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1. Introduction

Mathematicians use the random norm where the usual norm is not suitable. Therefore, popularization the normed
space to random normed space is of specific significance. The topic of stability, which was inquiry from S.M.Ulam
[10] in1940 expanded hugely in numerous spaces and using different equations. Mathematicians scientists have
accomplished success in various ways, including fixed point method [1,2,6,7,8,9,11,12]. The stability of many other
functional equations where also investigated in random normed spaces[RN -space ].

In this article, we discuss the stability of the cubic functional equation(1.1) in a random normed space reach
successful outcomes through the fixed point method.

2. 2. Preliminaries

Definition (2.1)[3]: "A function A:[0, 1]2— [0, 1] is said a triangular norm, if Asatisfies the following four axioms :"
(D) &G, y) =&, % );

@) &3 AY, 0=ABG ¥), 0

() A (%, 1)=,V2%,y€ [0, 1];

(4) A (%, y) <A (z, S) when x <z where y <S,V %, ¥, 7, S € [0, 1].
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Definition (2.2)[3]:" A random normed space (briefly, RN -space ) is a triple (X, ¢, A), where Xis a vector
space. £ is a continuous t-norm and g is a mapping from X into D+ satisfying the following conditions:"

(1), (b)=¢, (b)Vb>0= =0,V 4 EK;

(2) oa,(b) = 2., () Vg € X, and A # O;

(3) #ysy (b+P) 24 (§,(b), o, (P)) V%, y EXand b, P=0.
Definition (2.3)[3] " Let (X, ¢, &) be an RN -space

(1) A sequence {A,} in R is said to be convergent to a point A € R if, for any € > 0 and A > 0, there exists a positive
integer N such that o, _5(g) >1-2,¥n>N.

(2) A sequence {A,, } in Xis called a Cauchy sequence if, for any € > 0 and A > 0, there exists a positive integer N such
that o, s, ()>1-2,Vnzm=zN.

(3) An RN-space (R, ¢, &) is said to be complete, if every Cauchy sequence in X is convergent to a point in A."

Definition(2.4)[5] ;" Let X be a set. A mapping E: & XX —[0,o]is called a generalized metric on X if and only if E
satisfies the following conditions:

MEK,Y)=0 x=y;
RIE®,Y)=EY,x )VKYER;
BEMI<EMRYI+E(Y,JVKY,ZER."

3. Theorem Luxemburg-Jung'’s [4]:

Let (X, E) be a complete generalized

metric space and B : X—X be a strict contraction with the Lipschitz constant f3 €
(0, 1) such that E (x0, B (x0)) <+2° for some x0 € X. Then we have the following:
(a) B has a unique fixed point x® in the set {E (x0, B (x0)) <+° for some x0 € KX}.

(b) For all x € W, the sequence { B n(x)} converges to the fixed point x®);

(c) E (x0, B (x0)) < § implies d. (x®, x0) < ﬁ

4-Main Results

Theorem 4.1. consider X as a real linear space,  function from X to a complete RN-space (y, ¢, AM) with R (0)
= 0 and the function ¢: X2—D+ where

D+={C:CeA*, limC(x) =1}and A" is a distance distribution function there is & € (0, 27) where
X—00

3,3y (Ob) 20y (b) (1.2)

foreachx,y e Xwhereb > 0.If

#psrc.y) (b)> by (b) (1.3)



Atheer Mnaathar Shalaal, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(1) 2023, pp Math. 1-6 3

for each x,y € X where b > 0, where

DsB(x,y) =3 R +3¥)-R(3 1k +y)-12 [B(x + y)+B(K - y)]-80 R(y)+48 B(x)
there is Single cubic function Z:X— y" where

£3209-na ()> & o (K b) (1.4)

for each x € K where b >0, and K = (27— &).

2(3'x)
33J }

where Z(x) = _lim{
j—ooo

Proof By setting y" = 0 in (1.3), we get

81 (310-278() (B) 2 0 (b)

for each k € X where b > 0 and hence

JO%B @9k (P) = 80%(,3 319)-27R (K))(b) = (g (39)-278 () (27D) = dyx0(27b)
for each x € X where b > 0. Consider C(x, b) := ¢ o (27 b).

let H={Z:X—y:Z(0) = 0}where the function E G indicated by H X H by
EC(Z, T) = inf{n € R+: 930010 (nb) > C(x, b), V K € X, b > 0}.

Then (A, EG) is a complete generalized metric space. Suppose the linear
function £:A —H indicated by L(Z(x)) := % Z (3 %)

prove the L is a strictly contractive function of H by Lipschitz

constant m = % Correct,letZ, T € I be the function So that EC(Zh) <e.
Then 4- 1) (€t) 2 C(x, b) for each x € X where b > Owhere
Prao-1) (375D = (239~ TGW) (3552) = P(az0-1099) (@ED)

> C(3k, ®b)

for each k € X where b > 0. Where C(3 x,&0b ) > C(x, b), we have
Praco-t169) (5 Eb) = C(g,b)

EC(Z T)<e= EC(LZ LT) < %s

It follows EC(LZ, £ T) < 2“—7 Ec(ZT)VZ TinHA.

Next, from g, (0-Lr (3}s)(b) > C(x, b) This means EC(f3, £R ) < 1. By the theorem Luxemburg-Jung’s, prove the
27
presence of a fixed point t, the presence of a function Z: X =y which thatZ (3 k) =27Z (k) VK E X,

for each x € X where b> 0, EC(u,v) <e =g (b)>C (lg, %)
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it follows E (L 8, Z)—0 the 11m {8(3 K)} = Z%(x) , V x € X. Also, from

EC(R,Z) <

27

#7008 () (27 — )> C(x, b) Vb > 0 where k € K. It follows that

Pz00-- ()= C ( ) for each x € X where b >0 that means

220098 6 (B) 20 o ((27-69)) b for each € X where b > 0.

at last, the singularity of . results from reality that Z is Single fixed point of L. which that there is S € (0,°°) where
#700-8 () (Sb) 2C(x,t) V k € Xand t > 0.Now the proof is complete

Corollary 4.2. consider X the real linear space, f the function from X to a complete RN-space (Y, ¢, Au) and

satisfying §pgp(c ) (b) 2 b+£”}§ n ———V K,y eXwhereb>0.

there is Single cubic function Z:X— y’

Satisfies (1.1)where

b
pZ(K)_T(K) (b)2 W Vlg EN where b>0.

(27-®)

—_ i (BB
where Z(x) = ]lLrglo{ ST } .

b
b+ellgoll

Proof. The outcome will be reached immediately, if put ¢,., (b) =

in Theorem (3.1). Vx,y € X and b > 0 And choose 0< & < 27.

corollary 4.3. consider X the real linear space, R the function from X to a complete RN-space (Y, #,#Av) and

b
o S
satisfying §pgp(c ) (b) 2 VIR Iy I Vk yE€Xwhereb>0,R€ER

there is Single cubic function Z:X— y" Satisfies (1.1)where

b
@Z(K)_h(}g)(b) m VIS EX,V=0 whereb > 0.

(27-®)

where Z(x) = hm {g(3]}g}

b

Proof. The outcome will be reached immediately, if put ¢, ., (b) = SV

in Theorem (4.1).Vx,y € X, V= 0andb > 0. And choose 3R < o < 27,R € R.

Corollary 4.4.consder X the real linear space, f the function from & to a complete RN-space (Y, , Au) and satisfying

1]
Ppsosy) (b) 21— 70V K E Rand b>0.

there is Single cubic function Z:X— y" Satisfies (1.1) where

I |l
&OZ(IQ)—h(lg)(b)Z 1- m A4 K eXandb > 0.
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where Z(x) = ]lirg{ = }
Proof. The outcome will be reached immediately, if put ¢,.,- (b) = bﬂ;}g .
0

in Theorem (4.1).Vk,y € X and b > 0. And choose 3< & < 27.

5. Conclusion

In this paper, the stability of the cubic functional equation (1.1) has been proved and satisfied in the range of the
random normed space (RN —space) by using the fixed point method. Finally, we contributed our works to obtained

good results by applying our model as mentioned in the above equation.
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