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1. Introduction

Since uncertainty plays a crucial role in real-world issues, Due to the sufficiency of the parameterization tool,
Molodtsov [1] proposed the theory of soft sets, which offers to handle uncertainty more effectively. On the other
hand, Zadeh [2] was a pioneer in the field of fuzzy theory, which was developed to solve the problem of ambiguity in
control techniques. As a result, fuzzy-set theory has been effectively applied in numerous scientific disciplines. Maji
[3]emphasized some of the applications of the theory of soft sets, fuzzy soft sets, and intuitionistic fuzzy soft sets.
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Other studies of fuzzy sets are also available in[4], [5],[6],[7],[8]. For instance, Kramosil and Michalek [9] presented
fuzzy metric notions as a modification and continuation of the standard metric spaces by using the idea of ambiguity
with the distance framework on a non - empty set. Later, George and Veeramani adjusted their original conditions
to produce the Hausdorff topology that was caused by such a fuzzy metric[10], [11]. The category of areas that are
strongly related to the family of metrizable topological notions is established by the modified fuzzy metric, despite
the fact that it is more limited. Consequently, investigating the linguistic fuzzy metric is fascinating. Kocinac [12]
investigated a few fuzzy metric space selection features. Kumar and Mihet [13] established a common fixed point
theorem in M-complete fuzzy metric spaces. The subject of fuzzy metric spaces recently made significant progress
thanks to Gregori et al.[14],[15], [16],[17],[18], [19]. With a view to analyze hyperspaces in provided fuzzy metric
notios, Hausdorff fuzzy metric on the group of non-empty compact subsets of a specific fuzzy metric space was
presented in [20]. Kider recently used continuous t-norms to study fuzzy soft metric space in [21]. In keeping with
this line of research, we describe the concept of the Hausdorff fuzzy soft metric space. It is essential to look for
additional characteristics of the fuzzy soft metric. As a result, we present a novel contribution to the theory of fuzzy
soft metrics in a perspective that could be quite attractive given the unquestionable significance of the Hausdorff
distance in other branches of computer science and mathematics in addition to general topology.

The content of the article is as follows: In Section 2 a necessary basic information and supplementary findings of the
fuzzy metric space (FSM-space) are provide. Section 3 is focused to demonstrating and discussing new fundamental
characteristics for FSM-space (X,Pgy.4 (b, a),A). A fuzzy soft measure between two fuzzy soft compact sets is created,
this will assist us to a formulation of the Hausdorff fuzzy soft metric notion is established in Section 4. Additionally,
a variety of essential issues of the Hausdorff fuzzy soft metric concept are described.

2. Preliminaries and Basic Results

Many definitions and preliminary findings that will be utilized in this paper are provided in this section. A
necessary background information as well as auxiliary findings are provide.

Throughout this paper, X = {xl, ) xu}, I* and E denote the initial universe, the X-based fuzzy sets group and
the collection of parameters for the universe X, respectively.

Definition 2.1[21]: A fuzzy soft set (in short FSS) is a map from the feature setE to I%, ie., fgz: E - I*, where
fg(8) # 0y if @ € B € Eand fz(€) = Oy if&é € B, where 0y is empty fuzzy set on X. The family of all fuzzy soft
collections over X will now be replaced f (X, E).

Definition 2.2[21]: Let fz € f(X,E) and g4 € f(S,U) Then the fuzzy product fg X g is defined by (f X g)ax4
Where (f X g)gxu (b,a) = fz(b) X g4(a) € ¥ V (b,a) EB XA Also V (u,v) € X XS where [ fg(b) X g4(a)]
(u,v) = fg(®)(w) A g4(a)(v). According to this definition a mapping fg X g4 is a FSS over X X S and its parameter
universeis £ X U.

Definition 2.3[21]: Let f (X, E) be the family of all FSS over X, 5,94 €f (X, E) and put Pgxq = (f X §)gxs =
fz X g.4. Let A be a continuous t-norm then Pz, 4 is a fuzzy soft metricon X X X if Vb e B,a € A .

(S1) Pgyyq (b,0)[u,v] >0 V u,v €X

(S2) Pgyyq (b,0)[u,v] = 1lifand only ifu = v

(S3) Paxs (b, a)[w, v] = Paxy (b, a)[v,u] Vuvex

(S4) Pgyq (b, ) [u,w] = Pgyy (b, )[u,v] APgyy (b,)[v,w] Vu,v,weX

(S5) Pgx4 (b, a)[u, v] is a continuous function V u,v € X.

Then the triple (X, Pgx4 (b, a),A) is called a fuzzy soft metric space (briefly, FSM-space) .

The notion for a FSM-space that was considered in [21] is given below.
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Proposition2.4[21]:Let (X,d) be metric space and aAf=af V 0<a,B <1 .Put Pgyy (b,a)[u,v] =
[é X P[d(u,v)]]"! then (X, Pgx4 (b,a),A) isa FSM-space Vb € B, a € A.

Definition 2.5[21]:Let (X, Pgx4 (b,a),A) be a FSM-space, put SB(u,r) = {v € X: Py, (b,a)[v,u] > 1 —r. Then
SB(u,r) is called fuzzy soft open ball centered at u € X with radius r € [.

Definition 2.6[21]: Suppose that (X, Pgx4 (b, a),A) is a FSM-space and C € X. Then
1- C is fuzzy soft openif VcinC, 3r €l withSB(c,r) c C
2- C is fuzzy soft closed if C€ is fuzzy soft open, thatis C¢ = X/C.

Definition 2.7[21]: In a FSM-space (X, Pgx4 (b, a)),A), a subset C of X is fuzzy soft boundedif 3 0 < (1 —-r) <1
with Pgy 4 (b,0)[u,v] > (1 —71) V y,vinC.

The fuzzy soft convergent and fuzzy soft Cauchy sequence concepts, as well as the FSC of a set, are presented in the
following group of definitions.

Definition 2.8[21]: A sequence (u,) in the FSM-space (X, Pgy.4 (b, a),A) is referred to as

(1) Fuzzy soft convergent if € > 0 exists such that Pz« 4 (b, a) [uq, u]> 1-e,V € > 0. This is known as the fuzzy soft
limit of (uy,), and it is written lim w,=u or maybe just written w,, —° u. Is referred to as the (u) fuzzy soft limit.

]’;—)OO
(2) Fuzzy soft Cauchy if V< 1 — ¢ < 0, 3 an integer number N € N such that Pz 4 (b, a) [un, um]> 1-¢,¥n,m=N.

Definition 2.9[21]: Let C be a subset of a FSM-space (X, Pzx.4 (b, a),A). Then FSC [C] is called the fuzzy soft closure
of C which is the smallest fuzzy soft closed set contains.

Definition 2.10[21]: Let (u,) be a sequence in a FSM-space (X, Pgx4 (b,a),4) fuzzy soft converges to u in X then

every subsequence (u, ) of (u,) fuzzy soft converges to U.

3. Fuzzy Soft Metric Space's Relation to Other Fuzzy Soft Concepts

This section proves several novel characteristics of a FSM-space (X, Pgx.4 (b, a),A). Also provided are some
connections between FSM-space and other fuzzy ideas.

Definition 3.1: A FSM-space (X, Pgx.4 (b,a),A) is known to be FS-complete if (u,) is fuzzy soft Cauchy sequence
then u, - uin X.

Definition 3.2: Let (X,Pzx,4 (b,a), A) be a FSM-space. If every sequence in A has a fuzzy soft convergent
subsequence with a fuzzy soft limit on an element of E, then the subset E of X is known as fuzzy soft compact.

Definition 3.3: Let (X, Pgx.4 (b, a),A) be a FSM-space. A subset E of X is called fuzzy soft totally bounded if for each
0<a<1, 3a finite set {vy,v,, v;, ...,vq} c X with Pgy, (b, a)[u, vr!] > 1— afor some v, in {v1,v,, V3, ...,v,!}
whenever u in X. The set {vy, v,,v3, ..., vq} is called fuzzy soft a-net.

The following theorem discusses the space's fuzzy soft completeness property in a FSM-space.

Theorem 3.4: Let (X, Pz« (b,a),A) be a FSM-space with the property of the fuzzy soft completeness. A subset E of
X is a fuzzy soft compact if it is fuzzy soft closed and fuzzy soft totally bounded.

Proof:

Let E be a fuzzy soft to totally bounded . Let (v;,) be a sequence in E whose range may be assumed to be infinite .
choose a finite fuzzy soft (1/2) -net in E then one of the balls of radius (1/2) with center in a fuzzy soft (1/2) -net
contains infinitely many elements of the range of the sequence .we shall denote a subsequence formed by these
elements by (vu(l)) choose a finite fuzzy soft (1/4)-net in E, then one of the balls of radius (1/4) with center in the
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finite fuzzy soft (1/4)-net contains infinitely many elements of the range of (v, (). We shall denote the
subsequence formed as (v, @)) proceeding in this way, we obtain a sequence of sequences, each one is a
subsequence of the precedlng one, so that at the rth stage, the terms (v, ™M) lie in the ball of radius (1/27) with
center in a fuzzy soft (1/2")-net. Now (v, M) is a subsequence of (v, ) Suppose that 0 < a < 1 be given choose N so
large that (1 — (1/2%)) A (1 — (1/2%1)) A A(1-(1/27)) >1—a.

Then for m > 1, > N, we have Py, (b, 0)[v, ™, v, W] >
Paxa (0, [ ®, 141 D] A Pys (b,0) vw(‘* ), Vg2 DA A P (6, 0) v ™Y, 0™

> (1—1/2%) A -1/2%) A A(1-1/2"1))>1—a.

So that the sequence (1, ) is a fuzzy soft Cauchy in E. Since E is fuzzy soft closed and hence E is FS- complete as
(v, M) fuzzy soft converge to v in E. Therefore, E is fuzzy soft compact.

The behavior of a fuzzy soft compact set in a FSM-space is described by the following theorem.

Theorem 3.5: A fuzzy soft compact subset E of a FSM -space (X, Pgx4 (b, a),A) is fuzzy soft closed and fuzzy soft
totally bounded .

Proof:

Let E be a fuzzy soft compact. In E' V u € FSC[E],3 a sequence with u, - u. So u € E by assumption, hence E is
fuzzy soft closed since u € FSC[E'] was arbitrary. Let 0 < a < 1 be given, assume that does not exists a fuzzy soft a-
net for E then there is an infinite sequence (u,) in E with Pg, 4 (b, a)[ul,uk] <1-—a V | # k. Nevertheless, this
sequence must contain the fuzzy soft convergent subsequence (uy,) this sequence is a fuzzy soft Cauchy thus that
we may select two positive numbers N; and Ny with N, # Ny that is Pgy, (b, a) Unp Uny | > 1—a. But
Paxu (b, a) [uNz'ung 1 — a hence, we have a contradiction. Thus 3 a fuzzy soft a-net.

4.Basic Characteristics of Fuzzy Soft Hausdorff Measure

The generation of Hausdorff fuzzy soft measure based on FSM-space (X, Pz« (b, a), A) and its fundamental
characteristics are the focus of this section. This notion is the cornerstone to all outcomes. First, we designate the
space created by every fuzzy soft compact subset of X as FSH(X). The following auxiliray definition is essential for
this structure.

Definition 4.1: Let (X,Pgy, (b,a),A) be a FSM-space . For each uinXand Cin FSH, Pgy, (b,a)[u, C] =
sup{Pgyx4 (b, 0)[u, cl: ¢ € C} where Pg, 4 (b, a)[u, C] is called a fuzzy soft distance from the point u to the set C.

Remark 4.2: The set of real numbers {Pg,; (b,a))[u,c]:c € C}is subset of I it has a supremum point and now we
show that it contains its supremum point define K:C — Iby K(c) = Py, (b,a)[u,c] V¢ € C thenK is fuzzy
continuous since Pgy,4 (b,a) continuous. Let § =sup {K(c):c € C} to show that there is ¢’ € ¢ with

Paxa (0,0))[u,c'] = § we can find sequence (c;) in € with (¢;) — ¢’ < % Now by fuzzy soft compactness of C we

have (c;) has a subsequence (c;,) with ¢;, - ¢ in C. Finally, we use fuzzy continuity of K to get K(c') = 6
Definition 4.3: Let (X, Pgx.4 (b, a), A) be a FSM-space. For C,W in FSH (X), define Pgy 4 (b, a)[C, W]
= inf{Pgyx4 (b,a)[c, W]: cin C}. Then Pgy 4 (b, a)[C, W] is called a fuzzy soft distance from C to W.

The following example shows that in general, in a FSM-space (X,Pgx4 (b,a),A) if C,W € FSH(X) then
P (0,0)[C, W] and Pgy 4 (b, a)[W, C] are different (i.e., they are not equal).

Example 4.4: Suppose that (X = R) and Pgy4 (b,a): R = I defined byPzy4 (b, a)[u,v] = 1/|u — v|, ifu # v and
Paxa (b,0)[u,v] = 1,ifu = v. Also, we have u Av = uv, vV 0 < u, v < 1. Then Pgy 4 (b, a)[w, v] # Paxy (b, )[v, u].

Proof:

Let C = [2,4] ,W = [5,6] be two compact intervals in X. Let us now establish fuzzy soft distance from C to W.

Pgxa (b,0)[2, W] = sup {Pgy4 (b,0)[2,5], Pyxnq (b,0)[2,6]} = sup {1/3,1/4} =1/3.
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And Ppy (b,a)[4, W] = sup {Ppxy (b,0)[4,5], Paxy (b,a)[4,6]} = sup {1,1/2} = 1.
Then Pay (6, 0)[C, W] =inf{1/3,1} =1/3.

Now, we establish fuzzy soft distance from W to C.

Pgxa (b,0)[5,C] = sup {Pgxu (b,0)[5,2], Py (b,0)[5,4]} =sup {1/3,1} = 1.

And Pgy 4 (b,0)[6,C] = sup {Paxy (0,0)[6,2], Pgyy (b,a)[6,4]} = sup {1/4,1/2} = 1/2. Then Pgy 4 (b, )[W,C] =
inf {1/3,1/4} = 1/4.

S0Pgx4 (b,0)[C,W] = 1/3 and Pgy4 (b, a)[W, C] = 1/4. Therefore Pgy 4 (b, a)[C, W] # Pgxy (b, a)[W, C].

Remark 4.5: By confirming that C and W are fuzzy soft compact, we could demonstrate that Pz 4 (b, a)[C, W] is
properly defined. As a consequence 3 ¢’ in € and w' in W which indicates that Pgy 4 (b, a)[C, W] =

fP'BXc/l (b’ Q) [C,’ W,]'

Definition 4.6: Let (X, P34 (b, a), A) be a FSM-space, a Hausdorff fuzzy soft distance between C, D in FSH(X) is
defined Hys (C,D) = Py (b,0)[C,D] APgy4 (b,a)[D,C].

Lemma 4.7 : Let (X, Pgyx4 (b, a),A) be a FSM-space.Pgy 4 (b,a)[C,D] = 1ifand only if C € D.

Proof:

Ppxq (b,0)[C,D] = 1if and only if inf {Pgxy (b,a)[c,D]:cinC } = 1if and only if Pgy,4 (b,a)[c,D] =1V c € Cif
and only if sup{Pgx4 (b,a)[c,d]:dinD} =1V c € C if and only if Pgy 4 (b,a)[c,d] =1 V ¢ € C and for some d €
D ifandonlyifc =d V c € C and for some d € D ifand onlyif C € D.

Lemma 4.8 : Let (X, Pgy4 (b,a),A) be a FSM-space. If C,D,W € FSH(X) then
Paxa (b, )[C, W] = Pyyy (b,0)[C, D] A Pyyy (b, )[D, W].

Proof:

We show firstly thatV cin C Pgyy (b,a)[c, W] = Pgyy (b,a)[c, D] APgyy (b,a)[d,, W], whered, € D satisfies
Paxa (0,0)[c,D] = Payy (b,0)[c,d.]. Note that d. € D satisfying Pgyx4 (b,a)[c,D] = Paxu (b, a)[c,d.] exists by
Remark 4.2.

Now, V w in W there have been Pgy 4 (b, a)[c, W] = Pgyy (b, a)[c,w] =

Paxa (0,0)[c,d.] A Pgyy (b,a)[d;, w]. Therefore, by continuity of A Pgy 4 (b, a)[c, W] =
PBXJZ (b' (1) [C' dc] A PBX:/Z (b' (1) [dc' W]

So PBX:/Z (b, (1) [C' W] = pBXﬂ (b, (1) [C' D] A PBXJZ (b, (1) [dC' W]

Hence, inf{ Pgxq (b,a)[c, W]:cin C}= inf{ Pgxy (b,a)[c,D]:cin C}A inf{Pgx, (b, a)[d.,, W]:c in C}. Since
{d;:ceC}c D,

inf{ Pgxq (b,a)[d,, W]:cin C} = inf {Pgx4 (b,a)[d,W]:d in D}.

Therefore, inf{ Pgyx4 (b,a)[c, W]:cin C }= inf {Pgx4 (b,a)[c,D]:cin C}Ainf { Pgy4 (b,a)[d, W] : d in D} implies
that Pgy (b, a)[C,W] > Payy (b,a)[C,D] APgyy (b,a)[D, W].

The new structure of fuzzy soft Hausdorff (FSH (X), Hfs, A), as shown by the following theorem, must be FSM-space.
Theorem 4.9: If (X, Pgx.4 (b, a),A) is a FSM-space then (FSH(X), Hy,, A) is a FSM-space .

Proof:
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(51) Since Py, (b,a)[C,D] > 0and Pgy4 (b,a)[D,C] >0 V C,D in FSH(X) hence Hy;(C,D) > 0.

(52) Hys(C,D) = 1ifand only if Pgy 4 (b,a)[C,D] A Pgy4 (b,a)[D,C] =1 ifand only if Pgy 4 (b,a)[C,D] =1
and Ppyy (b,a)[D,C] = lifand onlyif C € Dand D < Cifandonly=D.

(S3) Hys(C, D) = Ppxa (6,0)[C, D] A Payg (8 0)[D,C] = Prus (0,0)[D,C] A Pyuy (6,0)[C, D] =H;(D,C) V C,D
in FSH(X)

(S4)V C,D,W in FSH(X)
Paxa (0,)[C, W] = Pgyy (b,a)[C,D]A Pgy 4 (b,a)[D, W].
Paxu (b,)[W,C] = Pguy (b,a)[W,D]A Pgyy (b,a)[D, C] by Lemma 4.8 . Now,

Hps(C,W) = Pgyq (b,0)[C, W]A Pgy 4 (b,)[W,C] =
[ Paxw (6,)[C, D] APgy g (b,)[D, W]] A] Paxos (b, )[W,D]A Pyyy (b,a)[D,C]] =
[PBxcﬂ (6,0)[C, D]A Pgy 4 (b,a)[D, C]]A[ Pgxa (b,0)[D, W]A Pgyq (b, )[W, D]] = Hg, (€, D)AHfs (D, W).

(S5) Suppose that (C,), (D,) are two sequences in H;(X) with ¢, - C and D, - D,

lim Hys(Cy, Dy) = 1im Pz (6,0)[Coy Dy A Pxa (0, 0)[ Dy, Co] = Prss (6, )[C, D1AP4 (B, @)D, €] = Hy (€, D). It
means that Hzs(Cy, D) = Hys(C, D). So Hy, is continuous. Therefore, (FSH (X), Hys , A) is a FSM-space.

Definition 4.10: Let (X, Pgyx 4 (b, a), A) be a FSM-space and let C € FSH(X) then we define CAu = {x €
X: Ppyq (b,0)[c,x] >1 —pu forsomecinC, 0 <pu<1}.

The remaining paragraphs of this section are devoted to demonstrating various FM-space theorems and properties
using the fuzzy soft Hausdorff construct.

Theorem 4.11: Let (X, Pgy4 (b, a), min ) be a FSM-space and Let C, W belongs to FSH(X). Then for given 0 < u < 1,
FSH(C,W) >1—pifandonlyif Cc WAy andc CApu.

Proof:

To show Pgy4 (b,0)[C,W] > 1 — uif and only if C € WA u. Consider that for C,W in FSH(X), Pgx, (b,a)[C,W] >
1 — u then inf { Pgyy (6,0)[c, W]:cinC} > 1—u implies Pgyy (b,0)[c, W] >1—-uVceC<SX. SoVc€EC we
have € WA u. Hence C € WA p. Conversely suppose that C € WA u. Letc € C so 3w € W with Pgy 4 (b,a)[c,w] >
1—u VcecC. So Pgyy (b,0)[c,W]>1—pu this is genuine Vc in C thus Pgyy (b,)[C,W]>1—p.
Correspondingly, we may conclude that Pgy (b, )[W,C] > 1 — pifand only if W c CA . Now, Hg(C,W) > 1 —u
if and only if [Pgxy (0,0)[C,W]A Ppy, (b,a)[W,C]]>1—pif and only if Pgy, (b,a)[C,W]>1—pu and
Ppxa (b,0)[W,C] >1 —pifandonlyif C c WAy andc CApu.

Remark 4.12: Let (FSH(X), Hgs, A) be the space of fuzzy soft Hausdorff and (c,) be a fuzzy soft Cauchy sequence in
FSH(X) thenforany0 < u<1,3 N € Nwitths(Cq,Cm) >1—por (€ CyApand G,y S C,Au Vnm=N.

Theorem 4.13: Let (X,Pgy4 (b,a),A) be a FSM-space and Let (c,) be a fuzzy soft Cauchy sequence in
(FSH(X), Hgg, A). let (n;) represent an infinite sequence of positive numbers, 0 <n; <n, <...<n; < - Suppose
that (¢,,) € Gy, is fuzzy soft Cauchy in X. Then there is a fuzzy soft Cauchy (¢,) € G, with ¢, = ¢,, Vi €N.

Proof:

The construction of the sequence (¢,) in C, is as follows: for n€ {12, ..,n,} choose ¢, € {c €
Cy: Paxa (b, 0) [c, cm] = Pgyx4 (b, a) [Cm' Cr;]} given that C,is fuzzy soft compact, ¢, must exist. Similarly fori €
{23,..}and V n€ {n; +1,n; +2,...,n; + 1} choose ¢, € {ce Cy: Py (B, a)c, Cm] = Paxu (b, a)[cm, Cn]}' Clearly

Cy; = Cy; using our design. Given that (¢,,) € G, is a fuzzy soft Cauchy sequence in X. Let0 < p <1 be given, then
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there will be n;,n; = N;withPg, 4 (b, a) [an' an] =1 — p. Additionally, because (C,) is a fuzzy soft Cauchy sequence
in FSH(X), There really is N, with Hg;(C;,C) > 1—p Vi,l = N,. Put currently N = min {N;,N,}and for j,l > N
there are Pgy 4 (b, q) [C_j, El] = Ppx4 (b, a)[c_j, Cm] A Pgyy (b, a)[cm,cm] APgy 4 (b, a)[cm,c_l] where j € {n;_; +1,
n,_,+2,..,n;}and [ € {n;_, + 1,n;_; + 2,...,1;}. But, Hfs(c]-,cm) >1-p so there is ¢ €(; ﬂ[(cm) Ap] hence
Paxa (b, a)[Ej,cli] > 1 — p.Similar, we can demonstrate Pgy 4 (b, a)[cm,c_n] > 1 — p. Therefore, Py 4 (b, a)[c_j, c_l] >
1—pAl—pAl—p.So that we can find0<p <1 withl—pAl—pAl—p>1-—puhencePgpyy (b,a)[Ej,El] >
1—p Vj,l = N.Therefore, (¢,) in C, is a fuzzy soft Cauchy sequence.

Proposition 4.14: (X, Pgy4 (b, a),A) be a FSM-space with the property of the fuzzy soft completeness. If (C,) is a
fuzzy soft Cauchy sequence in (FSH(X), Hg, A) that satisfy the condition C, —»° C in FSH(X) with the following
characteristic C = {x € X:3 a fuzzy soft Cauchy (c,) in C, with ¢, >° x } then C is a non-empty set.

Proof:

Suppose that (Nq )be a fuzzy soft Cauchy sequence in FSH(X) with Hes(C;,C) >1—(1/2%) Vi, l = N,where N, €
N with N; <N, <...< N < ---. Choose cy, in Cy, then since HfS(CNl, CNZ) >1—(1/2) so that we can discover cy,in
Cn, with Pgy 4 (b, @) [ch, CNZ] > 1—(1/2). Suppose we have specified a finite sequence cy, in Cy, ,i = 1,2 ...,n with
Ppxa (b, a)[ch._l,ch.] >1—(1/2"1). So because Hpg (CNI;'CNn—l) >1-(1/2") and ¢y, in Cy, we can discover
anHin CNn+1 with Pgy 4 (b, a) [an, an_l] >1—(1/2%). As an illustration, an_lbe a point in CNnche nearest to cy, .
A sequence (cy,) inCy, can be discovered via induction with Pgy, (b,a)[cy, ey, ] > 1— (1/2%). Next, we
demonstrate that (cy,) is a fuzzy soft Cauchy in X,let0 <a <1and choose N, with 1 —(1/2) A1 - (1/22)
A..A1—(1/2Ni"Nt) > 1 — . Then we have

IPBX:A (b, a)[CNi’ CNI] = PBXcﬂ (b, CI)[CNl., CNi+1]A 'PBXC/I (b, a)[CNH_l, CNi+2]A WA [CNl—l’ CNl] then

Paxa (b, 0)|cy,_,cn] = 1—(1/2)A1—(1/2)A... A1—(1/2"7") > 1 —a. Thus, by Theorem 4.13 Ty, = cn,

exists for a fuzzy soft convergent subsequence (7;) in ; and in C, lim¥; exists. Therefore, C is a non-empty set.
Proposition 4.15: (X, Pgx4 (b, a),A) be a FSM-space with the property of the fuzzy soft completeness. If (C,) is a

fuzzy soft Cauchy sequence in (FSH(X), Hys, A) that satisfy the condition C, —»° C in FSH(X) with the following
characteristic C = {x € X:3 a fuzzy soft Cauchy (c,) in C, with ¢, —° x } then C is fuzzy soft complete.

Proof:

Let (cj) in C; with ¢; »° ¢, we demonstrate that cin C.V j,3 a sequence cj(“) in C, with cj(“) —% ¢jasn - o.There is

an increasing sequence (N}) with N; € N such that Pz, 4 (b, a) [CN]., c] > 1— (1/j).Further,3 a sequence ([;) with

P,y (b,0) [c(l;), ch] > 1 — (1/j).Therefore, Pyy 4 (b, a) [c(l]i), c| = Pps 6,0) [c(lj’), cN}.] APcn (8,0) [cy, ]

21->1/pa1-@a/j)

()

Put c,’”” = u;. we note that u;, in ;. and u;, =° c.u;, can now be expanded to a convergent sequence (v;) in C;
Nj j j j j j J J

hence c in C thus C is fuzzy soft closed. As X is fuzzy soft Complete, C is also fuzzy soft Complete.

5.Conclusion

Between two point sets, the Hausdorff distance is a measurement that is defined. Following the presentation
and discussion of a few novel fundamental properties for the FSM-space (X, Pgx.4 (b, a), A). The Hausdorff metric in
the sense of fuzzy soft metric notion are formulated because of the undoubted importance of the Hausdorff measure
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in general topology as well as other fields of mathematics and computer science. In addition, a number of significant
problems with the Hausdorff fuzzy soft metric approach are described.
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