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Introduction

The famous notion in our work to start with is 2-Absorbingideal which introduced by Badawi in 2007[1], where a
proper ideal I of a ring R is called 2-Absorbing if whenever abc € I, for a,b,c € R, then ab € [ orbc € [ orac € I.
Darani and Soheiline in 2011 [2] extend the notion of 2-Absorbingideals to 2-Absorbing submodules, let H be an R-
module and F € H is called 2-absorbing if V uvh € F , for u,v € R, h € H, then either uh € F or vh € F or uv €
[F%H]. Many author's extend the notion of 2-Absorbing submodule in 2015 to (Semi-2-absorbing, Primary-2-
absorbing and Almost-2-Absorbing) submodules see [3, 4, 5]. In 2018 the notion 2-Absorbing submodules extend to
Nearly 2-Absorbingsubmodule by [6], let H be an R-module and F < H is called Nearly-2-Absorbing submodule if
V uvm € F, for u,v € R, h € H, implies that either uh € F + J(H) or vh€ F + J(H) or uv € [F + J(H)g:H]. In
2019 extend to pseudo 2-Absorbingsubmodule by [7], let ' be an R-module and F c H is called Pseudo-2-
Absorbing submodule if V uvm € F, for u,v € R, h € H, implies that either uh € F + Soc(H) or vh € F + Soc(H)
oruv € [F + Soc(H)g: H]. Also extend to Quasi 2-Absorbingsubmodule by [8], where a proper submodule F of an
R-module ¥ is called quasi-2-Absorbing submodule if ¥ abcm € F,for a,b,c € R,m € H then abm € F oracm € F
or bcm € F. In 2018 extend to Nearly Quasi 2-Absorbingsubmodules by [9], let ' an R-module F c H is called
Nearly quasi-2-Absorbing submodule ifV abcm € F,fora,b,c € R,m € H then abm € F + () oracm € F +
J(#) or bcm € F + J(H). In 2019 extend to Pseudo Quasi 2-Absorbingsubmodule by [10], a proper submodule F of
an R-module # is called Pseudo quasi-2-Absorbingsubmodule if ¥V abcm € F,for a,b,c € R,m € H thenabm € F +
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soc(H) oracm € F + soc(H) or bcm € F + soc(H). Also in 2019 extend to Nearly Semi 2-Absorbingsubmodules
in [11] and in 2021 extend 2-Absorbingsubmodules to Nearly Primary 2-Absorbingsubmodules in [12].The notion
Pseudo Primary 2-Absorbingsubmodules are introduced in 2019 [13]. In 2023 extend to Nearly Quasi Primary 2-
Absorbingsubmodules by [14]. J(#) is the junction of all maximal submodule of H [15]. soc(H) is the junction of
all total submodule of H'and a nonzero submodule Q of H is a total in H if Q N C # (0) for any nonzero submodule
C of H[16]. An R-module H is called regular module if every submodule of H is a pure[17]. An R - module # is an
injective if for every R - monomorphism f: u —»u and every R -homomorphism g: H — u’, there exists
an R - homomorphism h : H — p such that the following diagram is commute that is foh = g [15]. An R-
module H is said to be a multiplication, if every submodule F of H is of the form F = I H for some ideal /
of R.Equivalent to F = [F;H|H [18].

2. Strongly Pseudo Nearly Quasi -2-Absorbing Submodules.

In this section we introduce the definition of Strongly Pseudo Nearly Quasi-2-Absorbing submodule and
give examples characterizations some basic property of this concept.

Definition 2.1 Let % be an R-module and F < H is said to be Strongly pseudo Nearly Quasi-2-Absorbing ( for short
STPNQ-2-A ) submodule of # if whenever abcm € F, where a,b,c € R, m € H implies that either acm € F +
(J(H) nsoc(H)) or bem € F + (J(H) Nnsoc(H)) or abm € F + (J(K) N soc(H)). And an ideal I of a ring R is
called STPNQ-2-A ideal of R, if I is an STPNQ-2-A R-submodule of an R-module R.

Remarks and Examples 2.2

1. Let i = Z34, R = Z and the submodule F = (4} is STPNQ-2-A submodule of #, since soc(Z3g) = (6) and J(Z3,) =
(6). That is for all a,b,c €Z and m € Z such that abcm € (4) , implies that either acm € (4) + (J(Z36) N
50c(Z36)) = (4) + ({6) N (6)) = (2)  or bem € (4) + (J(Z36) N s0c(Z36)) = (4) + ((6) N (6)) = (2) or bm € (4) +
(J(Z36) N soc(Z3g)) = (4) + ({6) N (6)) = (2) . Thatis 2.2.1.1 € {(2), implies that 2.1.1 = 2 € (2)and 2.2.1 = 4 € (2).

2. Any 2-Absorbing submodule of an R-moduleH is STPNQ-2-A submodule, but not contrary.
Proof clear.
For the converse consider the following example:

Let H = Z34, R = Z and the submodule F = (12) is STPNQ-2-A submodule of #, since J(Z3¢) = (6) and soc(Zz¢) =
(6). That is for all a,b,c € Z and m € Zz¢ such that abcm € (12) , implies that either acm € (12) + (J(Z3¢) N
soc(Zze)) = (12) + ((6) N (6)) = (6) orbem € (12) + (J(Z36) N s0c(Z36)) = (12) + ({6) N (6)) = (6)or abm € (12) +
(J(Zse) N s0c(Z36)) = (12) + ((6) N (6)) = (6), that is 2.3.2.1€(12) and 3.2.1 € (12) + (J(Z36) N s0c(Z36)) =
(12) + ((6) N (6)) = (6) . But F is not 2_Absorbing submodule of H, since 2.3.2 € (12), but 2.2 ¢ (12) and 3.2 ¢
(12) and 2.3 ¢ [(12)§Zs] = 12Z.

3. Any STPNQ-2-A submodule of a cyclic R-module # is Nearly-2-Absorbing submodule, but not contrary.

Proof Let abh € F for a,b € R, h € {, then there exists an element ¢ € R such that h = cw, hence abh = abcw € F.
Since H is STPNQ-2-A , then either abw € F + (J(H) N soc(K)) or bew € F + (J(W) N soc(W))or acw € F +
(J(H) nsoc(H)). That is either ab € [F + (J(H) Nnsoc(H)):zw] =[F + (JH) Nnsoc(H))gH]or bew € F +
JH) nsoc(H)) or acw € F + (J(H) N soc(H))). Hence either ab € [F + (J(H) N soc(H)):g H] that is abH <
F+JH) nsoc(HK)SF+]J(H) orbheF+ (JH) Nnsoc(H)) S F+J(H) orah €F + (J(H) Nnsoc(H)) <
F + J(H) . Therefore F is Nearly-2-Absorbing.

For the opposite see the following example:

Let H = Z,5 , R = Z and the submodule F = (24) is Nearly-2-Absorbing submodule of  since soc(Z,g) = (8) and
J(Z,g) = (6) that is for all u,v € Z and m € Z,g such that uvm € (24), implies that either um € F + (](248)) =
(24) + ((6)) = (6) or vm € F + (J(Zsg)) = (24) + ((6)) = (6). That is 2.4.3 € (24), implies that 2.3 =6€ F +
(J(Z4g)) = (24)+ ((6)) = (6) and 4.3 =T2 € F + (J(Zsg)) = (24)+ ((6)) =(6) . But F is not STPNQ-2-A
submodule of H, since 3.4.2.1 € (24), but 3.2.1 & (24) + (J(Z4g) N s0c(Z,g) = (24) and 4.2.1 ¢ (24) + (J(Z,g) N
50c(Z,g) = (24) and 3.4.1 & (24) + (J(Z4g) N s0c(Z,g) = (24).
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4. Any STPNQ-2-A submodule of a cyclic R-module H is Pseudo-2-Absorbing submodule, but not contrary.

Proof Let abh € F for a,b € R, h € H, then there exists an element ¢ € R such that h = cw, hence abh = abcw € F.
Since H is STPNQ-2-A , then either abw € F + (J(H) N soc(H)) or bew € F + (JH) N soc(H))or acw € F +
(J(H) nsoc(H)). That is either ab € [F + (J(H) Nnsoc(H))xrw] = [F + (J(H) nsoc(H)):g H]or bew € F +
J(H) Nnsoc(H)) or acw € F + (J(H) nsoc(H)). Hence either ab € [F + (J(H) N soc(H)):g H] that is abH <
F4+JEH) nsoc(H)) S F+soc(H) or bheF+(JH) nsoc(H)) S F+soc(H) or aheF+({JEH)nN
soc(H)) S F + soc(H). Therefore F is Pseudo-2-Absorbing submodule of .

For the opposite see the following example:

Let H =Z,3, R=Z7 and the submodule F = (12) is pseudo-2-Absorbing submodule of H since soc(Z,g) =
(8)and J(Z,5) = (6) that is for all u,v € Z and m € Z,g such that uvm € (12), implies that eitherum € F +
(s0c(Z4g)) = (12) + ((8)) = (4) orvm € F + (s0c(Z,5)) = (12) + ({8)) = (4)or uv € |F + (500(248))R:Z48] = 47,
That is 2.2.3 € (12), implies that 2.2 € |F + (soc(Zys)) .: Z4g| = 4Z . But F is not STPNQ-2-A submodule of 7,
since 3.2.2.1 € (12), but 3.2.1 & (12) + (J(Z4g) N soc(Z48’§ = (12)and 2.2.1 ¢ (12) + (J(Z4g) N soc(Z,sg) = (12).

5. Any Quasi-2-Absorbing submodule of an R-moduleX is STPNQ-2-A submodule, but not contrary.
Proof clear.
For the converse see the following example:

Let H = Z3¢, R = Z and the submodule F = (12) is STPNQ-2-A submodule of I, since J(Z34) = (6) and soc(Zz¢) =
(6). That is for all a,b,c €Z and m € Z3, such that abcm € (12) , implies that either acm € (12) + (J(Z3¢) N
s0c(Z36)) = (12) + ({6) N (6)) = (6) orbem € (12) + (J(Zse) N s0c(Z6)) = (12) + ({6) N (6)) = (6)or abm € (12) +
(J(Zse) Nsoc(Zze)) = (12) + ((6) N (6)) = (6), that is 2.3.2.1 € (12) and 3.2.1 € (12) + (J(Z3e) Ns0c(Z36)) =
(12) + ((6) N (6)) = (6) . But F is not Quasi-2_Absorbing submodule of #{, since 2.3.2.1 € (12), but 3.2.1 ¢ (12) and
2.2.1 ¢ (12).

6. Any STPNQ-2-A submodule of an R-module # is Nearly-Quasi-2-Absorbing submodule, but not contrary.
Proof clear.
For the opposite see the following example:

Let H = Z,5, R = Z and the submodule F = (24) is Nearly-Quasi-2-Absorbing submodule of M since soc(Z,g) = (8)
and J(Z,g) = (6) that is for all u,v,h € Z and m € Z,5 such that uvhm € (24), implies that either uhm € F +
(J(Zsg)) = (24) + ((6)) = (6) or vhm € F + (J(Zy45)) = (24) + ({6)) = (6) or uvm € F + (] (Z45)) = (24) + ((6)) =
(6). That is 2.4.3.1€ (24), implies that 23.1=6€ F + (J(Zsg)) = (24) + ((6)) = (6) and 43.1=T2€F +
(J(Z4g)) = (24) + ((6)) = (6). But F is not STPNQ-2-A submodule of #, since 3.4.2.1 € (24), but 3.2.1 & (24) +
(J(Zag) Ns0c(Zyg) = (24) and 4.2.1 & (24) + (J(Zsg) N 50c(Zyg) = (24) and 3.4.1 € (24) + (J(Zyg) N 50c(Zyg) =
(24).

7. Any STPNQ-2-A submodule of an R-module H is Pseudo-Quasi-2-Absorbing submodule, but not contrary.
Proof clear.
For the opposite see the following example:

Let £ =Z,3 , R =7 and the submodule F = (12) is pseudo-2-Absorbing submodule of H since soc(Z,g) =
(8)and J(Z,5) = (6) that is for all u,v,h € Z and m € Z,5 such that uvhm € (12), implies thateither uhm € F +
(soc(Z48)_) = (12) + ((8)) = (4) orvhm € F + (s0c(Z45)) = (12) + ((8)) = (4) or uvm € F + (soc(Z,5)) = (12) +
((8)) = (4). That is 2.2.3.1 € (12), implies that 2.2.1 € F + (soc(Z4e)) = (12) + ((8)) = (4) .But F is not STPNQ-2-
A submodule of #, since 3.2.2.1 € (12), but 3.2.1 & (12) + (J(Z45) N soc(Z,g) = (12) and 2.2.1 & (12) + (J(Z,5) N
s0c(Zyg) = (12).

The following proposition gives characterization of STPNQ-2-A submodules.
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Proposition 2.3 A proper submodule F of H is STPNQ-2-A submodule of ' if and only if for any a,b,c €R,
[Friyabe] [F + (J#H) nsoc(H))yab] U [F + (J(H) Nnsoc(H))grac] U [F + (@) Nsoc(H)):g be .

Proof (= ) Let x € [ F :3y abc ], then abcx € F. Since F is STPNQ-2-A submodule of #, then either acx € F +
JH) nsoc(H)) or bex € F + (J(H) Nnsoc(H)) or abx € F + (J(H) Nsoc(H)). Thus either x € [F +
JEH) nsoc(H))ye ac] or x € [F + (J(H) Nnsoc(H)) 4 bcl or x € [F + (J(H) Nnsoc(H)):y ab]. It means
thatx € [F + (J(H) nsoc(H)):ycaclU[F + J(H) Nnsoc(H)):ge bc]U[F + (JH) N soc(H)):4 ab]. Therefore
[Fiucabc] S[F +J&H) nsoc(H))iyrab] U [F + JH) Nnsoc(H))iyrac] U [F+ JH) N

soc(W)):g bc].

(&) Let abcx € F for a,b,c € R, x € H, then x € [F 5y abc]. By our hypothesisx € [F:yyabc| S [F +
JH) nsoc(H)):geab JU[F + JH) nsoc(H))iyracJU[F + JH) nsoc(H)):4 bc]. It means that either
X€ [F +JEH) nsoc(H)):g aclorx € [F+ (JH) nsoc(H)):qr bclorx € [F+ (J(H) Nnsoc(H)):4 ab].
That is either acx € F + (J(H) Nnsoc(H)) or bcx € F+ (J(H) Nnsoc(K)) or abx € F+ (J(H) Nnsoc(H)).
Therefore F STPNQ-2-A submodule of H.

Proposition 2.4 A proper submodule F of H is STPNQ-2-A submodule of # if and only if for any a,b € R and
X €EH such that abx ¢ F + (J(H) Nnsoc(H)), then [F:pabx] S [F + (JH) nsoc(H))gax] U [F+
JFH) nsoc(H)):x bx].

Proof (=) Let t € [F:zabx ], then abtx € F.Since F is STPNQ-2-A submodule of # and abx ¢ F + (J(H) N
soc(H)), it follows that either atx € F + (J(H) Nsoc(H)) or btx € F + (J(H) N soc(HK)). Thus either t €
[F + ) nsoc(H)):g ax]or tE€[F + (J(H) Nnsoc(H)):zx bx]. Hence t€e[F + (J(H) nsoc(H)):pax] U
[F+ (J#H) nsoc(H)):gbx].then[F:igabx | S [F + (JH) nsoc(H))gax] U [F + (J(H) Nnsoc(H)):g bx].

(&) Letabcx € F for a,b,c € R,x € H andlet abx ¢ F + (J(W) Nnsoc(W)). Hence € [F:rabx] S [F +
J#H) nsoc(H)):g ax] U [F + (JH) nsoc(H)):x bx]. It follows that eitherc € [F + (J(H) N soc(H)):x ax]
orc €[F + (J(H) nsoc(H)):g bx]. That is either acx € F + (J(K) Nnsoc(H)) or bex € F +(JH) N
soc(H)). Therefore F STPNQ-2-A submodule of .

Proposition 2.5 A proper submodule F of H is STPNQ-2-A submodule of H if and only if abcL < F,for a,b,c €
R and L is a submodule of H , implies that either acL S F + (J(H) Nnsoc(H)) or bck € F+ (J(H) n
soc(H)) orabL € F + (J(H) nsoc(H))

Proof (= ) Let abcL € F,for a,b,c € R and L is a submodule of H . Suppose that abL £ F + (J(H) n
soc(H)) , acL € F+ (J(H) nsoc(K)) andbcL € F + (J(H) nsoc(H)). Then there is e;, e,, e3 € L such that
abe, ¢ F+ (J(H) nsoc(H)),ace; € F+ (J(H) Nnsoc(H)) and bces; & F + (J(HK) Nnsoc(HK)).Now, abce; €F
and since F is STPNQ-2-A submodule of H with abe; € F + (J(H) N soc(H)), then either bce; EF + (J(H) n
soc(H)) or ace;, EF + (J(H) nsoc(H)). Also since abce, € F and ace, € F + (J(H) N soc(H)), then either
bce, €F + (J(H) Nnsoc(H)) or abe, €F + (J(K) Nsoc(H)). Again abce; € F and since F is STPNQ-2-A
submodule of H with bce; € F + (J(I) N soc(H)), then either ace; € F + (J(H) Nnsoc(H))or abe; € F +
(J(*H) nsoc(H)).Now, abc (e, + e, + e5) € F and F is STPNQ-2-A submodule of 7, implies that either ab(e; +
e;+e3) EF+ (JH) Nnsoc(H)) or ac(ey + ey +e3) EF + (J(H) Nnsoc(H)) or be(eg + e;+e3) EF +
J(FH) nsoc(H)). If ab(e; + e, +e3) = abe; + abe, + abe; EF + (J(H) Nnsoc(H)). But abe, EF + (J(H) n
soc(H)) and abe; €EF + (J(H) Nnsoc(H)), then abe; €F + (J(H) Nnsoc(H)) which is incongruent. If
ac(e; + e, + +e3) = ace; +ace, +ace; EF + (J(H) Nnsoc(H)). But ace; €F + (J(H) Nnsoc(H)) and ace; €
F + (J(W) nsoc(H)), then ace, € F + (J(H) N soc(H)) which is contradiction. If bc(e; + e, + e3) = bce, +
bce, + bce; EF + (J(K) Nnsoc(H)).Butbce; €F + (J(H) Nnsoc(H))and bce, €F + (J(H) Nnsoc(H)), then
bce; EF + (J(K) Nnsoc(H)) which is contradiction. Hence acLl S F + (J(K) nsoc(H)) or bcl < F +
(JH) nsoc(H))orabl € F + (J(H) nsoc(H)).

(<) Let aben € F for a,b,c € R, € H,then abc(n) S F, hence by hypothesis either ac(n) € F +
JFH) nsoc(H)) or bec(n) € F+ (J(H) Nnsoc(H)) or ab(n) € F + (J(H) Nnsoc(H)). That is either acn € F +
JH) Nnsoc(H)) or ben € F+ (J(H) Nnsoc(H)) orabn € F+ (J(H) Nnsoc(H)) . Therefore F is STPNQ-2-A
submodule of #.

Proposition 2.6 A proper submodule F of H is STPNQ-2-A submodule of # if and only if for any a,b,t € R
and A is a submodule of H with abA € F + (J(H) nsoc(H)),then [F:zabA] S [F + (JH) Nnsoc(H))gad]U
[F+ () nsoc(H)):g bA].
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Proof (=) Let ¢ € [F :gabA ], then abcA € F.Since F is STPNQ-2-A submodule of H and abA € F + (J(H) n
soc(H)), it follows that either acA € F + (J(H) Nnsoc(H)) or bcAS F + (J(H) N soc(H)). Thus either ¢ €
[F + J&H) nsoc(H)):g aldlor c €[F +(J(W) nsoc(W)):zx bA]l. Hence c € [F + (J(W) Nnsoc(W)):zad]u
[F + JH) nsoc(H)):gbA], then [F:(gabA S [F+ (J(H) Nnsoc(H)):gaA]U[F + (J(H) nsoc(H)):g bA].

(<) Let abcA € F for a,b,c € R, A is a submodule of H with abA € F + (J(H) nsoc(H)). Hence c €
[F:rabA] S [F + (JH) nsoc(H)):g ad]U [F+ (J(H) nsoc(H)):g bA]. It follows that either c€[F +
JH) Nnsoc(H)):g ad] or c€[F + (J(H) nsoc(H)):g bA]. That is either acA € F + (J(H) nsoc(¥K)) or
bcAS F + (J(H) nsoc(H)). Therefore F STPNQ-2-A submodule of H.

Proposition 2.7 Let ' be module and F be a proper submodule of . Then F is STPNQ-2-A submodule of H
ifandonlyif for every submodule A of H and for every ideals I;, I, I; of R such that [;1,I;A € F implies that either
LLACSF+ (JH) nsoc(H))or[LILASF + (J(H) Nnsoc(H)) or LI;TAS F+ (J(H) Nnsoc(H)).

Proof (=) Let;I,I;A € F ,where I;,1,,I; are ideals of R and A is a submodule of H, with [, [,A & [F+ (J(H) n
soc(H)):g H]. To prove that [ILACS F+ (J(H) Nnsoc(H)) or LIZASF+ (J(H) Nnsoc(H)) . Suppose that
LEAZF 4+ (J#) nsoc(H)) and ©LILAZLF+ (J(H) Nnsoc(HK)), that is there exist ay,a,,a; €A and a
nonzeror € I;, s €I, and t € I; such that rsa; € F + (J(H) Nnsoc(H)) and rta, ¢ F + J(H) Nnsoc(H)) and
stas € F + (J(W) Nnsoc(W)). Now, rsta; € F and rsa; € F + (J(W) Nnsoc(W)), implies that either rta; € F +
(J(H) nsoc(H)) or sta; € F+ (J(H) N soc(H)). Also rsta, € F and rta, € F + (J(H) N soc(H)), implies that
either rsa, € F + (J(H) nsoc(H))or sta, € F + (J(H) Nnsoc(H)). Again, rsta; € F and sta; € F+ (J(H) n
soc(H)), implies that either rta; € F + (J(H) N soc(H)) or rsas; € F + (J(H) nsoc(H)). Now, rst(a, + a, +
a;) € F and F is STPNQ-2-A , then either rs(a; + a, +a3) € F + (J(H) Nnsoc(H)) or rt(a; +a, +az) €F +
JH) nsoc(H)) or st(a; +a,+az) €EF+ (JH) nsoc(H)). If rs(ay +a, +a3) =rsay +rsa, +rsa; EF +
(JH) Nnsoc(H)) and rsa,, rsa; EF+ (J(H) nsoc(H)), hence rsa; € F + (J(H) Nnsoc(H)) which is a
contradiction. If rt(a, +a, +az) =rta, +rta, +rtas € F+ (J(H) Nnsoc(K)) and rta,, rta €F + (JH) n
soc(H)), hence rta, € F + (J(H) nsoc(H)) which is a contradiction. If st(a; + a, + a3) = sta, + sta, + sta; €
F+ (JH) nsoc(H)) and sta,, sta, € F + (J(W) nsoc(W)), hence staz € F + (J(K) Nsoc(H)) which is a
contradiction. Thus either I, [,A € F + (J(H) Nnsoc(H)) or LAS F + (J(H) Nnsoc(H)) or LFASF+ (JH) n
soc(H)).

(<) Suppose that abcA € F, where a, b,c € R, A is a submodule of W then (a){b){c)A S F, so by hypothesis, either
(aXb)YAS F + (J(H) nsoc(H)) or (ac)A S F + (J(H) nsoc(H)) or (bX{c)AS F + (J(H) nsoc(H)). Hence
either abA C F + (J(H) Nnsoc(H)) or acA S F + (J(H) Nnsoc(H)) or bcAS F+ (J(H) Nnsoc(H)). Then by
proposition 2.5 F is STPNQ-2-A submodule of 7.

Proposition 2.8 Let ' be module and F be a proper submodule of H. Then F is STPNQ-2-A submodule of H if and
only if for any r,s € R and [ is an ideal of R and x € W with rsIx € F implies that either rsx e F + (J(H) n
soc(H))orrix € F + (J(H) nsoc(H)) orsix € F + (J(H) nsoc(H)).

Proof (=) Let rsix € F for r,s € R and [ is an ideal of R and x € #, it follows that [ € [F:yrsx]. If rsx e F € F +
(J(H) nsoc(H)), hencersx € F + (J(H) N soc(H)), then we are done. Suppose that rsx € F + (J(H) n soc(H)),
then by proposition 2.4 [Fizrsx [ S [F + (J(H) Nnsoc(H)):grx] U [F + JH) nsoc(H)):r sx]. But rsix <
F,ithenl € [Figrsx] € [F + JH) Nnsoc(H))grx] U [F + JH) Nnsoc(H)):g sx]hence IS [F + (J(H) n
soc(H))igrx] U [F + J(H) nsoc(H):z sx], it follows that either I S [F+ (J(H) Nnsoc(W)):grx] or I S
[F + J&#H) nsoc(H)):g sx ], thuseitherrix € F + (J(H) Nnsoc(H)) orsix € F + (J(H) N soc(H)).

(&) Let rstx € F for r,s,t € R and x € H, that is rs{t)x € F. It follows by hypothesis either rsx € F + (J(H) n
soc(H)) or r{t)x € F + (J(H) Nnsoc(H)) or s{t)x € F + (J(HK) nsoc(H)). Hence either rsx e F+ (J(H) n
soc(H)) or rtx € F + (J(H) nsoc(H)) or stx €F + (J(H) N soc(H)). Therefore F is STPNQ-2-A submodule of
H.

From the proposition 2.7 and proposition 2.8 we get the following corollaries.

Corollary 2.9 Let H be module and F be a proper submodule of . Then F is STPNQ-2-A submodule of H if and
only if for every ideals I;,I;,I3 of R and x € W such that I;I,I;x € F implies that either 1 Lx S F + (J(H) N
soc(H)) or [Izx € F + (J(H) Nnsoc(H)) or Li;zx € F + (J(H) Nsoc(H)).
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Corollary 2.10 Let ' be module and F be a proper submodule of H. Then F is STPNQ-2-A submodule of H
ifandonlyif for each r € R and any ideals I,] of R and every submodule A of W with r[JA € F implies that either
rTACF+ (J(H) nsoc(H))orrJAS F+ (J(H) Nnsoc(H)) or JAS F + (J(H) nsoc(H)).

Corollary 2.11 Let ' be module and F be a proper submodule of . Then F is STPNQ-2-A submodule of H if and
only if for any r,s € R and any ideal I of R and every submodule A of H with rsIA € F implies that either rsA <
F+ JEH) nsoc(H))orrlASF + (J(H) Nnsoc(H)) orslA S F+ (J(H) Nnsoc(H)).

Corollary 2.12 Let H be an R-module and F be a proper submodule of . Then F is STPNQ-2-A submodule of H if
and only if for every ideals I,J] of R and x € W, with IJx € F + (J(H) Nnsoc(H)),[F:ixlJx] € [F+ JFH) n
soc(H)):g Ix] U [F + soc(H) + J(H):g Jx].

Before proving the following proposition, we need the following lemmas .

Lemma 2. 13 &{7 Ex.(12) (c)] An R _module H isa semi simple ifand only if for each submodule F of H ,

SOC(
F

JFH)+F

Lemma 2.14 [ 7, Ex(12), P. 239] Let F be a submodule of a semi simple R _module # thenJ (;—[) ==

Proposition 2.15 Let H is a seml simple R-module F and A are submdul%s for H'such that A € F, and F is a
proper submodule of H. If A and — are STPNQ-2-A submodules of H and — respectlvely, then F is STPNQ-2-A
submodules of .

Proof Let I,I,I;m € F, for I, 1,,I; are idealsof R, m € H.So I, ,Is(m + A) = I, ,Iym+ A € z IfLLI;m < Aand A
is STPNQ-2-A submodules of W,implies that by corollary (2.9) either I,,mcS A + (]é{) Nnsoc(H))c F+
JEH) nsoc(H)) or [LIim C A+ (J(H) nsoc(H)) S F+ (J(H) nsoc(H)) orlhbim S A+ (J(H) nsoc(H)) <
F+JEH) N soc(f]-();) hence F is STPNQ-2-A submodules f]c}r . So, we may assume that ;,l;m € A. It follows
at [ LI;(m+ A but < is STPNQ-2-A submodules o , again by corollary (2}[) either I Lm+A4)c -
H H A
J ] +(1() j"
e 1

A
nsoc (& orll?,(m+A)Cf

- ) Nisoc (j{ or 15 (m + ,2+ (HA @( )n soc (=) ). Since H 1s a
rr}l}[s)lmglgo‘g en by lemmas (2. 107\] 2. Hlj&i{‘ghel}ﬂlof;( { +A4)c ot ]’i 5 1 3(m+A) c =
s c c
( ) r I,I;(m + A) -l:ng](}H Arlsoc(ﬂ) ) jIEBut A T),lt fj(r)+ls%\cf\(/§[)that A+E(}?)cr£m}€2ﬁ F+ soc(&-[)

and A +](7-[§' (q hence = { ( — ). Thus either
LI,(m+ A) S (2B LAES) or L1 (m+4) c w r I,I(m +A3 c FHUOD 0s0c8) s that
either I, I,m € F + (]/z}[) n Soc(}[))or LIzim< F+ (f(}[) n soc(f]-[))or LIs;m<c F+ f/(f}[) N soc(H)). Hence
by corollary (2.9) F is STPNQ-2-A submodules of H.

Remark 2.16 The junction of two STPNQ-2-A submodules of an R_module H need not be an STPNQ-2-A submodule.
The following example explain:

Consider the Z_module Z, and the submodules £=(5) and Q=(6) are STPNQ-2-A submodules of the Z_module Z,
(because (5) and (6) are 2-Absorbing of Z4, ), but £ N Q = (30) is not STPNQ_2_Absorbing, since 2.3.5.1 € (30), but
2.5.1 ¢ (30) + (](260) n soc(z60)) (30) and 3.5.1€ (30) + (J(Zeo) Ns0c(Zgp)) = (30) and 2.3.1 ¢ (30) +
(J(Zeo) N s0c(Zsy)) =

The above remark is fulfilled under the condition.
But before that we need the following lemma.

Lemma 2.17 [ 7 , Lemma. ( 2.3.15)] Let £ , Q and B be submodule of an R_module H with Q < B . Then
(L +QNB =(LNB)Y+Q=(L NB)+ (Qn B).

Proposition 2.18 Let £ and F be a proper submodules of an R-module #, with J(H) N soc(H) € L or J(H) N
soc(H) € F.If L and F are STPNQ-2-A submodules of 7, then L N F is STPNQ-2-A submodule of 7 ..

Proof

Letrsix € LNF,forr,s € R, x € H and [ is an ideal of R, it follows that rsIx € £ and rsIx € F. But both £ and F
are STPNQ-2-A submodules of #, then by proposition (2.8) we have either rsx € L + (J(H) Nnsoc(H)) or rix S
L+ JH)Nnsoc(H)) or sixS L+ [JH)Nsoc(H)) and rsx € F + (J(H) nsoc(H)) or rix €F + J@FH) N
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soc(H)) or six € F + (J(H) nsoc(H)) .Thus either rsx € (L + (J(H) Nnsoc(H))) N (F + JH) nsoc(H))) or
rix € (L+ (JH) Nnsoc(H))) N (F+ JH) Nnsoc(H)) or six€c (L+JEH)Nsoc(HEN)INF+JEH)N
soc(H))). If J(H) Nnsoc(H) < F,then F + J(H) Nnsoc(H) = F. Hence either rsx € F N (L + (J(I) N soc(F))) or
rix SFN(L+ (J(H)Nnsoc(H))) or six SFn(L+ (JFH)Nsoc(H))). Therefore by lemma 2.17 we get either
rsx E(LNF)+ (JH) Nnsoc(H)) or rix S (LNF)+ (JFH)Nsoc(H)) or six € (LNTF)+ JEH) Nnsoc(H)).
Hence by proposition 2.8 L N F is STPNQ-2-A submodule of . In similar way £ N F is STPNQ-2-A submodule of H
if J(H)Nnsoc(H) € L.

3.The Relations Of STPNQ-2-A Submodules With 2-Absorbing Submodules And Other Form Of Submodules.

In this section we introduce the relations Of STPNQ-2-A submodules with 2-Absorbing submodules and other form
of submodules.

The opposite of Remarks and Examples 2.2 (2) is true under certain conditions.
But before that we need the following lemma.
Lemma 3.1 [ 7, prop . (9.14) (c)] If H is a semi-simple R-module, then J(H) = 0.

Proposition 3.2 Let H be a cyclic semi-simple R_module, 4 is a propersubmodule of H . Then A is STPNQ-2-A of H
if and only if A is 2_Absorbing submodule of H.

Proof (=) Let aby € A for a,b € R, y € H, then Jan element ¢ € R such that y = ch, hence aby = abch € A. Since A
is STPNQ-2-Absorbing, then either abh € A+ (J(H) Nnsoc(H)) or bch€ A+ (J(H) Nnsoc(H)) or ach € A+
(J(H)Nnsoc(H)). That is either ab € [A+ (J(H) Nnsoc(H)):gh] =[A+ J(H) Nnsoc(H)):gH] or by e A+
J(H)Nnsoc(HK)) or ay € A+ (J(H) nsoc(H)), Since G is semi-simple, then by lemma (3.1) J(H) =0, so
J(H) nsoc(H)) = (0) nsoc(H) = (0). Thus either ay € A or by € A or ab € [A:g H]. Hence A is a 2_Absorbing
submodule of H.

(<) Direct.
Before proving the following proposition, we need the following lemma.
Lemma 3.3 [10] If H is a regular R-module, then J( H) = 0.

Proposition 3.4 Let H be a cyclic regular R_module, and A is a propersubmodule of H . Then A is STPNQ-2-A of H
if and only if A is 2_Absorbing submodule of H.

Proof Follows as in proposition 3.2 and use lemma 3.3.
The opposite of Remarks and Examples 2.2 (3) is true under certain conditions.

Proposition 4.4 Let 7 be an R_module, and A ¢ H with soc(H) = H.Then A is Nearly_2_Absorbing if and only if
A STPNQ-2-A submodule of .

Proof (=) Let abcy € Afora,b,c €R, y € H, thatis ab(cy) € A. Since A is Nearly-2-Absorbing, then either a(cy) €
A+J(H)orb(cy) eA+J(H)orabH S A+ J(H), thatis aby € A+ J(H). Thus eitheracy € A+ J(H) or bcy €
A+J(H)orby €A+ J(H).ButJ(H) S H,so J(H)NH =J(H), thatis either acy €A + J(H) NH or bcy €
A +J(H)NnHoraby € A +J(H) nIH.Since soc(H) = H it follows that eitheray € A + (J(H) Nnsoc(H)) or
byeA +(J(H)nsoc(H))oraby €A + (J(H)Nsoc(H)) ThusAis STPNQ-2-A submodule of H.

(<) Direct.
Before proving the following proposition, we need the following lemma.

Lemma 3.5 [ 4,prop (2.8)] Let A be a Nearly 2-Absorbingsubmodule of an R-module H with J(#) € A. Then A is 2-
Absorbing submodule.

Proposition 3.6 Let  be an R_module,and A ¢ H with J(H{) € A. Then the following are Valente:
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1. A is STPNQ-2-A submodule of #.
2. A is Nearly_2_Absorbingsubmodule of H.
3. A is 2_Absorbingsubmodule of 7.
Proof (1) = (2) Direct Remarks and Examples 2.2 (3).
(2) > (3) Direct by lemma 3.5.
(3) = (1) Direct Remarks and Examples 2.2 (2).
The converse of Remarks and Examples2.2 (4) is true under certain conditions.
But before that we need the following lemma.
Lemma 3.7 [20,lemma (2.3)] If an R-module H is an injective, then J(H) = H.

Proposition 3.8 Let H be an injective R_module, and ¢ H . Then 4 is Pseudo_2_Absorbing if and only if A is STPNQ-
2-A submodule of .

Proof (=) Letabcy € Afora,b,c € R,y € H, thatis ab(cy) € A. Since A is Pseudo-2-Absorbing, then either a(cy) €
A+ soc(H)orb(cy) €A+ soc(H)orabH € A+ soc(H), thatis aby € A + soc( H). Therefore either acy € A +
soc(H) or bcy € A+ soc(H) or aby € A+ soc(H). But soc(H) € H, so H Nsoc(H) = soc(H), that is either
acy €A +H Nnsoc(H)orbcy €A +H nsoc(H) oraby €A +H nsoc(H). Since H is an injective, then by
lemma 3.7 J(H) = H, it follows that either acy € A + (J(H) Nsoc(H)) or bcy €A + (J(H) nsoc(H)) or
aby €A + (J(H) nsoc(H)). Thus A is STPNQ-2-A submodule of H.

(<) Direct.
Before proving the following proposition, we need the following lemma.

Lemma 3.9 [ 5;remark (1.2)] It is clear that every 2-Absorbingsubmodule of an R-module H is Pseudo 2-
Absorbingsubmodule.

Proposition 3.10 Let H be an R_module, and A ¢ H with soc(H) € A and J(H) € A . Then the following are
Valente:

1. A is 2_Absorbingsubmodule of H.

2. A is Pseudo_2_Absorbingsubmodule of H.

3. A is STPNQ-2-A submodule of .

4. A is Nearly_2_Absorbingsubmodule of .
Proof (1) = (2) Direct by lemma 3.9.

(2) > (3) Letabcy € Afora,b,c € R,y € H, that is ab(cy) € A. Since A is Pseudo-2-Absorbing, then either a(cy) €
A+ soc(H) or b(cy) €A+ soc(H) orabH S A+ soc(H), that is aby € A+ soc(H).Thus either acy € 4 +
soc(H) or bcy € A+ soc(H) or aby € A + soc(H). But soc(H) € AthenA + soc(H) = A, and. Thus we have
eitheracy e A + J(H) Nnsoc(H))orbcy €A + (J(H)Nsoc(H)) oraby € A + (J(H) Nsoc(H)) .Thatis A
is STPNQ-2-A submodule of H.

(3) = (4) Direct Remarks and Examples 2.2 (3).
(4) > (1) Direct by lemma 3.5.

The opposite of Remarks and Examples 2.2 (5) is true under certain conditions
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Proposition 3.11 Let ' be an R_module, and 4 is a proper submodule of H with J(H) € A and oc(H) € A. Then
A is STPNQ_2_ Absorbing submodule of # if and only if A is Quasi 2_Absorbing submodule of .

Proof (=) Let A be a STPNQ-2-A submodule of an R-module H and abcy € A4, for a,b,c € R, y € H. Since A is
STPNQ-2-A submodule of H, then either acy € A + (J(H) Nnsoc(H)) or bem € A + (J(H) N soc(H)) or aby €
A +J(H)nsoc(H)). But J(H) € A and soc(H) € 4, it follows that J(H) Nsoc(H) € A, that is J(H) N
soc(H) = A. Thus either acy € A or bcy € Aor aby € A . Hence A is a Quasi 2_Absorbing submodule of H.

(<) Direct.

The opposite of Remarks and Examples 2.2 (6) is true under certain conditions.

Proposition 3.12 Let ' be an R_module with J(H) = soc(H), and A € H. Then A is Nearly Quasi _2_Absorbing if
and only if 4 is STPNQ-2-A submodule of .

Proof Direct by taking J(H) = J(H) N soc(H).

Proposition 3.13 Let H be a multiplication R_module, and 4 is a proper submodule of H with J(H) € A . Then the
following are Valente:

1. A is STPNQ-2-A submodule of .

2. A is Nearly Quasi _2_Absorbingsubmodule of H.

3. A is Quasi 2_Absorbingsubmodule of .

4. A is 2_Absorbingsubmodule of .
Proof (1) = (2) Direct Remarks and Examples 2.2 (3).
(2) = (3) Let abcy € A, for a,b,c €R, y € H. Since A is Nearly Quasi-2-Absorbing submodule of 7, then either
acy€A +J(H)or bem €A +J(H) or aby €A +J(H). But J(H) S A then A +J(H) = A, that is either
acy € A or bcy € Aor aby € A. Thatis A is Quasi 2_Absorbing submodule of K.
(3) > (4) Letaby € Afora,b € R,y € H, since I is a multiplication then y = I’H for some ideal I of R, hence aby =
abIH < A. Since A is Quasi -2-Absorbing, then either alH S A or bIH S A or abH < A. That is either ay € A or
by € Aorab € [A:g H]. Thatis A is 2_Absorbing submodule of (.
(4) = (1) Direct Remarks and Examples 2.2 (2).

The opposite of Remarks and Examples 2.2 (7) is true under certain conditions.

Proposition 3.14 Let £ be an R_module with soc(H) € J(H), and A c H with. Then A is Pseudo Quasi
_2_Absorbing if and only if 4 is STPNQ-2-A submodule of #.

Proof (=) Let abcy € A, for a,b,c € R, y € H. Since A is Pseudo Quasi-2-Absorbing submodule of #, then either
acy €A +soc(H)orbcy €A +soc(H) oraby €A + soc(H).But soc(H) € J(H), then soc(H)NJ(H) =
soc(H), so eitheracy €A + (J(H) Nsoc(H)) orbcy €A + (J(H) Nnsoc(H)) or aby €A + (J(K) Nnsoc(H)).
Thatis A is STPNQ-2-A submodule of .

(<) Direct.

Before proving the following proposition, we need the following lemma.
Lemma 3.15 [5, Remarks and Examples(2.1.2)(4)] Every pseudo 2-Absorbingsubmodule of an R-module # is a
pseudo Quasi 2-Absorbingsubmodule of an R-module H.

Proposition 3.16 Let 7 be a multiplication R_module, and A a proper submodule of ' with soc(H) € J(H) and
(H) € A.Then the following are Valente:

1. A is 2_Absorbingsubmodule of H.
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2. A is Pseudo_2_Absorbingsubmodule of H.

3. A is Pseudo Quasi _2_Absorbingsubmodule of H.
4. A is STPNQ-2-A submodule of H.

5. A is Nearly_2_Absorbingsubmodule of H.

6. A is Nearly Quasi _2_Absorbingsubmodule of .

7. A is Quasi 2_Absorbingsubmodule of .
Proof (1) = (2) Direct by lemma 3.9.
(2) = (3) Direct by lemma 3.15.

(3) > (4) Let abcy € A, for a,b,c ER, y € H. Since A is Pseudo Quasi-2-Absorbing submodule of H, then either
acy €A +soc(H)orbcy €A +soc(H) oraby €A + soc(H).But soc(H) € J(H), then soc(H)NJ(H) =
soc(H), so eitheracy €A + (J(H)Nsoc(H))orbecy €A + (J(H) Nsoc(H)) oraby €A + (J(K) Nnsoc(H)).
Thatis A is STPNQ-2-A submodule of H.

(4) = (5) Direct Remarks and Examples 2.2 (3).

(5) > (6) Let abcy € Afor a,b,c €R, y € H, that is ab(cy) € A. Since A is Nearly-2-Absorbing, then either a(cy) €
A+J(H) or b(cy) EA+J(H) orabH € A+ soc(H), that is aby € A+ J(H).Thus either acy € A+ J(H) or
bcy e A+ J(H)oraby € A+ J(H). Thatis Nearly Quasi _2_Absorbing submodule of .

(6) = (7) Let abcy € A, for a,b,c € R, y € . Since A is Nearly Quasi-2-Absorbing submodule of H, then either
acy €A +J(H)or bem€A +J(H) or aby€A +J(H). But J(H) S A then A +J(H) = A, that is either
acy € A or bcy € Aor aby € A. Thatis A is Quasi 2_Absorbing submodule of K.

(7) > (1) Letaby € Afora,b € R,y € H, since I is a multiplication then y = I’H for some ideal I of R, hence aby =
abIH < A. Since A is Quasi -2-Absorbing, then either alH € A or bIH S A or abH < A. That is either ay € A or
by € Aorab € [A:g H]. Thatis A is 2_Absorbing submodule of .
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