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1. Introduction and preliminaries

Graph theory is closely related with set theory and matrix theory. Mathematics' topological graph theory has a
wide range of theoretical and practical applications [1, 2, 3, 4, 5, 8, and 9]. We predicted that topological graph
structure will play a crucial role in bridging the gap between topology and applications. For all concepts and
notation relating to graph theory, we cite Harary [6], and for all terms and notation relating to topology, we cite
Moller [7]. These graph theory essential concepts are listed in [10]. A und. g. or graph is pair Q = (0(Q), £(Q))
where 0(Q) is a non-empty set whose elements are called points or vertices (called vertex set) and £(Q) is the set of
unordered pairs of elements of O(Q) (called edge set). An edge of a graph that joins a vertex to itself is called a loop.
If two edges of a graph are joined by an vertex then these edges are called the edges g incident with the edges g;.
The set of g is {Q; € £(Q): 9;incident with ¢} and the edges ¢ non incident with the edges g;. The set of @ is {g; €
£(Q): g;nonincident with @}. A sub graph of a graph () is a graph each of whose vertices belong to 0(Q2) and each of
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whose edges belong to £(Q). An empty graph if the vertices set and edge set is empty. A degree of a vertex s in a
graph Q is the number of edges of Q incident with . Let Q = (0(Q), £(Q)) be und. g. and a edge ¢ € £(Q).The
incident edges set of @is denoted by IE(Q) and defined by IE(Q) = {9, € £(Q): @;incident with 9} and The non-
incident edges set of gis denoted by NIE(Q) and defined by NIE(Q) = {9; € £(Q): 9;nonincident with g}. The
incident edges system (resp. non incident edges system) of an edge ¢ € £({) is denoted by IES(Q) (resp. NIES(Q))
and defined by : 1ES(Q) = {I€(Q)} (resp. NIES(Q) = {NIE(Q)}). The Combined edges System of a edge ¢ € E(Q) is
denoted by CES(Q) and defined by CES(Q) = {IES(Q), NIES(Q)}. A edge 9 € £(Q) is called isolated edge if
{9 € £(Q); ACES(Q) N (E(h) — {9}) = d}. lower approximations of hu using Combined edges systems is denoted by
Lci(S(h))),i =1,23,..,n and defined by {Q€&();3CEWR) € EM),i=1,23,..,n} and upper lower
approximations of luv using Combined edges systems is denoted by Uci(E(h))),i =1,23,..,nand defined by
{oe&Q);VCEWQ NEM) # ¢,i =123,...,n}L

2. New Approximation Operators Based On a Finite Family Of und.g. Using Combined Edges
Systems.

This section studies some of their definitions and hypotheses regarding novel approximation operators on a finite
family of und. g. using Combined edges systems, and provides instances of qualities that are not generally true.

Definition 2.1. Let Q = {Q;; i = 1,2, 3, ..., n} be a finite family of arbitrary non-empty finite und. g. The n- lower and
n- upper approximations of v € Q according to Q are denoted by Ln(S(h))) and U, (£(h))) and defined by:

L,(E()) =} L (E(h)),

Un(E()) =n} U, (E(0)),
Definition 2.2. Let Q = {Q;; i = 1,2, 3, ..., n} be a finite family of arbitrary non-empty finite und. g. The n-boundary
n-positive and n-negative approximations of v € Q according to Q are denoted by Bd,,(£(t)), POS,(E(v)) and
NEG, (S(h))) and defined by:

Bd,(£()) = U,(E()) — Ly(EM)),
POS,(E()) = Ly(E()),
NEG,(E()) = £(Q) — U,(E()),

Definition 2.3: Let Q = {Q;;i = 1,2,3, ..., n} be a finite family of arbitrary non-empty finite und. g. The n- accuracy
measure of approximations of v € Q is denoted by ¢, (€(tv)) and defined by:

B |Bd,(€())]

G(E) = 1~

It is obvious that0 < {,(E(lv)) <1 Moreover, if {,(E(lv)) = 1thenlvis called lv-definable (lv-exact) und. g.

otherwise, it is called hv-rough.

Example 2.4. Let Q={Q;i=123} such that £(Q) = &(Qy) = E(Q,) = E(Q3) ={01,9203, 9495}, O() =
{01,302,303, %04}
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Figure 2.1: und. g. Q, given in Example (2.4).

0(Q,) = {91’1' %2,%3' 4 %5}
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Figure 2.2: und. g. Q, given in Example (2.4).

0(Qs) = {33, 35,33}
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Figure 2.3: und. g. Q5 given in Example (2.4).
Are three arbitrary graphs on £(Q) . So we have:

The combined edges systems based on (), are given by:

Pe, (91) = {{92, 93,94}, {953} Pc, (92) = {{91, 94, 95}, {933}, P, (93) = {01, 94} {92, 953}, Pe, (94) =
{{91’ 92,93} {95}}' b, (9s5) = {{92, 95} {91, 93, 94}}
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The combined edges systems based on ), are given by:

b, (1) = {{92' 9s} {93, 94}}' b, (92) = {{gl}v {93, 94, 95}}' b, (93) = {{94}: {91, 92, 95}}: b, (Qs) =
{{93' 94} {91, 92, 95}}, b, (9s5) = {{91. 95} {92, 93, 94}}

The combined edges systems based on )5 are given by:

b, (¢1) = {{92' 93,95} {94}}' b, (92) = {{91' 93,95}, {94}}' b, (93) = {{91’ 92,93} {04 95}}' b, (94) =
{{94' 95} {91, 92, 93}}' b, (¢5) = {{91' 92,94} {93}}-

Accordingly ,can be obtain the following table

Table 2.1: L, (E(W)), Le, (E(W)), Le, (E()) and L, (€(v)) forall v € Q.

E(h) L, (E(v)) L, (E(hv)) L, (E()) L, (E())
{o1} ¢ {92} ¢ {92}
{92} é é é é
{es} {Q2} ¢ {95} {92, 95}
{04} ¢ {03} {01, 92} {01,92,93}
{os} {01, 94} ¢ ¢ {01, 94}
{91, 92} (0] {92} (0] {92}
{91, 93} {Q2} {92} {os} {92, 95}
{01, 94} {e3} {92, 93} {01, 92} {01,92,93}
{91, 95} {01,904} {92, 95} ¢ {91, 92,94, 95}
{92, 93} {Q2} ¢ {95} {92, 95}
{02,04} ¢ {03} {01, 92} {01,92,93}
{92, 95} {91, 93,94, 95} {o1} ¢ {91, 93,94, 95}
{93, 94} {92} {91, 93,94} {91, 92,95} E()
{03, 95} {01,92,94} ¢ {os} {01,92,94, 95}
{94, 95} {01,94} ¢ {91, 92,93, 94} {91, 92,93, 94}
{91, 92,93} {92,094} {92} {93,94,95} {92,93,94, 95}
{91, 92,94} {es} {92, 93} {91, 92,95} {91, 92, 93,95}
{01, 92,95} {91, 93,94, 95} E(Q) ¢ ()
{92,93, 94} {91, 92} {91, 93,94, 95} {91, 92,95} E()
{92, 93,95} Q) {92} {01, 95} Q)
{93, 94,91} {92, 93,95} {91,92,93,94} {91, 92,95} EQ)
{93,94, 95} {01, 92,94} {01,92,93,04} ) Q)
{94, 95,91} {91, 92,93, 94} {92, 93, 95} {01,902, 93,94} Q)
{94, 95,92} {01, 93,94, 95} {01, 93} {01,92,93, 94} ()
{01, 93,95} {01, 92,94} {92, 95} {92, 95} {91, 92,94, 95}
{91, 92, 93,94} () () £ E()
{91, 92, 93,95} () () £ £
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{92, 93,94, 95} (0] Q) E) EQ)
{91, 93,94, 95} (0] Q) E) EQ)
{91, 92, 94,95} (0] () () £
Q) Q) Q) Q) Q)
é ¢ é é é
Table 2.2: U, (€(W)), U, (E(hv)), U, (E(hv)) and U, (E(hv)) forall bu < Q.
E(h) Uc, (E(h)) Ue, (E()) Uc, (E(hv)) Ue, (E(h))
{01} ¢ ¢ ¢ ®
{92} ¢ ¢ ¢ ®
{93} é é é ¢
{94} ¢ ¢ ¢ ®
{os} ¢ o) ¢ ®
{01, 92} {93, 95} {95} ¢ o
{01, 93} {92} {92, 94, 95} {95} o
{91, 94} ¢ {02,93,94, 95} {92,93,04} ¢
{Q1, 95} {93, 94, 05} {92} {93, 94} o
{92, 93} {os} {01, 94} {95} o
{02, 04} {03, 95} {01,93,Q4} {01,93,Q4} {e3}
{02, 95} {01, 94} {os} {93, 94} ¢
{93, 94} {92} (0] E() (0]
{93, 95} {01, 92, 94, 95} {91, 94,95} {93, 94} {04}
{04, 95} {01,93,95} {91,903, 94,95} {01, 92} {01}
{01, 92,93} {92, 93, ¢s} {01, 92, 94,95} {95} {os}
{91, 92,94} {93, 95} E(Q) {91, 92,93, 94} {93}
{91, 92, 95} {91, 93,94, 95} {92, 95} {93, 94} o)
{92, 93,94} {92, 93, 9s} {01,93,04} &) {e3}
{92, 93, ¢s} {01, 92,94, 95} {91, 94,95} {93, 94, 95} {Q4, 05}
{93, 94,91} {92} {92, 93,94, 95} E() {92}
{93, 94, 95} Q) {01,93, 94,95} &) {01,93,94, 95}
{94, 95,91} {01, 93, 94, 95} Q) {91,902, 93,94} {91, 93,94}
{94, 95, 92} {01, 93,94, 95} {01, 93, 94,95} {91,902, 93,94} {91, 93,94}
{91, 93, 95} =) {01,92,93,95} {93, 94, 95} {93, 95}
{91, 92,93, 94} {92, 93,95} E(Q) E() {92, 93,95}
{01, 92,93, 95} M) {01, 92, 94,95} {93, 94, 95} {Q4, 05}
{92,93,94, 95} (9) {01,93, 94,95} Q) {01,93,94, 95}
{91, 93,94, 95} (0] Q) E() EQ)
{91,92,94, 95} {91, 93,94, 95} E(Q) {91,92,93, 94} {91,93, 94}
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EQ) E(Q) E(Q) E(Q) EQ)
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Table 2.3: Bd,, (€(v)), Bd,, (€(1v)), Bd,, (€ (v)) and Bd,., (€ (v)) forall v € Q.

E(h) Bd., (€(v)) Bd.,(&(lv)) Bd.,(E(hv)) Bd.,(E(tv))
{e1} ¢ é é é
{92} é é é é
{93} ¢ o) ® ®
{94} ¢ o) ® ¢
{os} ¢ é é é
{91, 92} {93, 95} {9s} ¢ ¢
{01, 93} ¢ {04, 95} ¢ ¢
{01, 94} ¢ {94, 95} {93, 94} ¢
{01, 95} {93, 95} ¢ {03,94} ¢
{02, 93} {os} {01, 94} ¢ ¢
{02,04} {03, 95} {01, 94} {03,094} ¢
{92, 95} ¢ {os} {93, 94} o)
{03, 04} ¢ ¢ {03,094} ¢
{03, 95} {9s} {91,904, 95} {03,094} ¢
{94, 95} {93, 95} {91, 93,94, 95} ¢ o)
{01, 92,93} {93, 95} {01, 94, 95} o) o)
{01,92,94} {9s} {91,904, 95} {03,094} ¢
{01, 92,95} ¢ ¢ {93, 94} o)
{92, 93,94} {93, 95} ¢ {93, 94} o)
{02,93,95} ¢ {91,904, 95} {03,094} ¢
{03,04,01} ¢ {os} {03,094} ¢
{93, 94, 05} {93, 95} {os} ¢ ¢
{Q4, 95,01} {os} {01, 94} o o)
{94, 95,92} (0] {94, 95} ¢ ¢

{91, 93,95} {93, 95} {01, 93} {93, 04} {93}

{91, 92,93, 94} (0] (0] 0] ¢
{01,92,93,95} ¢ o) o) é
{92,93,94, 95} ¢ o) o) é
{01,93,94, 95} ¢ ¢ ¢ ¢
{01,92,94, 95} ¢ o) o) é
Q) ¢ ) é é
¢ ¢ ¢ ® ¢
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Table 2.4: {., (E(W)), {, (E(W)), ., (E(tv)) and ¢, (€ (1)) for all bv € Q.

E(hv) {c, (E()) {c, (E()) {c,(E()) e (E(NV))
{01} 1 1 1 1
{92} 1 1 1 1
{e3} 1 1 1 1
{04} 1 1 1 1
{os} 1 1 1 1
{01,92} 3/5 4/5 1 1
{01,903} 1 3/5 1 1
{01,904} 1 3/5 3/5 1
{01, 95} 3/5 1 3/5 1
{92, 93} 4/5 3/5 1 1
{02, 04} 3/5 3/5 3/5 1
{02, 95} 1 4/5 3/5 1
{03, 94} 1 1 3/5 1
{03,905} 4/5 2/5 3/5 1
{94, 95} 3/5 1/5 1 1
{01, 92,03} 3/5 2/5 1 1
{91,92, 94} 4/5 2/5 3/5 1
{91,92, 95} 1 1 3/5 1
{02,93, 94} 3/5 1 3/5 1
{92, 93,95} 1 2/5 3/5 1
{93, 94,01} 1 4/5 3/5 1
{93, 94,95} 3/5 4/5 1 1
{Q4,95,91} 4/5 3/5 1 1
{04, 95,92} 1 3/5 1 1

{91, 93,95} 3/5 3/5 3/5 4/5
{91, 92,93, 94} 1 1 1 1
{91, 92,93, 95} 1 1 1 1
{92, 93, 94,95} 1 1 1 1
{91, 93,94, 95} 1 1 1 1
{91, 92,94, 95} 1 1 1 1
(0] 1 1 1 1
¢ 1 1 1 1

Theorem 2.5. Let Q = {Q;;i = 1,2,3, ..., n} be a finite family of arbitrary non-empty finite und. g. then the following
hold for every h, k € Q;

(1) L, (E(Q) = EW).
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(2) if E(tv) € E(K) ,then L., (E(h)) € L, (E(K)).
(3) L, (E() N E(R)) € L, (EM)) N L, (E(K)).

(4) L, (E()) U L, (E(R)) € L, (E()UE(K)).

Proof:
(DIt is clear L., (E(Q)) € E(Q) — — — (1). And by Definition L.,(€(tv)) and by Definition (2.1). We get £(Q) <
Lc, (E(Q)) — — —(2).From (1) and (2) we get L., (E(Q)) = E(Q).

(2) Let E(hv) € E(R) and g € Lcn(E(h))) =>3i=123,..,n 3Q€ L, (E(h)) =9 € {9 € E(Q);Ic;E(Q) € E(v), i =
1,2,3,..,n} >0 €{o€E);Ac;E(Q) € EM) € £(K),i =1,2,3,...,n} =9 €{g € &();IAc;E(Q) S E(R),i =
1,23,..,n}=>3i 30€ L, (E(R)=>Q€ UL, L, (E(K) =g € Lcn(E(k)) = L, (E(h)) € L, (E(K)).

(3) Since (E(lv) N E(K)) € E(tu) by (2) above we get Lcn((E(h)) n E(R))) € L, (E(hv)) — = —(1). And since
(E(hv) N E(K)) € E(K) by (2) above we get L. ((E(hv) N E(K))) € L., (E(K)) — — — (2). From (1) and (2) we get
L., (E() NEK)) € L, (E(h)) N L, (EK)).

(4) Since E(hv) < (E(v) U E(K))by (2) above we get L., (E(tv)) Lcn((E(h)) U E(K))) — — — (1). And since £(K) ©
(E() U E(K)) by (2) above we get L. (E(K)) S Lcn((E(h)) UEK))) ———(2). From (1) and (2) we get
Le,(E() U L, (E(R)) € L, (E()UE(K)).

Proposition 2.6: LetQ ={Q;;i =1,2,3,...,n}be a finite family of arbitrary non-empty finite und. g.then the
following hold for every hy, k € Q;

(1)U, (@ =0.

(2) if E(tv) € E(K) ,then U, (E(hv)) € U, (£(K)).

(3) U, (E(v) N E(R)) € U, (E()) n U, (EK)).

(4) Uc,(E()) U U, (ER)) € U, (E()UE(K)).

Proof:

(1) By Definition U, (€(lv)) and by Definition (2.1). We get U, (9) = @ .

(2) Let E(lv) € £(K) and g € Ucn(E(h))) =>Vi=123,..,n 39€ U, (E(h)) =g €{g € &)V E(Q) NE) #
0,i=123,..,n} =>9€f{Q€E(Q);VcE(QNEM) S EK) +0,i=123,..,n}=9€{g€EWQ);VcE(Q) NER) #
0,i=123,..,n}=>9€ U (M) Vi=123,...n 29€N!U,(EK)=9€U,(ER)= L, (EM)) € L, (EK)).
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(3) Since (E(h)) n E(R)) c £(lv) by (2) above we get Ucn(E(h)) n E(k)) c Ucn(é‘(hJ)) — ——(1). And since
(E() NER)) € E(R) by (2) above we get U, (E(b) NEK)) € U, (E(K)) —— — (2). From (1) and (2) we
getU, (E(v) NEK)) € U, (E()) n U, (E(R)).

(4) Since () < (E(h)UE(K)) by (2) above we get Ucn(&‘(h))) c Ucn(S(h))US(k)) — — —(1).And since &(k) <
(E(hJ)UE(R)) by (2) above we get Ucn(E(k)) c Ucn(&'(h))UE(k)) ———(2). From (1) and (2) we
getU, (E()) U U, (E(K)) € U, () U EK)).

Remark 2.7. Let Q = {Q;;i = 1,2,3, ..., n} be a finite family of arbitrary non-empty finite und. g. v,k € Q; then the

following are not true in general:
(1) L, (E()) € E(v).

(2) L, (9) = 0.

(3) Lo, (EM)) = Le, (Lo, (EM))).

(49 Lo, (E®)) = U, (Le, (EQW)).

(5) L, (EM) UER) = L, (EM)) U L. (£(K)).
(6) L., (EM) NER) = L, (EM)) n L. (EK)).
(7) E(b) € U, ().

(8) U, (E(D) = E().

(9) U, (EQ) = Le, (Ue, (E0))).

(10) U, (E() UEK)) = U, () U U, (£(K)).
(11) U, (EQv) N EK)) = U, (E() n U, (EK)). ,
The following example is applied to show this remark.

Example 2.9. Let Q={Q;i=123} such that £(Q) = £(Q,) = £(Q,) = E(Q3) = {01,9203, 9495}, 0O(Q) =
{%1' %2,%31 %4}
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L3} Q2
1 3,
91 93
Q4
—97;
s Qs

Figure 2.4: und. g. Q; given in Example (2.9).

O(‘Q‘Z) = {%D %2,%31 :{14; %5; %6}

'{11 k ’{12
Q1

Vs

Figure 2.5: und. g. Q, given in Example (2.9).

0(Q3) = {%1' 2,303, Vg, s, %6}
R s

Q1
Qs 4
X2

Q, -
Q2

Figure 2.6: und. g. Q; given in Example (2.9).
Are three arbitrary graphs on £(Q) . So we have:

The combined edges systems based on ), are given by:

b, (1) = {{92' 93,9495} ¢}' b, (92) = {{91' 93} {94 95}}' b, (93) = {{91, 92,94 95} ¢}’ b, (Qs) =
{01, 93,95}, {023}, Pc, (95) = {{01, 93,94}, {023}

The combined edges systems based on ), are given by:
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b, (1) = {{92}' {93, 94 95}}' b, (92) = {{91’ 93} {94, 95}}‘ b, (93) = {{92’ 94} {91, 95}}' b, (94) =
{{93' 9s} {92, 91}}' b, (¢s) = {{94}: {91, 92, 93}}

The combined edges systems based on )5 are given by:

b, (e1) = {{91}' {92,913, 94, 95}}' b, (92) = {{92}' {91,93, 94 95}}, b, (93) = {{94}, {91, 92, 95}}: b, (94) =
{{93' 9s} {91, 92}}' b, (¢s) = {{94}: {91, 92, 93}}

We get

1) Let hy = (O(bv), E(bv)) such that O(h) = {3,304} and E(bv) ={gs}. Then L. (E(v)) = {9, 93} .Therefore,
L, (E()) & E(h).

2) Leth = (0(hv), £(hv)) such that O(hv) = @ and E(hv) = @. Then L., (E(hv)) = {94, 93}.Therefore, L. (E(v)) # 0.

3) Lethy = (U(tv), £(tv)) such that O(bv) = {33, R4} and E() = {gs}. Then L, (E(W)) = {Q1, 93}, Le, (Len (E())) =

{91, 92,93} Therefore L. (E(hv)) # L, (Lcn(g(h)))).

4) Let v = (0(hv), £(hv)) such that O(tv) = {33, 3.} and E(v) = {gs}. Then L, (E(W)) = {01, 93}, Uc, (Len (E())) =

@. Therefore L, (€(hv)) # U, (Lcn(E(h)))).

5) Let v = (O(lv), E(hv)) such that O(lv) = {3y, 3,,3,} and E(v) = {9,}.And kK = (0(k), E(K)) such that O(k) =
{02,304, 355, 306} and E(K) = {3} Then L, (E()) = {91, 93}, Le, (E(R)) = {91, 93}, L, (E()) U L, (E(B)) = {01, 93},
L, (E(hv) U E(K)) = {91, 92, 93} Therefore, L, (E(v) U E(RK)) # L, (E()) U L, (E(K)).

6) Let v = (O(lv), E(v)) such that O(lv) = {34, 5, 35} and E() = {Q,}.And kK = (0(K), E(K)) such that O(K) =
{303,304, 36} and E(K) = {g4} Then L, (E()) = E(Q), L, (E(K) = {91, 93,95}, Le,, (E(t)) N L, (E(R)) = {91, 03, 95},
L, (E(v) N E(K)) = {91, 93} Therefore, Lcn(S(h)) n S(k)) * Lcn(E(h))) n Lcn(S(k)).

7) Let b = (O(hv), E(v)) such that O(h) = {33,304} and E(l) = {gs}. Then U, (E(tv)) = @ .Therefore, E(v) &
Ue, (E(t)).

8) Let Q = (0(Q), £(Q)) such that 0(Q) = {3y, 33, 3, 4, s, D6} and E(h) = {91, 92,93, 94,95} Then U, (E(Q)) =
{92, 94, 95}. Therefore, £(Q) # U, (E(Q)).

9) Let v = (0(lv), E(tv)) such that O(bv) = {33,%,} and E(v) = {gs}. Then U, (E(W)) =@, L., (Uen(E())) =

{91, 95} Therefore, U, (E()) # L, (U, (EM))).
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10) Let v = (O(hv), E(v)) such that O(hv) = {3s4, 35, s} and E(v) = {@,}.And k = (U(K), E(K)) such that O(K) =
{33,354} and €(k) = {gs} Then U, (E()) = B, U, (EK)) =B, U, (EW) VU, (E®) =8, U, (E(v) UEK)) =
{04} Therefore, U, (£(v) U £(K)) # U, (b)) U U, (E(K)).

11) Let v = (O(lv), E(hv)) such that O(hv) = {3y, Ry, s, Vs, e} and E(h) = {94, 93}.And kK = (U(K), E(K)) such
that O(K) = {1, 33, 3, %4, Y5} and E(K) = {91,92,95} Then U, (E(W)) = {94}, U, (E(K)) = {92,094}, U, (E()) N
U, (E(R) = {Q4}, U, (E(v) N E(K)) = @ Therefore, U, (E(v) N E(K)) # U, (EM)) N U, (EK)).
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