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A B S T R A C T 

      In this Article, we introduced a new definition of 2- semi bounded operator in 2- inner 
product space. Then, we investigate a new Space of bounded operators and proved it as 
vector space. After that we show this space as Banach space. Finally, we discussed some 
properties of this space. 
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1. Introduction 

      Gahler is the first one who introduced 2- inner product space in 1963 [1] [2] define as [3] 

1- Let W be a vector space with dim(𝑋) > 1 over field K = R. Assume that ( .  , . | . ): 𝑊 × 𝑊 × 𝑊 →  ℂ  the 
conditions are below satisfying  

1) ( 𝑥  , 𝑥| 𝑧) ≥ 0  ∀ 𝑥 , 𝑧 ∈ 𝑊  𝑎𝑛𝑑 ( 𝑥  , 𝑥| 𝑧) = 0 𝑖𝑓𝑓 𝑥, 𝑧 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡  

2) ( 𝑥  , 𝑥| 𝑧) = ( 𝑧  , 𝑧| 𝑥) 

3) ( 𝑥  , 𝑦| 𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ =  ( 𝑦 , 𝑥| 𝑧)  ∀𝑥, 𝑦, 𝑧 ∈ 𝑊 

4) ( 𝜀 𝑥  , 𝑦| 𝑧) = 𝜀 ( 𝑥  , 𝑦| 𝑧)   𝑤ℎ𝑒𝑟𝑒 𝜀 ∈ 𝐾 

5) ( 𝑥1 + 𝑥2  , 𝑦| 𝑧) ≤  ( 𝑥 1 , 𝑦| 𝑧) + ( 𝑥 2 , 𝑦| 𝑧) 

2- So, the ( .  , . | . ) is said to be 2- pre-Hilbert on W and (W, ( .  , . | . ))  is called 2-inner space. In [4] defined the 
2-normed space as below 

Assume W vector space over field R with dim W > 1. The map ‖. , . ‖ ∶ 𝑊 × 𝑊 → 𝑅 satisfy the conditions below: 

mailto:Ahmedm.azeez@tu.edu.iq
mailto:dr.laithkhaleel@tu.edu.iq


2  Ahmed M Azeez and Laith K Shaakir , Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 15(1) 2023 , pp  Math.   46–51

 

1) ‖𝑥 , 𝑦‖ ≥ 0   ∀𝑥, 𝑦 ∈ 𝑊    𝑎𝑛𝑑 ‖𝑥 , 𝑦‖ = 0  𝑖𝑓𝑓 𝑥 𝑎𝑛𝑑 𝑦 𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 

2) ‖𝑥 , 𝑦‖ = ‖𝑦 , 𝑥‖ 

3) ‖𝜀 𝑥 , 𝑦‖ =  |𝜀| ‖𝑥 , 𝑦‖    ∀ 𝑥 , 𝑦 ∈ 𝑊 𝑎𝑛𝑑 𝜀 ∈ 𝑅 

4) ‖𝑥 1 + 𝑥2, 𝑦‖ ≤  ‖𝑥1 , 𝑦‖ + ‖𝑥2 , 𝑦‖ 

So the‖. , . ‖ 𝑖𝑠 𝑠𝑎𝑖𝑑 𝑡𝑜 𝑏𝑒 2 − 𝑛𝑜𝑟𝑚𝑒𝑑 𝑜𝑛 𝑊  

𝑎𝑛𝑑 (𝑊 , ‖. , . ‖ ) 𝑖𝑠 𝑐𝑎𝑙𝑙𝑒𝑑 2 − 𝑛𝑜𝑟𝑚𝑒𝑑 𝑠𝑝𝑎𝑐𝑒𝑠 . Every 2-inner product space (2-pre-Hilbert space) is 2-normed space 
[5] and we can define the 2-norm as  

‖𝑥, 𝑧‖ = √( 𝑥  , 𝑥| 𝑧)  

 

After that 2- pre- Hilbert space structures were developed by several researcher as Frees et al, Gahler, Cho et al, 
Diminnie et al and Gunawan et al [6] [7] [8] [9] [10] [11] [1] [2] [12] [13]. The definition of 2- linear operator and 
many properties of 2- linear operators were mention by P. K. Harikrishnan , K. T. Ravindran and Giles [14] [15]. 
Also, many authors discussed bounded linear operator [16] [17] [18]. Finally, there are many researchers discuss 
semi-normed space and its properties [19]. 

The definitions of Cauchy sequences and convergent sequence was given as below [20] : 

Let {𝑥𝑛} be a sequence in 2-inner product space, we say 

1- {𝑥𝑛} convergent to 𝑥 if and only if lim
𝑛→∞

‖𝑥𝑛 − 𝑥, 𝑏‖ = 0              ∀𝑏. 

2- {𝑥𝑛} Cauchy sequence if and only if lim
𝑛,𝑚→∞

‖𝑥𝑛 − 𝑥𝑚, 𝑏‖ = 0,        ∀ 𝑏 ∈ 𝑋. 

In [16] define of continuous function as Let 𝑇: (𝑋, ‖, ‖) → (𝑋, ‖, ‖). We say 𝑇is continuous at 𝑥0 if ∀ 𝜖 > 0 ∃ 𝛿 > 0 
such that if ‖𝑥 − 𝑥0, 𝑏‖ < 𝛿, then ‖𝑇(𝑥) − 𝑇(𝑥0), 𝑏‖ < 𝜖 ∀ 𝑏.  

 Also, in [21]  there is another definition of continuous function was defined as let 𝑓: 𝑋 → 𝑋, we say 𝑓 is continuous if 
and only if for every {𝑥𝑛} → 𝑥, then 𝑓(𝑥𝑛) → 𝑓(𝑥). 

  

2.  Main Results. 

    We will give a new definition of 2-semi- bounded operators define on 2-inner product space.  

Definition 2.1 Let 𝑋 be 2-inner product space and 𝑇: 𝑋 → 𝑋 be a linear then 𝑇 is 2-semi-bounded function if ∃ 𝑐 ≥
0  s.t.  

 |< 𝑇𝑥, 𝑇𝑥, 𝑏 >| ≤ 𝑐2|< 𝑥, 𝑥, 𝑏 >|              𝑥, 𝑏 independent         ….(*)   

Define ‖𝑇‖ℬ = inf {𝑐: 𝑤ℎ𝑒𝑟𝑒 𝑐 𝑠𝑎𝑡𝑖𝑠𝑡𝑦 (∗)}.  

Definition 2.2 Let 𝑋 be 2-inner product space and define the space 

  𝐵𝑠(𝑋) = {𝑇: 𝑋 → 𝑋 |𝑇𝑖𝑠 𝑙𝑖𝑛𝑒𝑎𝑟 𝑎𝑛𝑑 𝑇 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (∗)}  is called 2-Semi- bounded space. 

Before discuss about anything in this space we have to show this space as vector space  

Theorem 2.3 𝐵𝑠(𝑋) is vector space with respect to the usual addition and multiplication operation of functions. 

Proof clearly 𝐵𝑠(𝑋) ≠ ∅  because 𝐼 ∈ 𝐵𝑠(𝑋) , Now, Let 𝑇1, 𝑇2 ∈ 𝐵𝑠(𝑋) . So there exist 𝑐1, 𝑐2 ≥ 0 𝑠𝑎𝑡𝑖𝑠𝑓𝑦  |<
𝑇1𝑥, 𝑇1𝑥, 𝑏 >| ≤ 𝑐1

2|< 𝑥, 𝑥, 𝑏 >| ∀ 𝑥 , 𝑏 independent    and  |< 𝑇2𝑥, 𝑇2𝑥, 𝑏 >| ≤ 𝑐2
2|< 𝑥, 𝑥, 𝑏 >|       ∀ 𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 



 Ahmed M Azeez and Laith K Shaakir, Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 15(1) 2023 , pp  Math.   46–51          3 

 

  ⇒    𝑇1, 𝑇2 linear and bounded  

  ⇒    𝑇1 + 𝑇2 linear 

To Complete the proof of this theorem we have to prove  𝑇1 + 𝑇2 bounded 

 |< 𝑇1 + 𝑇2(𝑥), 𝑇1 + 𝑇2(𝑥), 𝑏 >| 

 = |< 𝑇1𝑥, 𝑇1𝑥, 𝑏 > +< 𝑇1𝑥, 𝑇2𝑥, 𝑏 > +< 𝑇2𝑥, 𝑇1𝑥, 𝑏 > + < 𝑇2𝑥, 𝑇2𝑥, 𝑏 >| 

  ≤ |< 𝑇1𝑥, 𝑇1𝑥, 𝑏 >| + 2|< 𝑇1𝑥, 𝑇2𝑥, 𝑏 >| + |< 𝑇2𝑥, 𝑇2𝑥, 𝑏 >|  

  ≤ 𝑐1
2 < 𝑥, 𝑥, 𝑏 > +2√< 𝑇1𝑥, 𝑇1𝑥, 𝑏 > √< 𝑇2𝑥, 𝑇2𝑥, 𝑏 >+ 𝑐2

2 < 𝑥, 𝑥, 𝑏 >        ∀ 𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡  

   ≤ 𝑐1
2 < 𝑥, 𝑥, 𝑏 > +2𝑐1𝑐2 < 𝑥, 𝑥, 𝑏 > +𝑐2

2 < 𝑥, 𝑥, 𝑏 >              ∀ 𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 

 Hence |< 𝑇1 + 𝑇2(𝑥), 𝑇1 + 𝑇2(𝑥), 𝑏 >|  ≤ (𝑐1 + 𝑐2)2 < 𝑥, 𝑥, 𝑏 >         ∀ 𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡 

Thus 𝑇1 + 𝑇2 bounded 

So 𝑇1 + 𝑇2  ∈ 𝐵𝑠(𝑋) 

To prove ∝ 𝑇 ∈ 𝐵𝑠(𝑋) where ∝∈ 𝑅. 

Let 𝑇 ∈ 𝐵𝑠(𝑋)   𝑤ℎ𝑒𝑟𝑒 𝛼 ∈ 𝑅,  

So, there is 𝑐 ≥ 0      𝑠. 𝑡.  |< 𝑇𝑥, 𝑇𝑥, 𝑏 >| ≤ 𝑐2|< 𝑥, 𝑥, 𝑏 >|              𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡          

Since 𝑇 is linear  ⇒  ∝ 𝑇  is linear 

Only we have to prove more ∝ 𝑇 is bounded 

  |<∝ 𝑇𝑥, ∝ 𝑇𝑥, 𝑏 >| = |∝|2|< 𝑇𝑥, 𝑇𝑥, 𝑏 >|     

   ≤  |∝|2𝑐2|< 𝑥, 𝑥, 𝑏 >|              𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡       

  ⇒   ∝ 𝑇 is bounded  

  ⇒   ∝ 𝑇 ∈ 𝐵𝑠(𝑋) 

The other conditions of vector space are easily satisfied some omit the proves 

  ⇒   𝐵𝑠(𝑋) is vector space 

Proposition 2.4 If 𝑇 ∈ ℬ(𝑋), ℓ = 𝑠𝑢𝑝
𝑥,𝑏

{√
<𝑇(𝑥),𝑇(𝑥),𝑏>

<𝑥,𝑥,𝑏>
∶  𝑥, 𝑏 independent}, then ℓ = ‖𝑇‖ℬ𝑠

 

 

Proof Let ℓ = 𝑠𝑢𝑝
𝑥,𝑏

{√
<𝑇(𝑥),𝑇(𝑥),𝑏>

<𝑥,𝑥,𝑏>
∶  𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡} 

So, 𝑐 is upper bounded for the set  {√
<𝑇(𝑥),𝑇(𝑥),𝑏>

<𝑥,𝑥,𝑏>
∶  𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡} 

⇒  ℓ ≤ 𝑐      ∀ 𝑐 satisfy (*) 

⇒  𝓵 ≤ ‖𝑻‖𝓑𝒔
           (1) 

By definition of ℓ. 

⇒   
< 𝑇(𝑥), 𝑇(𝑥), 𝑏 >

< 𝑥, 𝑥, 𝑏 >
≤ ℓ2   𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡            

⇒  ℓ ∈  {𝑐: 𝑐 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (∗)}  
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⇒ ‖𝑻‖𝓑𝒔
= 𝒊𝒏 𝒇{𝒄} ≤ 𝓵  ⇒  ℓ = ‖𝑇‖ℬ𝑠

 

 

Corollary 2.5  Let 𝑇 ∈ 𝐵𝑠(𝑋)then  |< 𝑇𝑥, 𝑇𝑥, 𝑏 >| ≤ ‖𝑇‖𝐵𝑠
2 |< 𝑥, 𝑥, 𝑏 >| for any x, b independent 

Proof  if x, b independent then we have  √
<𝑇𝑥,𝑇𝑥,𝑏>

<𝑥,𝑥,𝑏>
≤ ‖𝑇‖𝐵𝑠

2  

    ⇒      |√
<𝑇𝑥,𝑇𝑥,𝑏>

<𝑥,𝑥,𝑏>
| ≤ ‖𝑇‖𝐵𝑠

2   

   Then |< 𝑇𝑥, 𝑇𝑥, 𝑏 >| ≤ ‖𝑇‖𝐵𝑠
2 |< 𝑥, 𝑥, 𝑏 >| 

After we proved 𝐵𝑠(𝑋)as a vector space and we define on this space a function. We will show that this space is Semi-
normed space. 

 

Lemma 2.6 the space 𝐵𝑠(𝑋)is normed space where ‖𝑇‖ℬ𝑠
= inf {𝑐: 𝑤ℎ𝑒𝑟𝑒 𝑐 𝑠𝑎𝑡𝑖𝑠𝑓𝑦 (∗)} 

Proof  since  
<𝑇𝑥,𝑇𝑥,𝑏>

<𝑥,𝑥,𝑏>
≥ 0       ∀𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝. 

  ⇒    ‖𝑇‖𝐵𝑠
≥ 0          ∀ 𝑇 ∈ 𝐵𝑠(𝑋) 

2)  ‖∝ 𝑇‖𝐵𝑠
= sup{ √

<∝𝑇𝑥,∝𝑇𝑥,𝑏>

<𝑥,𝑥,𝑏>
  𝑤ℎ𝑒𝑟𝑒  𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝} 

                    =  |∝| sup{ √
<𝑇𝑥,𝑇𝑥,𝑏>

<𝑥,𝑥,𝑏>
  𝑤ℎ𝑒𝑟𝑒  𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝} 

                   = |∝| ‖𝑇‖𝐵𝑠
            ∀ 𝑇 ∈ 𝐵𝑠(𝑋)    𝑎𝑛𝑑  ∀𝛼 ∈ 𝑅   

3)  ‖𝑇1 + 𝑇2‖𝐵𝑠
=  sup{ √

<𝑇1+𝑇2𝑥,𝑇1+𝑇2𝑥,𝑏>

<𝑥,𝑥,𝑏>
  ,   𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡}  

   =  sup{ √
<𝑇1𝑥,𝑇1𝑥,𝑏>+<𝑇1𝑥,𝑇2𝑥,𝑏>+<𝑇2𝑥,𝑇1𝑥,𝑏>+ <𝑇2𝑥,𝑇2𝑥,𝑏>

<𝑥,𝑥,𝑏>
  ,   𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡}   

 ≤ sup{ √
‖𝑇1‖𝐵𝑠

2 <𝑥,𝑥,𝑏>+2 ‖𝑇1‖𝐵𝑠‖𝑇2‖𝐵𝑠<𝑥,𝑥,𝑏>+‖𝑇2‖𝐵𝑠
2 <𝑥,𝑥,𝑏>

<𝑥,𝑥,𝑏>
  ,   𝑥, 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡}    (By using Cauchy-Schwartz inequality) 

  = sup{√(‖𝑇1‖𝐵𝑠
+ ‖𝑇2‖𝐵𝑠

)
2

         , 𝑥 𝑎𝑛𝑑 𝑏 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡}   

  = ‖𝑇1‖𝐵𝑠
+ ‖𝑇2‖𝐵𝑠

  

  ⇒  (𝐵𝑠(𝑋), ‖. ‖𝐵𝑠
) is semi normed space. 

Proposition 2.7 Let 𝑇𝑆 ∈ 𝐵𝑠(𝑋)   ∀  𝑆, 𝑇 ∈ 𝐵𝑠(𝑋). 

Proof  Let  x, b is independent  

Case 1) if S(x) = 0 then this inequality   < 𝑇(𝑆𝑥), 𝑇(𝑆𝑥), 𝑏 >≤ 𝑐𝑇
2 < 𝑆𝑥, 𝑆𝑥, 𝑏 > is true 

So, TS is bounded 

Case 2) 𝑖𝑓 𝑆(𝑥) ≠ 0 

If 𝑆(𝑥), 𝑥  dependent Then 𝑆(𝑥), 𝑏 are independent also 𝑆(𝑥) = 𝛼𝑥 

  < 𝑇(𝑆𝑥), 𝑇(𝑆𝑥), 𝑏 >≤ 𝑐𝑇
2 < 𝑆𝑥, 𝑆𝑥, 𝑏 > =  𝑐𝑇

2 < 𝛼𝑥, 𝛼𝑥, 𝑏 > = 𝑐𝑇
2𝛼2 < 𝑥, 𝑥, 𝑏 >  

  ⇒    𝑇𝑆 is bounded  

Case 3) If x, S(x) independent. Then  

  < 𝑇𝑆𝑥, 𝑇𝑆𝑥, 𝑏 >≤ 𝑐𝑇
2 < 𝑆𝑥, 𝑆𝑥, 𝑏 > 

                ≤ 𝑐𝑇
2𝑐𝑆

2 < 𝑥, 𝑥, 𝑏 >  
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Thus 𝑇𝑆 ∈ 𝐵𝑠(𝑋)    

Theorem 2.8 Let 𝑋 be 2-Hilbert space, then 𝐵𝑠(𝑋) be complete semi normed space. 

Proof  Let  {𝑇𝑛} be Cauchy sequence in 𝐵𝑠(𝑋)  

(i.e)   ‖𝑇𝑛 − 𝑇𝑚‖𝐵𝑠(𝑋) →  0    

We need to show that. {𝑇𝑛} → 𝑇 and 𝑇 ∈ 𝐵𝑠(𝑋)  

Case 1: if x,b independent 

Since {𝑇𝑛} Cauchy sequence 

So,  |< 𝑇𝑛(𝑥) − 𝑇𝑚(𝑥), 𝑇𝑛(𝑥) − 𝑇𝑚(𝑥), 𝑏 >|  

 = |< 𝑇𝑛 − 𝑇𝑚(𝑥), 𝑇𝑛 − 𝑇𝑚(𝑥), 𝑏 >|    

   ≤ ‖𝑇𝑛 − 𝑇𝑚‖𝐵𝑠(𝑋) < 𝑥, 𝑥, 𝑏 > → 0   𝑛, 𝑚 → ∞      ∀𝑏  

 ∴  {𝑇𝑛(𝑥)} Cauchy sequence 

Thus {𝑇𝑛(𝑥)} convergent in 𝑋 because it is complete. 

Say {𝑇𝑛(𝑥)} → 𝑇(𝑥)  

T.P.   𝑇 ∈ 𝐵𝑠(𝑋) 

First prove 𝑇 is linear 

 ∵    {𝑇𝑛(𝑥1 + 𝑥2)} → 𝑇(𝑥1 + 𝑥2)      ……(1) 

Also {𝑇𝑛(𝑥1) + 𝑇𝑛(𝑥2)} →  𝑇(𝑥1) + 𝑇(𝑥2)       ……(2) 

Because 𝑇𝑛(𝑥1 + 𝑥2) = 𝑇𝑛(𝑥1) + 𝑇𝑛(𝑥2) 

From (1) and (2) and unique of convergent p 

We gave 𝑇(𝑥1 + 𝑥2) =  𝑇(𝑥1) + 𝑇(𝑥2) 

   {𝑇𝑛(∝ 𝑥)} → 𝑇(∝ 𝑥) and {∝ 𝑇𝑛(𝑥)} →∝ 𝑇(𝑥) 

Because {𝑇𝑛(∝ 𝑥)} = {∝ 𝑇𝑛(𝑥)} 

  ⇒    𝑇(∝ 𝑥) = ∝ 𝑇(𝑥) 

 𝑇 is linear.  

T.P.  𝑇 ∈ 𝐵𝑠(𝑋)  

 < 𝑇𝑥, 𝑇𝑥, 𝑏 >  = < 𝑇𝑥 − 𝑇𝑛𝑥 + 𝑇𝑛𝑥, 𝑇𝑥 − 𝑇𝑛𝑥 + 𝑇𝑛𝑥, 𝑏 >   

 < 𝑇𝑛𝑥 − 𝑇𝑥, 𝑇𝑛𝑥 − 𝑇𝑥, 𝑏 > +< 𝑇𝑛𝑥 − 𝑇𝑥, 𝑇𝑛𝑥, 𝑏 > +< 𝑇𝑛𝑥, 𝑇𝑛𝑥 − 𝑇𝑥, 𝑏 > +< 𝑇𝑛𝑥, 𝑇𝑛𝑥, 𝑏 > ≤ 0 + 0 + 0 + 𝑐2 = 𝑐2  

 ⇒    𝑇 ∈ 𝐵𝑠(𝑋)  

   ⇒    𝐵𝑠(𝑋)  is semi complete normed space 
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