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Introduction

In our work to start with the common notion which is 2-Absorbing ideal which introduced by Badawi in 2007[1].
Darani and Soheiline in 2011 [2] they expanded the notion of 2-Absorbing ideals to 2-Absorbing submodules. Many
author's extend the notion of 2-Absorbing submodule in 2015 to (Semi-2-absorbing, Primary-2-absorbing and
Almost-2-Absorbing) submodules see [3, 4, 5]. In 2018 the notion 2-Absorbing submodules they expanded to Nearly
2-Absorbing submodule by [6]. In 2019 they expanded to pseudo 2-Absorbing submodule by [7]. Also they
expanded to Quasi 2-Absorbingsubmodule by [8]. In 2019 they expanded to Pseudo Quasi 2-Absorbingsubmodule
by [9]. In 2023 they expanded to Nearly Quasi Primary 2-Absorbing submodules by [10].[FgH] = {r € RirH < F}
where F is a submodule of an R-module H [11]. An R - module H is said to be faithful if Anng (H) =
(0).Where Ann (H) = {r eR: rH = (0)}[12]. An R-module H is said to be a multiplication, if every
submodule F of # is of the form F = [ # for some ideal I of R.Equivalent to F = [FZH]H [13]. an R -
module H is a projective if for every R - epimorphism f: u -y  and every R -homomorphism g: H — u’,
there exists an R - homomorphism h: H — p such that the following diagram is commute that is foh = g
[12]. Z(H) = {x € H:ann(x)essential ideal in R}. If Z(H) = 0, then H is called the non-singular module [14]. An
R-module 7 is said to be content module if (N;¢; A;)H =N, A;H for each family of ideals 4; in R [15]. An R-
module # is called Z-regular if for any x € # there exists g € H = Homg(#H ,R) such that x = g (x) x [16].
An R - module ¥ is finitely generated if H =(z,2,,25,...,2,) = Rz;,R2,,R25,...Rz,, Where z;,2,,23,...,2, €
H[12]. An R-module # is said to be cancellation if whenever [ H = JH for any ideals [, ] of R, implies that
[ = J[17].
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2. Strongly Pseudo Nearly Quasi -2-Absorbing Submodules.

In this section we introduce the definition of Strongly Pseudo Nearly Quasii-2-Absorbing submodule and we
introduce several characterzations of STPNQ-2-Absorbing submodules in classes of multiplication modules and
other types of modules:

Definition 2.1[18] A proper submodule F of an R-module H is said to be Strongly pseudo Nearly Quasi-2-
Absorbing ( for short STPNQ-2-Absorbing ) submodule of H if whenever abcm € F, where a,b,c ER, meH
implies that either acm € F + (J(H) N soc(H)) or bem € F + (J(H) N soc(H)) or abm € F + (J(H) N soc(H)).
And an ideal I of a ring R is called STPNQ -2- Absorbing ideal of R, if I is an STPNQ-2-Absorbing R-submodule of an
R-module R.

The following proposition gives characterization of STPNQ-2-Absorbing submodules in classes of multiplication
modules.

Before proving the following proposition we need the following lemma.

Lemma 2.2 [18, prop(2.7)] 2.7 Let H be module and F c H. Then F is STPNQ-2-Absorbing submodule of # if and
only if for every submodule A of H and for every ideals I;,1,,I; of R such that I;I,I;A € F implies that either
LLASF+(JEH) nsoc(H))or[I;LASF+ (J(H) nsoc(H)) or LI;ASF + (J(H) Nsoc(H)).

Proposition 2.3 Let H be a multiplication R-module and F < H. Then N is STPNQ-2-Absorbing submodule of H if
and only if whenever H;H,H;A € F for some submodules H,,H,,H;, A of H, implies that either H;H,A € F +
JH) nsoc(H))or HH;A S F + (J(H) nsoc(H)) or HH;A S F + (J(H) N soc(FH).

Proof ( = ) Let H;H,H;A < Ffor some submodules H;, H,, H3, A of . Since H is a multiplication, then H; = j;H,
H, = j,H, Hy = j3H and A = j,H for some ideals j;, j,, j3 and jzof R. That is H{H,H3A = }1],]3(J,3 ) € N. But N is
STPNQ-2-Absorbing submodule of #, hence from lemma 2.2 we get either j;j,(J,H) S N+ (J(H) nsoc(HK)) or
JUzWH) EF + (J(H) nsoc(H)) or J)3(,H) S F + (J(H) Nnsoc(H)). Next, following either H;H,A S F +
(J(#) nsoc(#)) or HiH3A € F + (J(3) N soc(H))or HyHzA S F + (J(H) N soc(H)).

(<) Let j1j,j34 € F for }4,],, )3 are ideals of R and A is a submodule of H. Put H; = j;H, H, = j,H and H; = j3H.
That is H;H,H;A S N. Now, by hypotheses either H{H,A S F + (J(H) Nnsoc(H)) or HHH;ASF+ (J(H) n
soc(H)) or HyH3;A € F + (J(H) nsoc(H)), thus j1),A € F + (J(H) Nnsoc(H)) or j;jsAS F + (J(H) Nnsoc(H))
or j,JsA € F + (J(H) Nnsoc(H)). Therefore by lemma 2.2 F is STPNQ-2-Absorbing submodule of .

Before proving the following proposition we need the following lemma.

Lemma 2.4 [18, coro.(2.9)] Let H be module and F c H. Then F is STPNQ -2-Absorbing submodule of A if and
only if for every ideals I;,1,,I3 of R and x € H such that I;1,I3x € Fimplies that either L1 ,bx € F + (J(H) N
soc(H))orl1Iszx € F + (J(H) nsoc(H)) orlzx € F + (J(H) nsoc(H)).

Proposition 2.5 Let /' be a multiplication R-module and F ¢ H. Then Fis STPNQ-2-Absorbing submodule of H if
and only if whenever K;K,Kzx € F for some submodules K;,K,, K; of H,x € H, then either K;K,x € F +
JH) nsoc(H))orK;Kzx € F + (J(H) Nsoc(H)) or K, Ksx € F + (J(H) N soc(H)).

Proof ( = ) Let K; K, K;x € F for some submodules K;,K,, K; of H and x € H. Since H is a multiplication, then
Ky = hH, K, =),H and Kz = j3H for some ideals j;, j,and j; of R. That is KK, Kzx = jyj,j3x € F. But F is
STPNQ-2-Absorbing submodule of H, hence from lemma 2.4 we get either j;J5x € N 4+ (J(H) N soc(H)) or j,j3x S
F+ JFH) nsoc(H)) or j1j,x € F + (J(H) Nnsoc(H)). Next, following either K;Kzx € F + (J(H) N soc(H)) or
K, Ksx €F + (J(H) nsoc(H))or Ky Kyx € F + (J(H) nsoc(H)).

(<) Let jij,j3x © F for jq,j,,J; are ideals of R and x € H. Put K; = j;H, K, = j,H and Kz = j3H. That is
K, K, Kzx © F. Now, by hypotheses either K, K,x € F + (J(H) Nnsoc(H)) or K;Kzx € F + (J(H) N soc(H)) or
K, Ksx € F + (J(H) nsoc(H)), thus j1j,x € F + (J(H) Nnsoc(H)) or j1j3x S F + (J(H) Nnsoc(H)) or jjzx ©
F+ (J(H) nsoc(H)). Therefore by lemma 2.4 Fis STPNQ-2-Absorbing submodule of .
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Remark 2.6 If F is an STPNQ_2_Absorbing submodule of an R_module #, then [F;H] need not to be an
STPNQ_2_Absorbing ideal of R, the following example explain that:

Consider the Z-module Z,,, the submodule F = (36) is an STPNQ_2_Absorbing submodule of the Z_module Z,,,
since 3.3.4.1 € (36), implies that 3.4.1 € (36) + (J(Z,,) N soc(Z;,)) = (36) + ((6) N (12)) = (6), but [(36)4Z,,] =
36Z is not to be an STPNQ_2_Absorbing ideal of Z, because 3.3.4.1 € 36Z, but 3.4.1 ¢ 36Z + (soc(Z) n](Z)) = 36Z
and 3.3.1 € 36Z + (soc(Z) N J(2)) = 36Z.

Under certain conditions, the above observation is fulfilled.
Before proving the following proposition we need the following lemmas.

Lemma 2.7 [19, corollary. ( 2 .1. 14 ) (i)] Let X be a faithful multiplication R - module , then Soc (H ) =
Soc(R)H.

Lemma 2.8 [20] Let £ be a faithful multiplication R - module,then] (H )= J(R) H.

Lemma 2.9 [18, proposition.(2.5)] A proper submodule F of H is STPNQ-2-A submodule of H if and only if
abcl. € F ,for a,b,c € R and L is a submodule of # , implies that either acL € F + (J(H) nsoc(H)) or
bcl € F+ (J(H) nsoc(H))orabL € F + (J(H) N soc(H)).

Proposition 2.10 Let F be a proper submodule of a faithful multiplication R-module H. Then F is STPNQ-2-
Absorbing submodule of  if and only if [F:z H] is STPNQ-2-Absorbing ideal of R.

Proof ( = ) Assume that I;,13], € [F:z H] for some ideals I;, I,, I and I, of R, then L} ,I;j,7{ € F. But H is a
multiplication, then I, L, ;L7 = KK, KK, € F, by taking L H =K, LH =K, H =Kz and ,H = K,. But F is
STPNQ-2-Absorbing submodule of #, then by proposition 2.3 either K;K;K, S F + (J(H) nsoc(H)) or
K, K3 Ky €S F + (J(H) nsoc(H)) or KiK, Ky, € F + (J(H) nsoc(H)). Since H is multiplication, then F =
[F:g H])H, and since H is faithful multiplication, then by lemmas 2.7, 2.8 soc(H) = soc(R)H and J(H) = J(R)H.
Thus either LLLH C [FrH]IH + JR)KH nsoc(R)H) or LILILH S [FrH]IH + (JRH nsoc(R)YH) or
LLLH € [FPr HIH + JR)H nsoc(R)H). Hence either I; 51, € [F:g H] + (J(R) Nnsoc(R)) or L1531, € [F:xg H] +
(JR) nsoc(R))or 1,1, € [F:g H]+ (J(R) Nnsoc(R)). Therefore [F:p H] is STPNQ-2-Absorbing ideal of R.

(&) LetrstA € F forr, s, t € R and A is a submodule of #, since  is a multiplication, then A = IH for some ideal
I of R, that is rstIH < F, implies that rstl € [F:p H], but [F:z H] is STPNQ-2-Absorbing ideal of R, then by lemma
2.9 either rsI € [FirH]+ (J(R) Nnsoc(R)) or rtl € [F:irH]+ (JR) Nnsoc(R)) or stl S [FrxH]+JR) N
soc(R)). Thus either rsIH S [F:(x H]H + JR)H Nsoc(R)H) or rtIH S [Fr H]H + J(R)H N soc(R)H) or
StIH € [Fir H1H + J(R)H N soc(R)H). Since H is a faithful multiplication, then [F:z H]H = F and by lemmas
2.7, 2.8 either rsA € (J(H) Nnsoc(H)) or rtA S F + (J(H) Nnsoc(H)) or stA S F + (J(H) nsoc(H)). Thus by
lemma 2.9 F is STPNQ-2-Absorbing submodule of H.

Before proving the following proposition we need the following lemmas.
Lemma 2.11 [20, proposition. ( 3.24 )] Let ' be a projective R - module, then Soc (H ) = Soc (R) H.
Lemma 2.12 [12, Theorem. (9. 2.1) (a)] For any projective R - module H,we have ] (H) = J(R)H.

Lemma 2.13 [18, corollary. (2.11)] Let # be module and F < . Then F is STPNQ -2-Absorbing submodule of '
if and only if for any r,s € R and any ideal I of R and every submodule A of H with rsIA € F implies that either
rsACSF+ (JH) nsoc(H))orrlA S F+ (J(H) Nnsoc(H)) orslASF+ (JH) nsoc(H)).

Proposition 2.14 Let F be a proper submodule of a multiplication projective R-moduleH. Then F is STPNQ-2-
Absorbing submodule of  if and only if [F:z H'] is STPNQ-2-Absorbing ideal of R.

Proof (=)Assume that [;I,1;b € [F:y H] for some ideals Iy, I, I; of R and b € R, then I;[,I3(b3) S F. But F is
STPNQ-2-Absorbing submodule of H, then by lemma 2.4 either I, I;bH € F + (J(H) N soc(K)) or LI;bH S F +
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JH) nsoc(H)) or LIL,bH € F + (J(H) nsoc(H)). Since H is multiplication, thenF = [F:r H]H, and since H is
projective R-module H, then by lemmas 2.11, 2.12 soc(H) = soc(R)H and J(H) = J(R)H. Thus either I;I;bH <
[FrHIH + JR)H nsoc(R)H) or LLbH S [FirHIH +(JRH nsoc(R)YH) or LLbDH C[F:rH]KH +
(J(R)K nsoc(R)H).Henceeitherl; ;b € [F:x H] + (J(R) Nnsoc(R))or I;b € [F:r K]+ (J(R) Nnsoc(R))or 11,b <
[F:r H]+ J(R) nsoc(R)). Therefore by lemma 2.4 [F:i H] is STPNQ-2-Absorbing ideal of R.

(&) Let rsIA € F for r, s € R and some submodule A of ' and for some ideal I of R since H is a multiplication,
then A = JH for some ideal J of R, that is rsIJ# € F, implies that rsI] € [F:g H], but [F:x H] is STPNQ-2-
Absorbing ideal of R, then by lemma 2.13 either rsj € [F:x H] + (J(R) Nnsoc(R)) or rl] € [F:{r H]+ (JR) n
soc(R)) or sIJ € [F:rH]+ (J(R) Nnsoc(R)). Thus either rsJH S [F:(xH]H + JR)H Nnsoc(R)K) or rlJH <
[Fir K1H + J(R)KH nsoc(R)H) or sHH < [Kig H]H + J(R)H nsoc(R)H). Hence by lemmas 2.11, 2.12 either
rsACF+ (JH) nsoc(H))orrlAS F+ (JH) nsoc(H))orslASF + (J(H) nsoc(H)). Thus by lemma 2.4 F
is STPNQ-2-Absorbing submodule of #.

Before proving the following proposition we need the following lemmas.

Lemma 2.15 [18, corollary. (2.10)] Let H be module and F < H. Then F is STPNQ-2-Absorbing submodule of H
if and only if for each r € R and any ideals I,] of R and every submodule A of % with r[JA € F implies that either
rTACF + (JH) nsoc(H))orrJASF + (J(H) Nnsoc(H)) orlJAS F + (J(H) nsoc(H)).

Lemma 2.16[14, corollary. (1.26 )] Let H be anon-singular R - module, then Soc (H ) = Soc (R)H.
Lemma 2.17[20, proposition (1.11)] If H is content module, then] (H) = J(R) H.

Proposition 2.18 Let F be a proper submodule of a content multiplication non-singular R-module . Then F is
STPNQ-2-Absorbing submodule of H if and only if [F:z H] is STPNQ-2-bsorbing ideal of R.

Proof (=)Let blja € [F:zr H] for J,I are ideals of R and a,b € R, so blJ(aX) < F. But Fis STPNQ-2-Absorbing
submodule of #, then by lemma 2.15 either bl(aH) € F + (J() N soc(H)) or bj(aH) € F + (J(HK) N soc(H))
or I[J(aH) S F + (J(H) nsoc(H)). Since His multiplication, then F = [K:x H]H, and since His non-singular
multiplication content R-module , then by lemmas 2.16, 2.17 soc(H) = soc(R)H and J(H) = J(R)H. Thus either
blaH C [F:(r HIH + J(R)H Nnsoc(R)YH) or H S [FirH]|H + (JR)HK nsoc(R)H) or I[JaH S [FrpH]H +
(J(R)H nsoc(R)H), it follows that either bla S [F:g H] + [F:ig H] + J(R) Nnsoc(R)) orbja € [Fir H]+ (J(R) n
soc(R)) orlja € [F:x H]+ (J(R) nsoc(R)).Hence by lemma 2.15 [F:; ] is STPNQ-2-Absorbing ideal of R.

(&) Let rIJL < F for some submodule L of H, r € Hand I,] are ideals of R. Since H'is a multiplication, then L =
A for some ideal A of R, that is rI[JAH < F, implies that rlJcA € [F:gx H], but [F:p H] is STPNQ-2-Absorbing
ideal of R, then by lemma 2.9 either riA C [F:x K]+ (J(R) Nnsoc(R)) or rJA € [Fir K]+ (J(R) Nnsoc(R)) or
IJA S [F:r 1+ (J(R) nsoc(R)). Thus either rlAH C [F:r H1H + J(R)H nsoc(R)H) orrJAH S [Fir H]H +
(JR)H nsoc(R)K) or IJAH € [F:r H]1H + J(R)H nsoc(R)H). Hence by lemmas 2.16, 2.17 either rIL € K +
JH) nsoc(H)) orrJ]L € F + (J(H) Nnsoc(H))orIJL € F + (J(H) N soc(H)). Thus by lemma 2.15 Fis STPNQ-
2-Absorbing submodule of H.

Before proving the following proposition we need the following lemma.
Lemma 2.19[20, proposition (3.25)]Let K be a Z - regular R - module then Soc (H ) = Soc (R) H.

Proposition 2.20 Let F be a proper submodule of a content multiplication Z-regular R-module . Then F is
STPNQ-2-Absorbing submodule of H if and only if [F:z H] is STPNQ-2-bsorbing ideal of R.

Proof By proof of proposition 2.18 and use lemma 2.19.
3. Characterization of STPNQ-2-Absorbing ideals by special kind of submodules

In this section we introduce the characterization of the concept of STPNQ-2-Absorbing ideals by special kind of
submodules.
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The following proposition gives characterization of the concept of STPNQ-2-Absorbing ideals
But before that we need the following lemmas.

Lemma 3.1 [21 ,coro. of theo. (9)] Let H be a finitely generated multiplication R - module and I, ]ideals of
R.Then IH cJH ifandonlyif 1] + anng(H ).

Lemma 3.2 [18, proposition. (2.7)] Let H be module and F c H. Then F is STPNQ-2-A submodule of H
ifandonlyif for every submodule A of H and for every ideals I, I, I; of R such that [;1,I;A € F implies that either
LLACSF+ (JH) nsoc(H))or[LILASF + (J(H) Nnsoc(H)) or LI;ZAS F+ (J(H) Nnsoc(H)).

Proposition 3.3 Let # be a finitely generated multiplication projective R-module, and B is an ideal of R with
anng (H) € B. Then B is STPNQ-2-Absorbing ideal of R if and only if BH is STPNQ-2-Absorbing submodule of .

Proof (=) Let sl;1,A € BH, for s € R, I, I, are ideals of R and A is a submodule of H. Since H is a multiplication,
then A = I;H, for some ideal I5 of R, thatis sI;[,A = sI; [, I3 € BH.But H is a finitely generated multiplication R-
module then by lemma 3.1 sI;I,I; € B + anng(H), but anng(H) S B, implies that B + anng(H) = B, thus s, I,1; <
B. Now, by assumption B is STPNQ-2-Absorbing ideal of R then by lemma 2.15 either sI;I5 € B + (J(R) N soc(R))
or sl,I; € B+ (J(R) nsoc(R)) or I;1,I; € B+ (J(R) Nnsoc(R)), it follows that either sl 3H S BH + J(R)H N
soc(R)H) or shI;H € BH + (J(R)YH nsoc(R)H) or I, ,I3H € BH + (J(R)YH N soc(R)H). Since H is a projective
then by lemmas 2.11, 2.12 (J(H) nsoc(H)) = J(R)H N soc(R)K), it follows that either s, A € BH + (J(H) n
soc(H)) or sl,A € BH + (J(H) nsoc(H)) or LI,A S BH + (J(H) nsoc(H)). Hence by corollary lemma 2.15
BH is STPNQ-2-Absorbing submodule of .

(&) Let 1,131, € B, for I, I,, I3 and 1, are ideals in R, implies that I, I,I;(I,3{) € BH. But BH is STPNQ-2-
Absorbing submodule of H, then by lemma 3.2 either L, I,([,5H) € BH + (J(H) nsoc(H)) or I[I;(I,H) S BH +
(J(H) nsoc(H)) or LI;(I,H) € BH + (J(H) Nnsoc(H)). But H is a projective then (J(H) N soc(K)) =
JR)YK nsoc(R)H). Thus either I, L, 1,7 € BH + (J(R)H N soc(R)H) or [, I;1,H S BH + (J(R)H N soc(R)H) or
L1, € BH + (J(R)H nsoc(R)H), it follows that either I;I,I, € B + (J(R) nsoc(R)) or I;1131, € B+ (J(R) n
soc(R)) or LI3I, € B + (J(R) N soc(R)). Hence by lemma 3.2 B is STPNQ-2-Absorbing ideal of R.

Proposition 3.4 Let H be a faithful finitely generated multiplication R-module and A is ideal of R with annz(H) S
A. Then A is STPNQ-2-Absorbing ideal of R if and only if AH is STPNQ-2-Absorbing submodule of .

Proof (=) Let rlJx € AH for any r € R, x € H and I,] are ideals of R, it follows that r[J(x) € AX. Since H is a
multiplication, then (x) = I; H for some ideal I; of R, that is rIJ[;{ < A . Thus by lemma 3.1 we get rlJI; € A +
ann(H), but H is faithful, it follows ann(H) = (0), that is rIJI;  A. Since A is STPNQ-2-Absorbing ideal of R,
then by lemma 2.4 either ril; € A+ (J(R) nsoc(R)) orrjl; € A+ (J(R) nsoc(R)) or IJI; €A+ (JR) n
soc(R)), hence either rillH € AH + (J(R)H Nnsoc(R)YH) or rJILH € AH + (J(R)H nsoc(R)H) or JLH <
A + JR)H nsoc(R)H), hence by lemmas 2.7, 2.8 either rI{x) S AH + (J(F) N soc(H)) orrf{x) S A +
(J(F) nsoc(H)) or IJ{x) S AH + (J(H) nsoc(F)). Thus by lemma 2.15 AH is an STPNQ-2-Absorbing
submodule of H.

(&) Let rstl € A for r,s,t €R and I ideal of R, hence rst(IH) S AH, but AH is an STPNQ-2-Absorbing
submodule of H, then either rs(IH) € AH + (J(H) nsoc(H)) or rt(IH) € AH + (J(K) Nnsoc(H)) or
st(IH) € AH + (J(H) nsoc(H)). Thus by lemmas 2.7,2.8 either rsIH € AH + (J(R)H Nnsoc(R)H) or rtIH <
AH + (JR)K nsoc(R)H) or stiH € AKH + (J(R)H nsoc(R)H), hence either rsI € A + (J(R) Nnsoc(R)) or
rtl € A+ (J(R) nsoc(R)) orstl € A+ (J(R) Nnsoc(R)). Therefore A is EXNPQ-2-Absorbing ideal of R.

Proposition 3.5 Let H be a finitely generated multiplication non-singular content R-module, and B is an ideal of R
with anngz (H) € B. Then B is STPNQ-2-Absorbing ideal of R if and only if BH is STPNQ-2-Absorbing submodule of
.

Proof (=) Let sI;I,A € B¥, for s € R, I;, I, are ideals of R and A is a submodule of . Since H is a multiplication,
then A = I3, for some ideal /5 of R, thatis sI;[,A = sI;[,I3{ € BH.But H is a finitely generated multiplication R-
module then by lemma 3.1 s, I,I; € B + anngz(H), but anngz (H) S B, implies that B + anngz(H) = B, thus sl; I,I; €
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B. Now, by assumption B is STPNQ-2-Absorbing ideal of R then by lemma 2.15 either sI;I; € B + (J(R) N soc(R))
or sl,I3 € B+ (J(R) nsoc(R)) or I,1,I3 € B+ (J(R) nsoc(R)), it follows that either s, I3 H € BH + (J(R)H N
soc(R)H) or sl I;H € BH + (J(R)H Nnsoc(R)K) or I;I,I3H € BH + (J(R)H N soc(R)H). Since H is a projective
then by lemmas 2.16, 2.17 (J(H) nsoc(H)) = J(R)H N soc(R)H), it follows that either s, A € BH + (J(H) n
soc(H)) or sl,A € BH + (J(H) nsoc(H)) or [I,A S BH + (J(H) nsoc(H)). Hence by corollary lemma 2.15
B is STPNQ-2-Absorbing submodule of .

(&) Let 11,151, € B, for I, I,, I3 and 1, are ideals in R, implies that I, I,I;(I,3{) € BH. But BH is STPNQ-2-
Absorbing submodule of #, then by lemma 3.2 either I;,(I,H) € BH + (J(H) Nnsoc(HK)) or [ I3([,H) S BH +
(J(H) nsoc(H)) or LIs(ILH) S BH + (J(H) nsoc(H)). But H is a non-singular content R-module then
(J(H) nsoc(H)) = JR)H nsoc(R)H). Thus either LLI,H S BH + (J(R)YH N soc(R)H) or L5, H S BH +
(JR)K nsoc(RYH) or LI; I, H € BH + (J(R)H N soc(R)H), it follows that either I, ,1, € B + (J(R) nsoc(R)) or
L1, € B+ (J(R) Nnsoc(R)) orL,I;1, € B + (J(R) Nnsoc(R)). Hence by lemma 3.2 B is STPNQ-2-Absorbing ideal of
R.

Proposition 3.6 Let H be a finitely generated multiplication Z-regular content R-module, and B is an ideal of R
with anngz (H) € B. Then B is STPNQ-2-Absorbing ideal of R if and only if BH is STPNQ-2-Absorbing submodule of
.

Proof Similar to the proof of proposition 3.5 by using lemma 2.19.

Proposition 3.7 Let H be a faithful finitely generated multiplication R-module and F c #, then the following
statements are equivalent:

1. F is STPNQ-2-Absorbing submodule of .

2. [F:r H] is STPNQ-2-Absorbing ideal of R.

3.F = BH for some STPNQ-2-Absorbing ideal B of R.

Proof (1) & (2) It follows by Proposition 2.10.

(2) = (3) Since [F:g H] is STPNQ-2-Absorbing ideal of R and # is a faithful, that is (0) = anng(H) = [0:x H] S
[F:r K] and H is a multiplication, so F = [L:g H|H, implies that F = JH for some STPNQ-2-Absorbing ideal | =
[F:r #] of R.

(3) = (2) Clearly.

But before that we need the following lemma.

Lemma 3.8 [17 , proposition. ( 3.1)] If  is a multiplication R-module, then H is cancellation if and only if H is
a faithful finitely generated.

Proposition 3.9 Let 7 be a finitely generated multiplication projective R-module and F c H with anng(¥) <
[F:g H]. Then the following statements are equivalent:

1. F is STPNQ-2-Absorbing submodule of #.

2. [F:r H] is STPNQ-2-Absorbing ideal of R.

3.F = BH for some STPNQ-2-Absorbing ideal B of R.
Proof (1) & (2) It follows by proposition 2.14.

(2) = (3) Suppose that [F:g H] is STPNQ-2-Absorbing ideal of R. Since H is a multiplication, then F = [F:g H|H =
BJ, where B = [F:g H] is STPNQ-2-Absorbing ideal of R with anng () € [F:g H] = B, implies that anng () < B.
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(3) = (2) Assume that F = BH ....(1) for some STPNQ-2Absorbing ideal B of R with anng(#) S B. But H is a
multiplication, then F = [F:(g H]H ....(2), from (1) and (2) we have [F:g H]H = BH . Since H is a finitely
generated, then by lemma 3.8 # is weak cancellation, it follows that [F:gx H] + anng(#) = B + anng(H), but
anng () € B, and anng (H) € [F:g H] implies that anng (3) + B = B and [F:g K] + anng(H) = [F:g K]. Thus B =
[F:r #], but B is STPNQ-2-Absorbing ideal of R, hence [F:g H] is STPNQ-2-Absorbing ideal of R.

(3) © (1) It follows by proposition 3.3.

Proposition 3.10 Let H be a finitely generated multiplication non-singular contentR-module and F ¢ H with
anng (3) < [F:g H]. Then the following statements are equivalent:

1. F is STPNQ-2-Absorbing submodule of .

2. [F:g H] is STPNQ-2-Absorbing ideal of R.

3.F = BH for some STPNQ-2-Absorbing ideal B of R.

Proof (1) & (2) It follows by proposition 2.18.

(2) & (3) Follows in the same way as the proof of Proposition 3.9.

Proposition 3.11 LetHbe a finitely generated multiplication Z-regular content R-module and F < Hwith
anng () € [F:g H]. Then the following statements are equivalent:

1. F is STPNQ-2-Absorbing submodule of .

2. [F:r H] is STPNQ-2-Absorbing ideal of R.

3.F = BH for some STPNQ-2-Absorbing ideal B of R.
Proof (1) & (2) It follows by proposition 2.20.

(2) © (3) Follows in the same way as the proof of Proposition 3.9.
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