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1. Introduction

In this article, all rings R are associative with unity, and all modules are left unitary. We will go through some of the key
definitions that we will require in our work. Let £ be a module and # a submodule of u, denoted by f# < u. Also, we refer
to the direct summand g of u by B <® u. Principally semisimple module is a module which all its cyclic submodules are
direct summand [1]. An essential module £ in u symbolized by f = u, is a submodule which satisfying # N'Y = 0 implies
Y = 0 for any Y in u [2]. As dual, a submodule g of u called to be small in g, denoted by B < u if, whenever u = g + Y for
Y < pimplies Y = p [1]. Zhou and Zhang [3] recall that, a submodule ¥ of p is called generalized small, which gives the
symbol Y &, g, if for B 9 pwithu =Y + B implies f = p. Again Zhou and Zhang gave the definition of Jacobson
generalized radical of an R-module p as; Rad,(u) = N{Y 2 u|Y is maximal in p} = Z{Y|Y Ky pl. ffp=Y+Band¥ n
B K4 B, then Bis called a g-supplement of Y'in u [4]. Letpube a module, ¥, <pandu =Y + fsuch that¥ n B <
Rad (B), then B is called a generalized radical supplement, briefly g-radical supplement of ¥ in g [5]. In this paper, we are
going to present the concept of a Principally g-radical supplemented modules and give eight equivalent definitions. next
some of the numerous this class's properties of modules and their relationships to other types of modules.

ENCLATURE

+Corresponding author
Email addresses:

Communicated by ‘sub etitor’


mailto:thaar.younis@qu.edu.iq

2 R.N. Mirza and T. Y. Ghawi, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(1) 2023, pp Math. 7-13

2. Principally g-radical Supplemented Modules
First, we will start in presenting our main definition.

Definition 2.1. A module u is said to be principally g-radical supplemented (briefly, P-g-radical supplemented)if for
every cyclic submodule B of p, there exists a submodule ¥ of g such thatp = g+ Y and B NY < Rad,(Y).

Examples 2.2.

(1) Let R = Z and p = Z4. All g-small submodules of g are 0, 2Z,4, 4734, 6Z,4, 8Z34 and 12Z,,, hence Rad,(p) =
274- Let Y be any cyclic submodule of u. So we have three cases:

- if Y = p, then trivially 0 is a g-radical supplement of ¥ in pu.
-if3Zys #Y cpthenY + p=pandY Nu =Y < 27,4 = Rad ().

-if Y = 3Zy,. Let B = 4Z,,, then Y + B = p. It is clear to see that every submodule of g is g-small, then Rad () =
B.Hence Y N B = 12Z,4 < 47,4 = Rad4(B).

This means that every submodule of phas a g-radical supplement in u. Hence u = Z,4is a P-g-radical
supplemented as Z-module.

(2) Consider p = R = Z. Letn,m € Z, withged(n,m) = 1, then nZ + mZ = Z. But Rad,(nZ) < Rad,(Z) = 0 for
any n € Z,, we deduce nZ N mZ = (nm)Z # 0, that is nZ N mZ ¢ Rad,(nZ) and nZ N mZ & Rad,(mZ). Hence,
Z-module Z is not P-g-radical supplemented.

Theorem 2.3. Let u be a P-g-radical supplemented duo R-module. Then every direct summand of p is P-g-radical
supplemented.

Proof. Let u = p; @ u, be a P-g-radical supplemented duo R-module and let a € p;. ThereisY < pywith u = aR +
YandaRNY < Rady(Y). By the modular law, gy = aR + (uy NY). By [6, Lemma 2.1],Y = (4, nY) D (u, NY).
We prove thataR N (g NY) € Rady,(py NY).Ifx €aRNn(gynY)andasaR N (u; NY) SaRNY, thenx €aRn
Y, so thatx € Rady(Y). Thus xR <, ¥, by [4, Lemma 5]. AsxR < p; NY <97, it follows that xR Kgp NY,by[7,
Proposition 3.2], thus xR € Rad,(uy NY), and hence x = x.1 € xR < Rad, (p, NY) that is what we have to prove.
]

Now, we must to prove the next lemma.

Lemma 2.4. Suppose u = ; @ u, =Y + Bis an R-module and Y < u,. If uis weakly distributive and ¥ n g S
Rad,(B),thenY n B < Rady(uq N B).

Proof. Leta € Y N B, then a € Rady(PB) and so aR K, B, by [4, Lemma 5]. As pis weakly distributive, B = (uy N
B D u,NnP).AsaR <Y < pu,and aR < BthenaR < u, N B <® B, [7, Proposition 3.2] implies that aR Lg U1 N
B, therefore aR < Rad (1 N B), hencea=a.1 € aR S Rad,(u N B). m

Theorem 2.5. Let u be a weakly distributive R-module and p; <® . If pis a P-g-radical supplemented R-module,
then p, is so P-g-radical supplemented.

Proof. Letu = puy @ p, be a distributive P-g-radical supplemented and a € u,, for some u, < pu. There is a
submodule B of p such that p = aR + B and aR N B < Rad (B), as pis P-g-radical supplemented. By the modular

law, we haveuy =y nu=pNn(@R+pB)=aR+ @ NP). Asu=pu, ®u, =aR+pf,aR < p; andaRn B c
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Rad,(B), we deduceaR N B =aRn (uy NP) S Rady(uy N B), by Lemma 2.4. This mean that g, N Bis a P-g-
radical supplement of aR in p4, and so y, is P-g-radical supplemented. [ ]

Proposition 2.6. Let u = p;®u, @ ... such that u; are P-g-radical supplemented modules {u;| i € I}. IfaR < u, is
fully invariant for some a € y, then p is P-g-radical supplemented.

Proof. We will prove when I = {1, 2}. Suppose that u = p; @ u, is an R-module and a € u. By hypothesis, aR is
fully invariant, then aR = (aR N pu,) @ (aR N u,), by [6, Lemma 2.1]. Since aR N puq and aR N p, are cyclic
submodules of g, and u, respectively, then there exist a submodule Yof u; such thatpu; = (aR N py) +Y and
(@aRNp)NY =aRNY S Rady(Y), and B < p, such that u; = (@RNpy) + B and (aRNpu) NB=aRnpc
Rady(p). Hence p = py + p, = aR + (Y + B). Now we have aR n (Y + ) = (aRNY) + (aR N B). Therefore aR N
(Y + B) € Rady(Y) + Rady(B) € Rady(Y + B). Hence p is P-g-radical supplemented. m

Recall [6] If all submodules of a module u are fully invariant,then M is called a duo module. A submodule A of a
module u is called distributive if AN(B+C)=ANB)+(ANC)orA+(BNnC)=(A+B)n(A+C) for all
submodules B, C of u. Recall [8] A module pis said to be distributive if all submodules of u are distributive. A
submodule A of a module u is weak distributive if A = (AN X) + (ANY) for all submodules X,Y of ywithX +Y =
1. A module u is said to be weakly distributive if every submodule of y is a weak distributive submodule of p.

Proposition 2.7. Let u = yu; @ u, be a direct sum of P-g-radical supplemented R-modules y; and u,. If every cyclic
submodule of u is weak distributive, then y is P-g-radical supplemented.

Proof. Analogous proof of Proposition 2.6. m
Corollary 2.8. Let u be a module,

(1) If uis duo and u = u; ®u, @ ... Then y; are P-g-radical supplemented modules {y;| i € I}if and only if u is P-g-
radical supplemented.

(2) if u is weakly distributive and u = p; @ y,. Then y, and y, are P-g-radical supplemented modules if and only if u
is P-g-radical supplemented.

Proof. (1) Clear by Theorem 2.3 and Proposition 2.6.
(2) Clear by Theorem 2.5 and Proposition 2.7. m

Lemma 2.9. If f: u — B is a homomorphism and f is a g-radical supplement in u such that Kerf < §, then f(f) is a
g-radical supplement in f(u).

Proof. If f is a g-radical supplement in y, then there isY < uwithY + f = pandY n g S Rady(f). Thusf(¥) +

f(B) = f(w). Since Kerf < B, then f(Y)nf(B) =f(¥ np) < f(Rady()) S Rady(f(B)). This means f(B) is a g-
radical supplement of f(¥V)in f(u). =

In following, we will investigate the factors of P-g-radical supplemented modules under some cases.

Proposition 2.10. Let y be a P-g-radical supplemented R-module and f < p. If any cyclic submodule of y has a g-
radical supplement contains 8, then p/p is P-g-radical supplemented.

Proof. Suppose that aR is any cyclic submodule of /g, then aR = (aR + )/f for some a € u. By hypothesis, there
exists Y < usuchthat  <Y,aR +Y = pand aR N Y S Rad,(Y). Consider a natural map m: u — u/B. Since Kerm =
B <Y,sobyLemma 2.9, n(Y) is a g-radical supplement of (aR) = (aR + §)/B = @R in u/f, and this completes the
proof. m

The next instance declare the converse of Proposition 2.10 is not correct, in general.
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Example 2.11. LetR = Z and u = Z/247 = Z,4. We illustrate by Example 2.2(1) thatZ/24Zis a P-g-radical
supplemented as Z-module, while the Z-module Z does not be P-g-radical supplemented, see Example 2.2(2).

Proposition 2.12. Letube a distributive P-g-radical supplemented R-module. Then u/Rad,(u) is principally
semisimple.

Proof. Suppose pis a P-g-radical supplemented R-module and let @R be a cyclic submodule of u/Rad,(u), then
mR = (aR + Radg(u))/Radg(u) for some a € u. Then there is a submodule g of usuch thataR + f# = pand

aRNBCS Rady,(B) .  Therefore ~we get that , p/Rady(p) = (aR + Radg(u))/Radg () +
(B + Rady(n))/Rad,(n) = mR + (B + Rady(n))/Rad,(u) . Also, since p is distributive, we have mR N
((B + Rad;(1))/Rad, (1) = [(aR + Rady () N (B + Rad,(w))]/Rad, (1) = ((aR n

B) + Rady (w))/Rad (1) € (Rad,(B) + Rady(pw))]/Rad,(1) = Rady(p) . Therefore, we have pu/Rady(p) =
mRO(B + Rady(1))/Rad,(p), and hence u/Rad,(u) is principally semisimple. =

Corollary 2.13. Letube a distributive P-g-radical supplemented R-module. Then u/Rad, () is P-g-radical
supplemented.

Proposition 2.14. Let a: u; = 5 be an R-epimorphism, where p4 is a P-g-radical supplemented R-module such
that any cyclic submodule of u contains Kera. Then u, is P-g-radical supplemented.

Proof. Let aR be any cyclic submodule of y,, then a = a(a) for some a € pu,. Since y, is a P-g-radical supplemented
R-module and aR < p,, then there isY < pq such thataR +Y = p; andaRNY < Rad,(Y). It follows that mR +
a(Y) = p,. By assumption Kera < aR, thus a(aR) na(Y) = a(aRnY) € a(Rad,(Y)) € Rady(a(Y)) that is
aRna(Y) € Rad,(a(Y)).So a(Y) is a g-radical supplement of aR in p,, and then , is P-g-radical supplemented.
]

Corollary 2.15. Let u be a P-g-radical supplemented R-module and ¥ < p. If any cyclic submodule of p contains ¥,
then u/Y is P-g-radical supplemented.

Proof. Consider the natural epimorphism map m: g - u/Y. As Kerm =Y, then by assumption, every cyclic
submodule of u contains Kerm, so that u/Y is P-g-radical supplemented, by Proposition 2.14. =

Proposition 2.16. If an R-module u = u;®u,. Then u, is P-g-radical supplemented if and only if for any cyclic
submodule ¥'/p, of u/p,, there is a submodule B of p; suchthatuy = g+ Y and B NY S Rad,(B).

Proof. Suppose thatpu,is P-g-radical supplemented. Let 8/u,be a cyclic submodule of u/pu;. Then B/puq =
(xR + py)/pq and x = a4 + a, where a; € py, @, € u,. Thus B/uy; = (@R + w1)/p4. Hence there is Y < p,with
H2 = ;R + Y witha,RNY < Rad (Y). It follows that B = R+ pyand p = py + (a;R+Y) = B+ Y. Now, we
have BNY =(a;R+u ) NY <[a;RN (U1 + ]+ [N (@R+Y)]. As uyyn(aR+Y)Spunpu, =0, we
deduce that BNY < a,RN (11 +Y) < azR, and soBNY < a;RNY. Since a,RNY < Rady(Y), we get BNY <
Rad,(Y). Conversely, assume a;, € p,. Consider the cyclic submodule (a;R + p1)/pq of /4. By our assuming,
there is Y < p, with p = (azR + py) + Y and (R + py) NY < Rady(Y). By the modular law, we deduce that
U= Np=UuN ((a2R+u1) +Y) =(R+Y)+ (u,Nnpy) =a,R+Y. It is enough to show ¥ n (uq +
a;R) =a, RN (u +Y) =a,RNY  Therefore, a, RN (i +Y) <[ N ¥ +a,R)]+[¥Yn(azR+p)]=YnN
(azR+py) <[azRNn (g + )]+ [y N ¥+ azR)] =a,RN (g +Y), since yy N (¥ +a,R) Spuynpuy, =0. It
follows that ¥ N (pq + @;R) = a; RN (ug +Y) = a;RNY. Hence a;RNY < Rady(Y). Therefore pu, is principally
g- radical supplemented. =

Proposition 2.17. Letube a P-g-radical supplemented R-module and ¥ < u. If ¥ N Rady(u) =0, thenY is
principally semisimple. In particular, a P-g-radical supplemented R-module p with Rad,(u) = 0is principally
semisimple.
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Proof. Leta €Y. Since pis a P-g-radical supplemented R-module, then there is § < pwith g =aR + fandaRn
B € Rad,(B) < Rad,(p). By the modular law, ¥ =Y nu=Yn(aR+pB)=aR+ ¥ NnP).AsaRn (¥ nB)c¥Yn
Rad,(n) = 0,we getY = aR®(Y N B). Hence aR <® Y, and so Y is principally semisimple. =

Proposition 2.18. Let u be a cyclic and P-g-radical supplemented module over a PIDR (Principal ideal domain ring).
Then u = Y@ for some principally semisimple module ¥ and some module # with essential generalized radical.

Proof. Since Rad,(p) < p, there is a submodule ¥ of p such that Y®Rad,(u) 2 p. Since Y N Rad,(u) = 0and pa

P-g-radical supplemented R-module, then by Proposition 2.17, ¥ is principally semisimple. Since u is a cyclic module
overa PID R,and Y < pu, then Y is a cyclic submodule. As p is P-g-radical supplemented, there is a submodule 8 of u
such thatu =Y + Band¥Y N B S Rad,(B) € Rad,(p). AsY NRady(p) =0, thenY N B =0. Thuspu =YDP. It

follows that Rad (1) = Rad ,(Y®B) = Rad,(Y)®Rad,(B), by [9, Corollary 2.3]. Hence Y®Rad,(u) =
Y®Rad,(B). Therefore Y©Rad,(B) = p = YD, then by [3, Proposition 5.20] Rad,(f) = . =
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