Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(1) 2023, pp Math. 46-51

o S0k COMputey ¢
B e, . . . -
4%% Available online at www.qu.edu.ig/journalcm

2
g JOURNAL OF AL-QADISIYAH FOR COMPUTER SCIENCE AND MATHEMATICS
ISSN:2521-3504(online) ISSN:2074-0204(print)

University Of AL-Qadisiyah

2-Semi-Bounded Linear Operators

Ahmed M Azeez 9, Laith K Shaakir?

aDepartment of Mathematics, College of Computer Science and Mathematics, Univ. of Tikrit, Iraq. Email: Ahmedm.azeez@tu.edu.iq

bDepartment of Mathematics, College of Computer Science and Mathematics, Univ. of Tikrit, Iraq . Email: dr.laithkhaleel@tu.edu.iq

ARTICLEINFO ABSTRACT

In this Article, we introduced a new definition of 2- semi bounded operator in 2- inner
product space. Then, we investigate a new Space of bounded operators and proved it as
vector space. After that we show this space as Banach space. Finally, we discussed some

properties of this space.
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1. Introduction
Gahler is the first one who introduced 2- inner product space in 1963 [1] [2] define as [3]

1- Let W be a vector space with dim(X) > 1 over field K = R. Assume that(.,.|. )W XW XW — C the
conditions are below satisfying

1) (x,x|z2)=0Vx,z €W and (x ,x|z) = 0iff x,z dependent
2) (x,x|z) =(z,z|x)

3) (x,yl2)= (y,x|2) Vx,y,z €W

4) (ex ,ylz)=¢(x ,y|lz) wheree €K

5) (x+x,yl2) < (x1,yl2) +(x2,yl2)

2- So, the (. ,.].)is said to be 2- pre-Hilbert on W and (W, (. ,.|.)) is called 2-inner space. In [4] defined the
2-normed space as below

Assume W vector space over field R with dim W > 1. The map ||.,.|| : W X W — R satisfy the conditions below:
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1) llx,yll=0 vx,y €W and|lx,yll =0 iff x and y dependent
2) e, yll =y, =l
3) llex,yll= lelllx,yll Vx,yeEWande€R
4) lxy+x,yll < Hlxg, yll + Hlxz, il
So the||., .|| is said to be 2 — normed on W

and (W, ||.,.l|) is called 2 — normed spaces . Every 2-inner product space (2-pre-Hilbert space) is 2-normed space
[5] and we can define the 2-norm as

llx, zll = V(x , x| 2)

After that 2- pre- Hilbert space structures were developed by several researcher as Frees et al, Gahler, Cho et al,
Diminnie et al and Gunawan et al [6] [7] [8] [9] [10] [11] [1] [2] [12] [13]. The definition of 2- linear operator and
many properties of 2- linear operators were mention by P. K. Harikrishnan , K. T. Ravindran and Giles [14] [15].
Also, many authors discussed bounded linear operator [16] [17] [18]. Finally, there are many researchers discuss
semi-normed space and its properties [19].

The definitions of Cauchy sequences and convergent sequence was given as below [20] :
Let {x,} be a sequence in 2-inner product space, we say

1- {x,} convergent to x if and only if rlli_r){)lollxn —x,b||=0 Vb.

2- {x,} Cauchy sequence if and only ifnlr;lrllmllxn —Xmbll=0, VbeEX.

In [16] define of continuous function as Let T: (X, ||,]]) = (X, |I,1]). We say Tis continuous at x, ifve>0385 >0
such that if ||x — x,, b|| < &, then [|T(x) — T(x,), b|l < €V b.

Also, in [21] there is another definition of continuous function was defined as let f: X — X, we say f is continuous if
and only if for every {x,,} = x, then f(x,) = f(x).

2. Main Results.

We will give a new definition of 2-semi- bounded operators define on 2-inner product space.

Definition 2.1 Let X be 2-inner product space and T: X = X be a linear then T is 2-semi-bounded function if3 ¢ >
0 s.t

|< Tx,Tx, b >| < c?|< x,x,b >| x, b independent (M)
Define ||T||z = inf {c: where c satisty (*)}.
Definition 2.2 Let X be 2-inner product space and define the space
Bs(X) ={T:X —» X |Tis linear and T satisfy ()} is called 2-Semi- bounded space.
Before discuss about anything in this space we have to show this space as vector space
Theorem 2.3 B, (X) is vector space with respect to the usual addition and multiplication operation of functions.

Proof clearly B;(X) # @ because I € B;(X), Now, LetT,, T, € Bi(X). So there existc;,c, = 0satisfy |<
T,x,Tyx,b >| < c2|< x,x,b >|V x,b independent and |< Tox,T,x,b >| < c3|< x,x,b >| Vx,bindependent
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= T,,T, linear and bounded

= T, +T, linear

To Complete the proof of this theorem we have to prove T, + T, bounded
< Ty + Ty(x), Ty + To(x),b >|

=|<Tyx, Tix,b > +< Tyx,Tox,b > +< Ty,x, Tyx,b > + < Tyx,Tox,b >|

S |<Tyx, Tix,b >| + 2|< Tyx, Tox, b >| + |< Tyx, Tox, b >|

< <xxb>+2<Tix,Tyx,b > /< Tox,Tyx,b >+ ¢ <x,x,b >  Vx,bindependent
< Clz <x,xb>+2c,c, <x,x,b> +c22 <x,x,b> V x, b independent
Hence|< T, +T,(x), T, + T,(x),b >| <(c; +¢)* <x,x,b> V x, b independent
ThusT, + T, bounded
SoT, + T, € By(X)
To provex T € By(X) where <€ R.
LetT € B,(X) wherea €R,
So, thereisc >0 s.t. |[<Tx,Tx,b >| < c?|< x,x,b >| x, b independent
SinceT is linear = < T islinear
Only we have to prove more < T is bounded
|<x Tx,o¢ Tx, b >| = |x|?|< Tx,Tx,b >|
< |x|?c?|< x,x,b >| x, b independent
= « T is bounded
= « T € By(X)
The other conditions of vector space are easily satisfied some omit the proves

= By (X) is vector space

Proposition 2.4 If T € B(X), £ = sup{ f% : x,b independent}, then £ = ||T||5,
x,b o

Proof Let £ = sup{ /w :x,b independent}
x,b <x,x,b>
So, ¢ is upper bounded for the set { /% :x,b independent}

= £ <c Vcsatisty (%)
= £ <|Tllp, &y,

By definition of ¥,
<Tx),T(x),b>

= <x,x,b>

= ¢ € {c:csatisfy ()}

< ¢? x,b independent
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= ITllg, =inf{c} <€ = £ =Tz,

Corollary 2.5 LetT € B;(X)then |< Tx,Tx,b >| < ||T||,235|< x,x,b >| for any x, b independent

. , TX,Tx,b
Proof if x, b independent then we have =eTxb> < ||T||§S

<x,x,b>
<Tx,Tx,b>
<x,x,b>

Then |< Tx,Tx,b >| < |IT||3,1< x,x,b >|

=

< |ITll3,

After we proved B, (X)as a vector space and we define on this space a function. We will show that this space is Semi-
normed space.

Lemma 2.6 the space B;(X)is normed space where ||T||z, = inf {c: where ¢ satisfy (x)}

<Tx,Tx,b>
<x,x,b>

> IITlls, =0 VT E€BX)

2) ll< Tllg; = sup{ /% where x,b indep}

<Tx,Tx,b> .
= || sup{ T where x,b indep}

Proof since =0 Vx,b indep.

= |o<| | T|l5, VT EB,(X) and Va €R

, : b .
3) IITy + T2 llg; = sup{ % , x,bindependent}

<T1x,T1X,b>+<T1x,Trx,b>+<Tyx,T1Xx,b>+ <Tpx,Tx,b> .
= sup{ / 1= 102 Callt 272 , x,b independent}
a\. <x,x,b>
7111 <x.2,b>+2 1Tyl pg I T2l Bg<x,x,b>+ T2 1§ <x,x,b> . . . .
< sup{\[ £ ixxbi £ , x,bindependent} (By using Cauchy-Schwartz inequality)

= SUP{J(||T1||BS + ||T2||Bs)2 ,x and b independent}
= ITullg, + T2l 5,
= (Bs(X), . 115,) is semi normed space.
Proposition 2.7 Let TS € B;(X) V S,T € By(X).
Proof Let x, b isindependent
Case 1) ifS(x) = 0 then this inequality < T(Sx),T(Sx),b >< c% < Sx,Sx,b > is true
So, TS is bounded
Case2)if S(x) #0
IfS(x),x dependent Then S(x),b are independent also S(x) = ax
< T(Sx),T(Sx),b >< c% < Sx,Sx,b > = c% < ax,ax,b >= c?a® < x,x,b >
= TS is bounded
Case 3) Ifx, S(x) independent. Then
< TSx,TSx,b >< c% < Sx,Sx,b >

< cZc <x,x,b >
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ThusTS € B,(X)
Theorem 2.8 Let X be 2-Hilbert space, then B;(X) be complete semi normed space.
Proof Let {T,} be Cauchy sequence in B;(X)
(i.e) T — Tllpy) = 0
We need to show that. {T;,;} » T and T € B,(X)
Case 1: if x,b independent
Since {T,,} Cauchy sequence
So, |< Tp(x) = Ty (), T (x) — T (x), b >|
=< T, = Tn(x), Ty — Tn(x), b >|
<|T, — Tm”BS(X) <x,x,b>->0 nm-o Vb
~ {T,(x)} Cauchy sequence
Thus {T,, (x)} convergent in X because it is complete.
Say {T,,(x)} = T(x)
T.P. T € B,(X)
First prove T is linear
{To(xy +x)} > T(xg +x3) e (10
Also {T,(x1) + T (x2)} = T(x) +T(xp) e (2)
Because T, (x; + x3) = T,,(x1) + T, (x3)
From (1) and (2) and unique of convergent p
We gave T(x; + x,) = T(xy) + T(xy)
{T,(x x)} = T(ox x) and {ox T, (x)} =< T(x)
Because {T,,(x x)} = {«x T,,(x)}
= T(xx)=0cT(x)
T is linear.
T.P. T € B,(X)
<Tx,Tx,b>=<Tx —Tyx+Tpx,Tx — Tyx +Tx,b >
<Tx—Tx,Tyx —Tx,b > +< Tyx — Tx,Tx,b > +< T, x,Tyx — Tx,b > +< Tpx,Tyx,b >< 0+ 0+ 0+ c? = c?
= Te€B,X)

= B,(X) is semi complete normed space
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