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In this paper ,we give the statistically convergent for quadruple sequence spaces of fuzzy
numbers defined by the triple maximal Orlicz function and shows explore properties such as semi-
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1. Introduction :
Fast [1] and Schoenberg [6] were the first to establish the concept of statistical convergence. It can be found in

Zygmund [9] as well . Fridy and Orhan [2] , Maddox [3], Salat [5], Rath and Tripathay [4] , Tripathy [7, 8] and many

others later examined it.
In this paper ,we offer and define the classes of quadruple sequence spaces of fuzzy numbers (£,,)5(M, @) ,

@M, q) . (EM,3) , @F M), (@) M,q), ©F M,4) . @) M q), ©F M q). @) (M, qg)

specified by the triple maximal Orlicz functions .
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2. Definitions and Preliminaries :
Amap G : R - R is called non-decreasing if 8; < M, implies G(M,) < G(M,),
v EUtl, E[RZ ER .

AmapG: Rx R - R xR issaid to be non-decreasing if (W, M,) < (Jt4, It,) implies
G (M1, M) < G (g, N), V (W, M), (N, Ny) ERXR

A real-valued function G(9t) of the real variable 9t is called convex if the inequality

6 (B22) <2(6m) + 51).v R, M, £ 8.

Amap G: R - R issaid to be a continuous from the rightat a if ve>0,3¢> 023
|IGN) —G(a)| <gVNE(a,a+g).

An Orlicz function is a function M: [0, ) — [0, o), which is a continuous, non-decreasing , and
convex With M (0) = 0, M () >0asUA > 0and M(A) > wasA - oo,

A maximal Orlicz function is a function : [0, ) — [0, ) 3 H (UA) = > M (A) and M is
Orlicz function , which is a continuous , non-decreasing , and convex with 7 (0) = 0, 7 () >
DasU > 0and H(A) > was A - .

A triple maximal Orlicz function is a function M:[0,00)%[0,00)x[0,00) — [0,00)%[0,00)%[0,00) 3
M(Y, S, R) = (M, (), M, (&), M5(R)), where M : [0, 0)—[0,00) 3 M, (A) =
A2 M, (U) and M, : [0,00)—[0,0) 3 M, (&) = &2M,(S)and M : [0,00) —=[0,0) 3 M;(R) =
R2M;(R) .These functions are non-decreasing, continuous, even, convex , that hold the following
conditions :
f) M, (0) = 0,M,(0) = 0,M;(0) = 0 = M(¥,S,R) = (M,(0), M,(0), M5(0)) = (0,0,0).
i) M, () > 0, M,(&) > 0, M3(R) > 0 = M(Y,S,R) = (M, (), M, (&), M3(R)) > (0,0,0), for
A > 0,5 > 0,R > 0,by which we say (U,S,R) > (0,0,0) that M, () > 0,M,(S) > 0,M5(R) >
0.
fifid) M, (A) - oo, M, (S) —» o0, M5(R) > 0asWA > 0,5 - 0, R > 00 = M(U,S5,R) =
(M, (), M, (&), M3(R)) — (0,0, 0) as (A, S, R) - (0,0, ) by which we say M(UA,S,R) —
(00, 0, ) as M (A) — o0, M;(E) — oo, Mz3(R) - oo .
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A quadruple sequence (?I%ﬁ) is a converge in Pringsheim's sense to a number L if

lim  App,; =L, where £, £, 7,and 4 tend to oo.
L4, fj,i—00

A quadruple sequence (?I%ﬁ) converges in Pringsheim's sense and it is said to be converge
regularly if lim QI%M = H—‘/@ﬂl and lim Qlf’kfi = ]]{)Z',i and lim Q’[fﬁﬂ =Topi and lim mi’/&ji = T{/&}
£—>00 f—00 j—ooo i—00

exists .

A subset E of N x N x N x N is said to have natural density p(E) if p(E) =
li}ln%Zﬁkm:lxm((ﬂf&%i)) exists, where Xg(s) =

{1 if (¢, £,4,4) € E

0 if (£, £,4,4) & E ¥V (8, #,5,1) ENXNxNxXN .

A quadruple sequence (QIMM) is statistically convergent to a number L if V € > 0,we have

p({(6,£,7,9) ENXNXNXN:g[Uy; —L] >¢})=0.

Let V be a vector space on a field F(R or C) . A semi-norm is a function £ : V — R defined on
a linear space V, satisfies the following conditions :
LAX|IX[|=0x=0,VxXEV
2. (x+yY) < £X)+£(Y),VX,yEV
3. A(XX) =|X|£X),VXEV,XEF.

A fuzzy real number F is a fuzzy subset of the real line R, i.e. amapping F: R - [0,1]
associating each real number r with its grade of membership F(r), satisfies the following conditions
[34]:

1. FF is a convex if for each F(r,) > F(r;) A F(r3) = min{ F(r,), F(r3)}, VI <1, <
ry,Viry,r,r; €R.
2. Fisnormal if thereisa ry, € Rand F(ry) = 1.
3. F is upper-semi-continuous Va € I,V & > 0 and F~* ([0,a + €)) is open in
the usual topology of R

4. F is a non-negative fuzzy number vV r < 0 implies F(r) = 0.
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The set of all non-negative fuzzy numbers of R(I) is denoted by R*(I) . Let R(I) denote the
set of all fuzzy numbers which are upper-semi continuous , normal and have compact support, i.e. if
H € R(I) then H™ is compact, for any «e€ [0,1], where

H* ={r € R: H(r) > «,if x€ [0,1] }.
H° = closure of ({r € R : H(r) > 0,if < = 0}) .

In this paper , The quadruple sequences spaces are introduced as follows :

(Loo)§(M, ) = {(Qlt%ﬂ) = (W) ergi» U epji» U3)ensi) € Wik(g) : ?}:ﬁ lM1 <6Z (—(ull)omﬁ» Y

M, (% ((ﬂzif}aﬁ)) v M, (‘/Z ((9132)4’4@;4;))

< oo, for some p >O}.

©rM,g) = {(Qlt%ﬂ) = (W) erji» W) enji» (Uz)erii) € Wi(g) :

IRT A1) epzi—La (Uz)epji—La2 (Us)epi—Ls3 _
555}},,,,@25“ lMl <c; (—p )) Y M, <q, (—p )) Y M, <o; (—p ))l = 0, for some p >

0,L,, Ly, Ls E]Ror(C}.

(Co)g(M, g) = {(91%;4) = (W) enzi» W enji» (Us)esji) € Wi(g) :

i A1) epji Uz epji (Us)epji _
sE%c,M_}gn [Ml <ﬂl (—p )) Y M, (c; (—p )) Y M3 <4 (—p ))l = 0, for some p > 0} .

A quadruple sequence () € ©% (M, g) if (Wpp;:) € (©F(M, g) and there are the

following statistical limits exist

T [ @) ppzi—La)pzi A2 ppg—L2) pzi Us)opg—L3)pji _
sta— tim o, g (A205008) )y (B2 0) )y (2 0) )| o

for &, 7,1 =1,2,...

IRt [ @) epji—T1)eji W2 epzi—T2) 0z U3)epji—U3)eji _
st i g (H220028) )y g (S22 ) g, (202 )|

fort, 4,1 =1,2, ...




Aqeel Mohammed Hussein, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 14(4) 2022, pp Math. 49-61 5

Y A)epji—(T1)epi U2 epji—(T2)epi Az)epji—(Ta)epi _
sat o1, g (225000 ), (o (2B ), () )|

forl, #,i=172,...

IRt A1) epji—(S1)enj A2)epji—(S2)enj
staE_)oohm [Ml <él (—p )) Y M, <4 (—p )) Y

M3 <6% (W)) =0,fort, £,7 =12, ...

A quadruple sequence (g, ) € () (M, ) , if (Wps;:) € (Co)E(M, ) and there are the

following statistical limits exist

o o2}, o (5229, (259 0.5 12
s tm o1 ( (22) o, (4 (#2222) o (2222 )| < 0, or i = 12,
stat — lim i, (cL ((%ff"”)) v M, <@ ((%f"ﬁ» v M, (4 ((%ff’w)) — 0, foré, i =12, .
st tm o1, (3 (22) o, (4 (42222) v (4 (22) )| < 0, or .7 = 1.2,...

These spaces (©)£(M, q) , ()E(M, ) , ©F (M,q) , (&)E (M, q), ©F (M, q)

, (G))f (M, g) , (E)%RB (M, g) , (q,);ﬁB (M, ¢) denoted the spaces of statistically convergent of fuzzy
numbers in the Pringsheim sense, statistically null of fuzzy numbers in the Pringsheim sense, bounded
statistically convergent of fuzzy numbers in the Pringsheim sense, bounded statistically null of fuzzy
numbers in the Pringsheim sense, regularly statistically convergent of fuzzy numbers, regularly
statistically null of fuzzy numbers, bounded regularly statistically convergent of fuzzy numbers,

bounded regularly statistically null of fuzzy numbers.

3. Main results

Theorem 3.1:
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B B
The quadruple sequence spaces Z(M, g),where Z = ()¢ , (E)f, (C_())%B: (E)E72 , (c_o)ﬁé]a are

semi-normed spaces semi-normed by :

) A1) epji A enji
FICQAD paji » (W) i » (W) )] = 1nf{p >0: ?Zﬁ IM1 (CL (TW)> Y M, (% (i)> \¢

(o))

Proof:
Since g is a semi-norm , then f(A) > 0,V A, £(6*) = 0 and f(yA) = |y|f(A), V scalar .

Assume (W) g0 = (W) eaji » W eajir Us)eszi ) and (D) ppji =

(DD erji» D2)enzir (93)enji) and (S)enji = ((S1)erji» (S2)enji» (S3)enji) € ©4% (M, q). There
isap;,p, >03

IMl (61 (%)) v M, <@ (%)) v M <% (@[31#))] < 1and IMl <cl ((551;4/&74)) v
M, (4 (%)) Y M <q, (%))l < land [Ml <q) (%)) v M, <q) ((%;wn)) v
M, (% ((egz)Mﬂ)>

Let p = p; + p, + p3 . Then there's,

A1) ezt (D) enzit(S1)epzi ((912)4%;#(552)%%+(553)M;‘¢
32}2 IMl (01 ( p1+p2+p3 ) VM2 (49 P1tP2+P3 ) Y

Us) it (D3)ep;it(S3)ep i p1 A1) epjit(D1)eriit(©1)epsi
M = — )M Y
3 <% ( p1tp2+p3 ) ?Zﬁ (P1+P2+P3) 1{ 9 ( P1 )
P2 U2 epiit(D2)enji+(D3)epji p3 (Uz)ppjit(D3)enjit(S3)ensi _
(P1+P2+P3) MZ (% ( p2 ) v (P1+P2+Ps) M3 L ( p3 ) N

p1 (A1) epji A2 epji
?Z}?L ( P1+P2+P3) lMl <% pP1 )> v M, <% ( P1 )> v M3

A

A

1.

sup (5557) _Ml< ( ) (
s (i) o (o252 v o s
(59 vome

p1tp2tps hji |
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(p1+;:)2+p3) f}:ﬁ lml ("Z ((551:/&;4;)) v M, <LZ, ((52/3:%;1)) v M, <6L ((5322/&%))] n
() sup [ (o (2229 ) v (4 (52229 o ( (S22 | <2

Since py, p2, p3 > 0, we have f[((ml){%ﬁ (U esji s (913)57/&;4;) +

((551)%;'4; ) (552)%;'4; ) (53)%;’4) + ((61)Nm ) (62)%44 ) (63)%;4;)] = inf{ p1+p,+p3>0:

A1) epii + D)epjit (G1depji U2 epjit(D2)enjit(S2)enji
M1 <% ( p1tp2 tp3 ) v MZ L ( p1tpz2 tp3 ) v

< ( < 1} mf{p1 >0 :sup lMl <cL ((ul)—”m)> Y
hji P1
(‘llz)mﬂ (Us)epji _ . . (912444
2 o;( 5 Y M, Cb(p—) < 1¢+infip, > 0 : sup |M; CL( P ) Y
1 1 ] Lhji 2
(552)41/&;4 (93)enji ] . . (&) rpji
< ( > ) Y M, <cL (—Pz )> < 1} + 1nf{p3 >0: ?Z;g lMl <cl (—pz )) Y

M, <Ll (%)) v M, (% (M» < 1} = (U rpji » W2 enji » Wz opsi)] +

P2

sup
Lhji

=

)

(QIS)Haﬂ"‘(533)4%;4,"'(63){%;4,))
3

p1tpz +p3

=

=

)

2

F[((DD ersi » (92 enji» (93 eaji)] + + E[((SD) raji» (B2 enji » (S3)enji)] -

Theorem 3.2:

Let (X, g) to be a complete semi-normed space .Then the quadruple sequences spaces

B B
Z(M, g),where Z = (£.)%, (©%, ()%, (©" , (65)%" are complete semi-normed spaces semi-

normed by :

. A1) enji A enji
FICCAD ppji » W) opji» U)oz )] = mf{P >0: j}:ﬁ th <0Z (%)) v M, <6l (%)) 4

M, <q, (%)) 1} .

Proof:
Suppose (%I%;f) be a Cauchy quadruple sequence in (E)%B (M, ¢). We must to demonstrate the

A

following:
: gfed gfed gfed
1) (911)%;% - (911)%;‘4 and (mz)%ﬂ (Q’IZ){’%;/L and (mz)Mﬂ (913)%% as g, f,e,d — o,

V(#7141 ENXNXNXN.
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1) (Wq) gpea — (Uy) and (U3) gpeq — (A2) and (Asz)gpeq — (Uz) as g, £, e,4 — oo, where stat-
lim (U,)9857 = (Uy) ggeq and stat-lim (A)9Ee! = (Ay) ggeq and

stat-lim (913)[}7;;21 = W3)gpea Vg5, 6,4 EN.

o stat stat stat
id) (U ep — (W) and (Az)epze — (Uz) and (Uz) e — (Us) .

Assume € > 0, for a fixed x, > 0, choose » > 0 3 [Ml (M") Y M, (MO) Y M, (M")] =1

and3Ing, €N, f [(Qlﬁ;f - QI%%[’)] Vg, fed nm,cb& =ny By the definition of f, we
(‘211)[%‘% (911){%60 (QIZ){’/&;*L (ﬂz)%‘fly
Ml gfed nmct v MZ Cl, gfed nmct Y
f[((%l)%ﬁ‘(”l%@ ) fl()p - i)

e o D) <1 o (2 v ons (22) v (29).

Lhji

have ,

Vg, fednm e bz ng = q () — @DHY, WD — )3, U)ot -

nmct ) € __E
(As)7rji )<—3 =3 Vg f.ednmecb=n

Therefore ((911)%;?) , ((912)%;? ) , ((913)%;?) are Cauchy quadruple sequences in X,
V(%71 ENXNXNXN.

Since X be a complete then there is quadruple sequences (U1) epji, (A2)enzir (As)ense € X 3
UDIE — (U)pnj and A)T557 — U)esze and WUa)7h57 — Uadessi S g fre,d — oo,
V(£ #%,7,4) ENXNXNXN .,

i4) We have get stat-lim (911)%;? = (A1) 4peq and stat-lim (?Iz)%;f = (Uy) ypeq and stat-

lim (ng)jff;;f = (U3)gpea » V ¢, €, a4 € N. then there exists subset E ¢, SN XN XN XN 3

@DTEL — (U gpea
r(Egpeq) =1,V g, e,d€ENandVe >0, |M, | g o %

" (@ <(m2)%;j; (mz)gﬁd>> M (@ ((me,)?}i;f ; (%)wm))] < [Mh ( ) v M, ( ) Y M, (3p)]

V (4, #,4,4) €EEypea Vg%, 6,d ENandsomep > 0= g (((?Il)%;f - (‘«’11)%(34),((?12)%;? _

(U)gpea ) (UPhet - (mg)wd)) <E,V (8 h§1) € Egpeq .V 9. F,6,d € Nand by the

continuity of M .
Let g, f,e,d,n,m,c,& = ngand (£,%,4,1) € Eypoq N E,pcp - Then there's,
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q (((Qll)g,#ed - (Qll)nmclr); ((le)g,#ed - (mz)nmc[v): ((913)9#64 - (QIB)/nmc&)) < q9 (((Qll)g#ed -
@) (ggea = QL) (Uggea — L)) +a (@I -

nmeb gfed _ nmeb gfed _ nmeb nmeb
@), (g — ), (@il - aozzst)) +a ( (@
(Qll)nmclr); ((QIZ)%E& - (%Z)n/mcly); ((%[3)?12;5{’ - (913)nmc{v)) < §+ g +§ =E. Consequently
(W) ggea » (U2) gpea » (U3) 4404 are Cauchy quadruple sequences in X, so is complete .

Thus,
W) ggea » (U2) gpea » (U3)gpeq are converges in X and (A ) gp. — (A,) and

(QIZ)g,#ed - (QIZ) and (913)91?641 - (9'[3) .

iii) Forg, > 0, let's assume g, #,e,d > n, and p > 0 be so determined that [Ml (z) Y M, (%) Y

M, (%)] < g, and the following be a satisfy .
., gfed gfed
From the (i4), we have getasubset EC NX N XN XN 3 g (((911)%%, — (?Il)%ed),((?lz)%ﬁ —

fed
@ggea) (U = Uadgpea) ) <.
By means of (1), we arrive that ,
) (((911)%;;4;—(911)%;?) ) ((912)%% - (Q[z)%;f) , ((913){%;% - (ms)%;f)) < § Vg fedxmng.
By means of (4i4), we obtain

a (e — @), (e - (@), () - @)) < £, ¥ g et > o,

Consequently V g, #,e,d = ny and forsome p > 0 and V (¢, %, ,1) € E with r(E) = 1, we get

4 (e = Q) (g — @), (Uease — (@) <
4 (@ ea— L) (Dease — Q) (@enss — @ )) + a (@D -
@), (QPh — @), (g — o))+ q (@)oo -

@), (@) - (1)), () - ) ) <S4 Z4E=e.
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_ [Ml ( 4 <((Q[1)HLT:_ (%Iﬂ))) v M, <% ((mz)mi:— (%))) v M, <% ((%)M;;— (913))>] < [M1 (i) g

M, (%) Y M, (E)] =g, forsomep > 0andV (£, #%,4,4) € E with r(E) = 1. Stat-lim U, = A.

Consequently (Ql%ﬂ) € (E)ﬁé73 (M, g).
Thus,

(E)%B (M, g¢) be a complete semi-normed space.

Theorem 3.3:
Let M, M, be two triple maximal Orlicz function , then Z(M,,g) € Z(M o M, g¢), where

Z= ()% @@ @ @3 @ @F, ©F @3 and M = (M, My, M), M, =
(M, Mg, M) .
Proof:

We prove that for the case Z = (¢y)f. Let & > 0 be a given. Since M = (M, M5, M,) be a
continuous , so there is 3 > 0 3 [M,(3) Y M3(3) Y M,(3)] = €. Let (Upp,s) € (Co)E(My, @) . Then

there's asubset K € N x N x N x N with r(K) = 1 3 IMS <cl (%)) v M, (q (%)) Y

M, <4 (%))l <3,V (L hj1)EK.

[MoM,](q ((911)4%;1') Y g ((912){%}4) Y g ((%)Mﬂ) = [M,, M, , M,]
1 p p p 2 3 4

M, (@ ((ﬂzif&ﬂ)) v M, (cl ((me,z)f,&ﬂ))

Consequently (Upp;;) € (Co)F(M o My, g) . Therefore (Go)#(My, ) S (So)F(M o My, g) .

M (@ ((Qlli)fkﬂ)> y

< [M, M3, M,](3) < [M,(3) Yy M3(3) Y M,(3)] < €.

Theorem 3.4:
Suppose M;, M, be two triple maximal Orlicz function, then Z(M,,g) N Z(M,, g) S

B ‘B
Z(M; + M, g) where Z = (£,,)%, (@©%, (&)F, @, ()&, @©F, (&), @ (c)&" , where
M; = (M3, M,,, M), M, = (Mg, M, Mg) .

Proof:
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We prove that the case Z = (©)f . Assume (Uyp,:) € ©F (My,¢) N ©F (M, 4) . Lete > 0 be
a given .Then there's a subset K and D of N X N X N x N with

(@) gL (@)L () a1
r(K) = r(D) = 13 lM3 <4( it 1)>YM4<4( s 2)>YM5<4( — 3))] <

YV (£,#,4,4) € K, for some p; > 0, and [MI6 (4 (M—”_Ll» v M, <4 (M—“_EZD Y

Suppose p = max{py,p,}.thenV (¢, %,4,1) € KN D, we get,

[M, + M,] (% ((?I1)fi;¢—lLl) Y g ((%z)fiji—lz) Yq (%)) = [(M, M,, Ms) +

(M, M7, Mg)] <% (MT%%) Y g (%) Y g (%)) — IM3 <OL ((911)424;—]],1)) v
M, <Ol (—(%J”jf_“» v M <CL (—(%)f;‘frls)ﬂ + [Me (cz (—wl)fjf_mln v M, <cz (—(%)Z‘f_mz)) v
M, <6L ((‘3{3){;@54—1]43)>

< % YV (£, #,4,4) € D, for some p, > 0,

<S4 5<e. Therefore (Upp;) € @EM, + M, q).
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