄2)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

) , ((𝔄3)ℓ𝓀𝒿𝒾 − (𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

)) + 𝓆 (((𝔄1)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

−

 (𝔄1)
ℊ𝒻ℯ𝒹) , ((𝔄2)ℓ𝓀𝒿𝒾

ℊ𝒻ℯ𝒹
− (𝔄2)

ℊ𝒻ℯ𝒹) , ((𝔄3)ℓ𝓀𝒿𝒾
ℊ𝒻ℯ𝒹

− (𝔄3)
ℊ𝒻ℯ𝒹)) + 𝓆 (((𝔄1)

ℊ𝒻ℯ𝒹 −

(𝔄1)) , ((𝔄2)
ℊ𝒻ℯ𝒹 − (𝔄2)) , ((𝔄3)

ℊ𝒻ℯ𝒹 − (𝔄3))) ≺
ε

3
+
ε

3
+
ε

3
= ε . 
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 ⟹ [𝕄1 (𝓆 (
((𝔄1)ℓ𝓀𝒿𝒾− (𝔄1))

𝜌
)) ⋎𝕄2 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾− (𝔄2)

𝜌
)) ⋎𝕄3 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾− (𝔄3)

𝜌
))] ≼ [𝕄1 (

ε

𝜌
) ⋎

𝕄2 (
ε

𝜌
) ⋎ 𝕄3 (

ε

𝜌
)] = ε1 , for some ρ ≻ 0 and ∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ 𝔼 with 𝕣(𝔼) = 1. Stat-lim 𝔄ℓ𝓀𝒿𝒾 =  𝔄 . 

Consequently (𝔄ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽
4ℬ(𝕄,𝓆).  

Thus, 

           (c̅)𝔽
4ℬ(𝕄,𝓆) be a complete semi-normed space. 

 

Theorem 3.3: 

        Let  𝕄,𝕄1be two triple maximal Orlicz function , then ℤ(𝕄1, 𝓆) ⊆ ℤ(𝕄 ∘𝕄1, 𝓆), where 

ℤ = (ℓ∞)𝔽
4 , (c̅)𝔽

4 , (c0̅)𝔽
4 , (c̅)𝔽

4ℛ , (c0̅)𝔽
4ℛ , (c̅)𝔽

4ℬ , (c0̅)𝔽
4ℬ , (c̅)𝔽

4ℛ
ℬ
,(c0̅)𝔽

4ℛ
ℬ

and 𝕄 = (𝕄2,𝕄3,𝕄4) , 𝕄1 =

(𝕄5,𝕄6,𝕄7) . 

Proof:  

        We prove that for the case ℤ = (c0̅)𝔽
4. Let  ε ≻ 0 be a given. Since 𝕄 = (𝕄2,𝕄3,𝕄4) be a 

continuous , so there is 𝔷 ≻ 0 ∋ [𝕄2(𝔷) ⋎ 𝕄3(𝔷) ⋎ 𝕄4(𝔷)] = ε . Let (𝔄ℓ𝓀𝒿𝒾) ∈ (c0̅)𝔽
4(𝕄1, 𝓆) . Then 

there's a subset 𝕂 ⊆ ℕ × ℕ × ℕ × ℕ  with 𝕣(𝕂) = 1 ∋ [𝕄5 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄6 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄7 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≺ 𝔷 , ∀ (ℓ, 𝓀, 𝒿, 𝒾) ∈ 𝕂 . 

[𝕄 ∘ 𝕄1] (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾

𝜌
) ⋎ 𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾

𝜌
) ⋎ 𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌
)) = [𝕄2 ,𝕄3 ,𝕄4] [𝕄5 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾

𝜌
)) ⋎

𝕄6 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾

𝜌
)) ⋎𝕄7 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾

𝜌
))] ≺ [𝕄2,𝕄3, 𝕄4](𝔷) ≺ [𝕄2(𝔷) ⋎ 𝕄3(𝔷) ⋎ 𝕄4(𝔷)] ≺ ε . 

Consequently (𝔄ℓ𝓀𝒿𝒾) ∈ (c0̅)𝔽
4(𝕄 ∘ 𝕄1, 𝓆) . Therefore (c0̅)𝔽

4(𝕄1, 𝓆) ⊆ (c0̅)𝔽
4(𝕄 ∘𝕄1, 𝓆) .  

 

 

Theorem 3.4: 

          Suppose 𝕄1,𝕄2 be two triple maximal Orlicz function, then ℤ(𝕄1, 𝓆) ∩ ℤ(𝕄2, 𝓆) ⊆

ℤ(𝕄1 +𝕄2, 𝓆),where ℤ = (ℓ∞)𝔽
4 , (c̅)𝔽

4 , (c0̅)𝔽
4 , (c̅)𝔽

4ℛ , (c0̅)𝔽
4ℛ , (c̅)𝔽

4ℬ , (c0̅)𝔽
4ℬ , (c̅)𝔽

4ℛ
ℬ
,(c0̅)𝔽

4ℛ
ℬ

 , where  

𝕄1 = (𝕄3,𝕄4, ,𝕄5) , 𝕄2 = (𝕄6,𝕄7,𝕄8) .  

Proof: 



Aqeel Mohammed Hussein, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 14(4) 2022 , pp  Math. 49–61             11 

 

         We prove that the case ℤ = (c̅)𝔽
4 . Assume (𝔄ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽

4 (𝕄1, 𝓆) ∩ (c̅)𝔽
4 (𝕄2, 𝓆) . Let ε ≻ 0 be 

a given .Then there's a subset 𝕂 and 𝔻 of ℕ × ℕ × ℕ × ℕ with 

𝕣(𝕂) = 𝕣(𝔻) = 1 ∋ [𝕄3 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌1
)) ⋎𝕄4 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌1
)) ⋎𝕄5 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌1
))] ≺

ε

2
  

, ∀ (ℓ,𝓀, 𝒿, 𝒾) ∈ 𝕂 , for some 𝜌1 ≻ 0 , and [𝕄6 (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌2
)) ⋎𝕄7 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌2
)) ⋎

𝕄8 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌2
))] ≺

ε

2
 , ∀ (ℓ, 𝓀, 𝒿, 𝒾) ∈ 𝔻, for some 𝜌2 ≻ 0,  

Suppose 𝜌 = max{ρ1, ρ2} , then ∀ (ℓ, 𝓀, 𝒿, 𝒾) ∈ 𝕂 ∩ 𝔻 , we get ,  

[𝕄1 +𝕄2] (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌
) ⋎ 𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌
) ⋎ 𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌
)) = [(𝕄3,𝕄4, 𝕄5) +

(𝕄6,𝕄7,𝕄8)] (𝓆 (
(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌
) ⋎ 𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌
) ⋎ 𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌
)) = [𝕄3 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌1
)) ⋎

𝕄4 (𝓆 (
(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌1
)) ⋎ 𝕄5 (𝓆 (

(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌1
))] + [𝕄6 (𝓆 (

(𝔄1)ℓ𝓀𝒿𝒾−𝕃1

𝜌2
)) ⋎𝕄7 (𝓆 (

(𝔄2)ℓ𝓀𝒿𝒾−𝕃2

𝜌2
)) ⋎

𝕄8 (𝓆 (
(𝔄3)ℓ𝓀𝒿𝒾−𝕃3

𝜌2
))] ≺

ε

2
+
ε

2
≺ ε . Therefore (𝔄ℓ𝓀𝒿𝒾) ∈ (c̅)𝔽

4(𝕄1 +𝕄2, 𝓆).  
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