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A B S T R A C T 

In this paper we will study approximate coefficients.  New based on a finite family of Lower 

approximation and Upper approximation and we present a generalization of some concepts 

and definitions and boundary and we will also study the accuracy factor for this family  
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1. Introduction and preliminaries 

        Graph theory is closely related with set theory and matrix theory. Mathematics' topological graph theory has a 

wide range of theoretical and practical applications [1, 2, 3, 4, 5, 8, and 9]. We predicted that topological graph 

structure will play a crucial role in bridging the gap between topology and applications. For all concepts and 

notation relating to graph theory, we cite Harary [6], and for all terms and notation relating to topology, we cite 

Moller [7]. These graph theory essential concepts are listed in [10]. A und. g. or graph is pair Ω = (Ʊ(Ω), ℰ(Ω)) 

where Ʊ(Ω) is a non-empty set whose elements are called points or vertices (called vertex set) and ℰ(Ω) is the set of 

unordered pairs of elements of Ʊ(Ω) (called edge set). An edge of a graph that joins a vertex to itself is called a loop. 

If two edges of a graph are joined by an vertex then these edges are called the edges ƍ incident with the edges ƍ1. 

The set of ƍ is {ƍ1 ∈ ℰ(Ω): ƍ1incident with ƍ} and the edges ƍ non incident with the edges ƍ1. The set of ƍ is {ƍ1 ∈

ℰ(Ω): ƍ1nonincident with ƍ}. A sub graph of a graph Ω is a graph each of whose vertices belong to Ʊ(Ω) and each of 
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whose edges belong to ℰ(Ω). An empty graph if the vertices set and edge set is empty. A degree of a vertex Ԅ in a 

graph Ω  is the number of edges of Ω  incident with Ԅ. Let Ω = (Ʊ(Ω), ℰ(Ω)) be und. g. and a edge ƍ ∈ ℰ(Ω).The 

incident edges set of ƍ is denoted by Iℰ(ƍ) and defined by Iℰ(ƍ) = {ƍ1 ∈ ℰ(Ω): ƍ1incident with ƍ} and The non-

incident edges set of ƍ is denoted by NIℰ(ƍ) and defined by  NIℰ(ƍ) = {ƍ1 ∈ ℰ(Ω): ƍ1nonincident with ƍ}. The 

incident edges system (resp. non incident edges system) of an edge ƍ ∈ ℰ(Ω) is denoted by IℰS(ƍ) (resp. 𝑁IℰS(ƍ)) 

and defined by : IℰS(ƍ) = {Iℰ(ƍ)} (resp. 𝑁IℰS(ƍ) = {NIℰ(ƍ)}). The Combined edges System of a edge ƍ ∈ ℰ(Ω) is 

denoted by 𝐶ℰS(ƍ) and defined by  𝐶ℰS(ƍ) = {IℰS(ƍ), 𝑁IℰS(ƍ)}.   A edge ƍ ∈ ℰ(Ω)  is called isolated edge if 

{ƍ ∈ ℰ(Ω); ∃𝐶ℰS(ƍ) ∩ (ℰ( ƕ) − {ƍ}) = ϕ}. lower approximations of ƕ using Combined edges systems is denoted by 

𝐿𝑐𝑖
(ℰ(ƕ)), 𝑖 = 1,2,3, … , 𝑛  and defined by {ƍ ∈ ℰ(Ω); ∃ 𝐶𝑖ℰ(ƍ) ⊆ ℰ(ƕ), 𝑖 = 1,2,3, … , 𝑛}  and upper lower 

approximations of ƕ using Combined edges systems is denoted by 𝑈𝑐𝑖
(ℰ(ƕ)), 𝑖 = 1,2,3, … , 𝑛 and defined by 

{ƍ ∈ ℰ(Ω); ∀ 𝐶𝑖ℰ(ƍ) ∩ ℰ(ƕ) ≠ 𝜙, 𝑖 = 1,2,3, … , 𝑛}. 

2. New Approximation Operators Based On a Finite Family Of und.g. Using Combined Edges 
Systems. 

This section studies some of their definitions and hypotheses regarding novel approximation operators on a finite 
family of und. g. using Combined edges systems, and provides instances of qualities that are not generally true. 

Definition 2.1. Let Ω = {Ω𝒊; 𝒊 = 𝟏, 𝟐, 𝟑, … , 𝐧} be a finite family of arbitrary non-empty finite und. g. The n- lower and 
n- upper approximations of ƕ ⊆ Ω  according to Ω are denoted by 𝑳𝐧(𝓔(ƕ)) and 𝑼𝐧(𝓔(ƕ)) and defined by: 

𝑳𝐧(𝓔(ƕ))  =∪𝒊
𝐧 𝑳𝒄𝒊

(𝓔(ƕ)), 

𝑼𝐧(𝓔(ƕ)) =∩𝒊
𝐧 𝑼𝒄𝒊

(𝓔(ƕ)), 

Definition 2.2. Let Ω = {Ω𝒊; 𝒊 = 𝟏, 𝟐, 𝟑, … , 𝐧} be a finite family of arbitrary non-empty finite und. g. The n-boundary 
n-positive and n-negative approximations of ƕ ⊆ Ω  according to Ω are denoted by 𝑩𝒅𝐧(𝓔(ƕ)), 𝑷𝑶𝑺𝐧(𝓔(ƕ)) and 
𝑵𝑬𝑮𝐧(𝓔(ƕ)) and defined by: 

𝑩𝒅𝐧(𝓔(ƕ))  = 𝑼𝐧(𝓔(ƕ)) − 𝑳𝐧(𝓔(ƕ)), 

𝑷𝑶𝑺𝐧(𝓔(ƕ)) = 𝑳𝐧(𝓔(ƕ)), 

𝑵𝑬𝑮𝐧(𝓔(ƕ)) = 𝓔(Ω) − 𝑼𝐧(𝓔(ƕ)), 

Definition 2.3: Let Ω = {Ω𝑖 ; 𝑖 = 1,2,3, … , n} be a finite family of arbitrary non-empty finite und. g. The n- accuracy 

measure of approximations of ƕ ⊆ Ω is denoted by 𝜁n(ℰ(ƕ)) and defined by: 

𝜁n(ℰ(ƕ)) = 1 −
|𝐵𝑑n(ℰ(ƕ))|

|ℰ(Ω)|
   

It is obvious that 0 ≤ 𝜁n(ℰ(ƕ)) ≤ 1  Moreover, if 𝜁n(ℰ(ƕ)) = 1 then ƕ is called ƕ-definable (ƕ-exact) und. g. 

otherwise, it is called ƕ-rough. 

Example 2.4. Let Ω = {Ω𝑖; 𝑖 = 1,2,3}  such that ℰ(Ω) = ℰ(Ω1) = ℰ(Ω2) = ℰ(Ω3) = {ƍ1, ƍ2,ƍ3, ƍ4,ƍ5},  Ʊ(Ω1) =

{Ԅ1, Ԅ2,Ԅ3, Ԅ4} 
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Ʊ(Ω2) = {Ԅ1, Ԅ2,Ԅ3, Ԅ4, Ԅ5}  

 

 

 

 

 

 

Ʊ(Ω3) = {Ԅ1, Ԅ2,Ԅ3}  

 

 

 

 

 

 

Are three arbitrary graphs on ℰ(Ω) . So we have: 

The combined edges systems based on Ω1 are given by: 

Þc1
(ƍ1) = {{ƍ2, ƍ3, ƍ4}, {ƍ5}}, Þc1

(ƍ2) = {{ƍ1, ƍ4, ƍ5}, {ƍ3}}, Þc1
(ƍ3) = {{ƍ1, ƍ4}, {ƍ2, ƍ5}}, Þc1

(ƍ4) =

{{ƍ1, ƍ2, ƍ3}, {ƍ5}}, Þc1
(ƍ5) = {{ƍ2, ƍ5}, {ƍ1, ƍ3, ƍ4}}  

ƍ4 

ƍ5 

ƍ3 

Ԅ1 

Ԅ4 

ƍ1 

Ԅ3 

Ԅ2 

Figure 2.1: und. g. Ω1 given in Example (2.4). 

ƍ2 

ƍ4 

ƍ5 

ƍ3 

Ԅ1 

Ԅ4 

ƍ1 Ԅ3 
Ԅ2 

Figure 2.2: und. g. Ω2 given in Example (2.4). 

ƍ2 

Ԅ5 
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ƍ5 

ƍ3 

Ԅ1 

ƍ1 

Ԅ3 

Ԅ2 

Figure 2.3: und. g. Ω3 given in Example (2.4). 
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The combined edges systems based on Ω2 are given by: 

Þc2
(ƍ1) = {{ƍ2, ƍ5}, {ƍ3, ƍ4}}, Þc2

(ƍ2) = {{ƍ1}, {ƍ3, ƍ4, ƍ5}}, Þc2
(ƍ3) = {{ƍ4}, {ƍ1, ƍ2, ƍ5}}, Þc2

(ƍ4) =

{{ƍ3, ƍ4}, {ƍ1, ƍ2, ƍ5}}, Þc2
(ƍ5) = {{ƍ1, ƍ5}, {ƍ2, ƍ3, ƍ4}}  

The combined edges systems based on Ω3 are given by: 

Þc3
(ƍ1) = {{ƍ2, ƍ3, ƍ5}, {ƍ4}}, Þc3

(ƍ2) = {{ƍ1, ƍ3, ƍ5}, {ƍ4}}, Þc3
(ƍ3) = {{ƍ1, ƍ2, ƍ3}, {ƍ4, ƍ5}}, Þc3

(ƍ4) =

{{ƍ4, ƍ5}, {ƍ1, ƍ2, ƍ3}}, Þc3
(ƍ5) = {{ƍ1, ƍ2, ƍ4}, {ƍ3}}.  

Accordingly ,can be obtain the following  table 

Table 2.1: 𝐿𝑐1
(ℰ(ƕ)), 𝐿𝑐2

(ℰ(ƕ)), 𝐿𝑐3
(ℰ(ƕ)) and 𝐿𝑐𝑛

(ℰ(ƕ)) for all ƕ ⊆ Ω. 

ℰ(ƕ) 𝐿𝑐1
(ℰ(ƕ)) 𝐿𝑐2

(ℰ(ƕ)) 𝐿𝑐3
(ℰ(ƕ)) 𝐿𝑐𝑛

(ℰ(ƕ)) 

{ƍ1} 𝜙 {ƍ2} 𝜙 {ƍ2} 

{ƍ2} 𝜙 𝜙 𝜙 𝜙 

{ƍ3} {ƍ2} 𝜙 {ƍ5} {ƍ2, ƍ5} 

{ƍ4} 𝜙 {ƍ3} {ƍ1, ƍ2} {ƍ1, ƍ2, ƍ3} 

{ƍ5} {ƍ1, ƍ4} 𝜙 𝜙 {ƍ1, ƍ4} 

{ƍ1, ƍ2} 𝜙 {ƍ2} 𝜙 {ƍ2} 

{ƍ1, ƍ3} {ƍ2} {ƍ2} {ƍ5} {ƍ2, ƍ5} 

{ƍ1, ƍ4} {ƍ3} {ƍ2, ƍ3} {ƍ1, ƍ2} {ƍ1, ƍ2, ƍ3} 

{ƍ1, ƍ5} {ƍ1, ƍ4} {ƍ2, ƍ5} 𝜙 {ƍ1, ƍ2, ƍ4, ƍ5} 

{ƍ2, ƍ3} {ƍ2} 𝜙 {ƍ5} {ƍ2, ƍ5} 

{ƍ2, ƍ4} 𝜙 {ƍ3} {ƍ1, ƍ2} {ƍ1, ƍ2, ƍ3} 

{ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1} 𝜙 {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ3, ƍ4} {ƍ2} {ƍ1, ƍ3, ƍ4} {ƍ1, ƍ2, ƍ5} ℰ(Ω) 

{ƍ3, ƍ5} {ƍ1, ƍ2, ƍ4} 𝜙 {ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} 

{ƍ4, ƍ5} {ƍ1, ƍ4} 𝜙 {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ2, ƍ3, ƍ4} 

{ƍ1, ƍ2, ƍ3} {ƍ2, ƍ4} {ƍ2} {ƍ3, ƍ4, ƍ5} {ƍ2, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ4} {ƍ3} {ƍ2, ƍ3} {ƍ1, ƍ2, ƍ5} {ƍ1, ƍ2, ƍ3, ƍ5} 

{ƍ1, ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) 𝜙 ℰ(Ω) 

{ƍ2, ƍ3, ƍ4} {ƍ1, ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ5} ℰ(Ω) 

{ƍ2, ƍ3, ƍ5} ℰ(Ω) {ƍ2} {ƍ1, ƍ5} ℰ(Ω) 

{ƍ3, ƍ4, ƍ1} {ƍ2, ƍ3, ƍ5} {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ2, ƍ5} ℰ(Ω) 

{ƍ3, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ4} {ƍ1, ƍ2, ƍ3, ƍ4} ℰ(Ω) ℰ(Ω) 

{ƍ4, ƍ5, ƍ1} {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ2, ƍ3, ƍ5} {ƍ1, ƍ2, ƍ3, ƍ4} ℰ(Ω) 

{ƍ4, ƍ5, ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3} {ƍ1, ƍ2, ƍ3, ƍ4} ℰ(Ω) 

{ƍ1, ƍ3, ƍ5} {ƍ1, ƍ2, ƍ4} {ƍ2, ƍ5} {ƍ2, ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} 

{ƍ1, ƍ2, ƍ3, ƍ4} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ2, ƍ3, ƍ5} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 
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{ƍ2, ƍ3, ƍ4, ƍ5} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ2, ƍ4, ƍ5} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

𝜙 𝜙 𝜙 𝜙 𝜙 

 

Table 2.2: 𝑈𝑐1
(ℰ(ƕ)), 𝑈𝑐2

(ℰ(ƕ)), 𝑈𝑐3
(ℰ(ƕ)) and 𝑈𝑐𝑛

(ℰ(ƕ)) for all ƕ ⊆ Ω. 

ℰ(ƕ) 𝑈𝑐1
(ℰ(ƕ)) 𝑈𝑐2

(ℰ(ƕ)) 𝑈𝑐3
(ℰ(ƕ)) 𝑈𝑐𝑛

(ℰ(ƕ)) 

{ƍ1} 𝜙 𝜙 𝜙 𝜙 

{ƍ2} 𝜙 𝜙 𝜙 𝜙 

{ƍ3} 𝜙 𝜙 𝜙 𝜙 

{ƍ4} 𝜙 𝜙 𝜙 𝜙 

{ƍ5} 𝜙 𝜙 𝜙 𝜙 

{ƍ1, ƍ2} {ƍ3, ƍ5} {ƍ5} 𝜙 𝜙 

{ƍ1, ƍ3} {ƍ2} {ƍ2, ƍ4, ƍ5} {ƍ5} 𝜙 

{ƍ1, ƍ4} 𝜙 {ƍ2, ƍ3, ƍ4, ƍ5} {ƍ2, ƍ3, ƍ4} 𝜙 

{ƍ1, ƍ5} {ƍ3, ƍ4, ƍ5} {ƍ2} {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ3} {ƍ5} {ƍ1, ƍ4} {ƍ5} 𝜙 

{ƍ2, ƍ4} {ƍ3, ƍ5} {ƍ1, ƍ3, ƍ4} {ƍ1, ƍ3, ƍ4} {ƍ3} 

{ƍ2, ƍ5} {ƍ1, ƍ4} {ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ3, ƍ4} {ƍ2} 𝜙 ℰ(Ω) 𝜙 

{ƍ3, ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} {ƍ1, ƍ4, ƍ5} {ƍ3, ƍ4} {ƍ4} 

{ƍ4, ƍ5} {ƍ1, ƍ3, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ2} {ƍ1} 

{ƍ1, ƍ2, ƍ3} {ƍ2, ƍ3, ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} {ƍ5} {ƍ5} 

{ƍ1, ƍ2, ƍ4} {ƍ3, ƍ5} ℰ(Ω) {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ3} 

{ƍ1, ƍ2, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ2, ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ3, ƍ4} {ƍ2, ƍ3, ƍ5} {ƍ1, ƍ3, ƍ4} ℰ(Ω) {ƍ3} 

{ƍ2, ƍ3, ƍ5} {ƍ1, ƍ2, ƍ4, ƍ5} {ƍ1, ƍ4, ƍ5} {ƍ3, ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ3, ƍ4, ƍ1} {ƍ2} {ƍ2, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ2} 

{ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ4, ƍ5, ƍ1} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ3, ƍ4} 

{ƍ4, ƍ5, ƍ2} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ3, ƍ4} 

{ƍ1, ƍ3, ƍ5} ℰ(Ω) {ƍ1, ƍ2, ƍ3, ƍ5} {ƍ3, ƍ4, ƍ5} {ƍ3, ƍ5} 

{ƍ1, ƍ2, ƍ3, ƍ4} {ƍ2, ƍ3, ƍ5} ℰ(Ω) ℰ(Ω) {ƍ2, ƍ3, ƍ5} 

{ƍ1, ƍ2, ƍ3, ƍ5} ℰ(Ω) {ƍ1, ƍ2, ƍ4, ƍ5} {ƍ3, ƍ4, ƍ5} {ƍ4, ƍ5} 

{ƍ2, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ3, ƍ4, ƍ5} 

{ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

{ƍ1, ƍ2, ƍ4, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} ℰ(Ω) {ƍ1, ƍ2, ƍ3, ƍ4} {ƍ1, ƍ3, ƍ4} 
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ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) ℰ(Ω) 

𝜙 𝜙 𝜙 𝜙 𝜙 

 

 Table 2.3: 𝐵𝑑𝑐1
(ℰ(ƕ)), 𝐵𝑑𝑐2

(ℰ(ƕ)), 𝐵𝑑𝑐3
(ℰ(ƕ)) and 𝐵𝑑𝑐𝑛

(ℰ(ƕ)) for all ƕ ⊆ Ω.  

ℰ(ƕ) 𝐵𝑑𝑐1
(ℰ(ƕ)) 𝐵𝑑𝑐2

(ℰ(ƕ)) 𝐵𝑑𝑐3
(ℰ(ƕ)) 𝐵𝑑𝑐𝑛

(ℰ(ƕ)) 

{ƍ1} 𝜙 𝜙 𝜙 𝜙 

{ƍ2} 𝜙 𝜙 𝜙 𝜙 

{ƍ3} 𝜙 𝜙 𝜙 𝜙 

{ƍ4} 𝜙 𝜙 𝜙 𝜙 

{ƍ5} 𝜙 𝜙 𝜙 𝜙 

{ƍ1, ƍ2} {ƍ3, ƍ5} {ƍ5} 𝜙 𝜙 

{ƍ1, ƍ3} 𝜙 {ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ4} 𝜙 {ƍ4, ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ1, ƍ5} {ƍ3, ƍ5} 𝜙 {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ3} {ƍ5} {ƍ1, ƍ4} 𝜙 𝜙 

{ƍ2, ƍ4} {ƍ3, ƍ5} {ƍ1, ƍ4} {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ5} 𝜙 {ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ3, ƍ4} 𝜙 𝜙 {ƍ3, ƍ4} 𝜙 

{ƍ3, ƍ5} {ƍ5} {ƍ1, ƍ4, ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ4, ƍ5} {ƍ3, ƍ5} {ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ2, ƍ3} {ƍ3, ƍ5} {ƍ1, ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ2, ƍ4} {ƍ5} {ƍ1, ƍ4, ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ1, ƍ2, ƍ5} 𝜙 𝜙 {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ3, ƍ4} {ƍ3, ƍ5} 𝜙 {ƍ3, ƍ4} 𝜙 

{ƍ2, ƍ3, ƍ5} 𝜙 {ƍ1, ƍ4, ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ3, ƍ4, ƍ1} 𝜙 {ƍ5} {ƍ3, ƍ4} 𝜙 

{ƍ3, ƍ4, ƍ5} {ƍ3, ƍ5} {ƍ5} 𝜙 𝜙 

{ƍ4, ƍ5, ƍ1} {ƍ5} {ƍ1, ƍ4} 𝜙 𝜙 

{ƍ4, ƍ5, ƍ2} 𝜙 {ƍ4, ƍ5} 𝜙 𝜙 

{ƍ1, ƍ3, ƍ5} {ƍ3, ƍ5} {ƍ1, ƍ3} {ƍ3, ƍ4} {ƍ3} 

{ƍ1, ƍ2, ƍ3, ƍ4} 𝜙 𝜙 𝜙 𝜙 

{ƍ1, ƍ2, ƍ3, ƍ5} 𝜙 𝜙 𝜙 𝜙 

{ƍ2, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 𝜙 𝜙 

{ƍ1, ƍ3, ƍ4, ƍ5} 𝜙 𝜙 𝜙 𝜙 

{ƍ1, ƍ2, ƍ4, ƍ5} 𝜙 𝜙 𝜙 𝜙 

ℰ(Ω) 𝜙 𝜙 𝜙 𝜙 

𝜙 𝜙 𝜙 𝜙 𝜙 
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Table 2.4: 𝜁𝑐1
(ℰ(ƕ)), 𝜁𝑐2

(ℰ(ƕ)), 𝜁𝑐3
(ℰ(ƕ)) and 𝜁𝑐𝑛

(ℰ(ƕ)) for all ƕ ⊆ Ω. 

ℰ(ƕ) 𝜁𝑐1
(ℰ(ƕ)) 𝜁𝑐2

(ℰ(ƕ)) 𝜁𝑐3
(ℰ(ƕ)) 𝜁𝑐𝑛

(ℰ(ƕ)) 

{ƍ1} 1 1 1 1 

{ƍ2} 1 1 1 1 

{ƍ3} 1 1 1 1 

{ƍ4} 1 1 1 1 

{ƍ5} 1 1 1 1 

{ƍ1, ƍ2} 3/5 4/5 1 1 

{ƍ1, ƍ3} 1 3/5 1 1 

{ƍ1, ƍ4} 1 3/5 3/5 1 

{ƍ1, ƍ5} 3/5 1 3/5 1 

{ƍ2, ƍ3} 4/5 3/5 1 1 

{ƍ2, ƍ4} 3/5 3/5 3/5 1 

{ƍ2, ƍ5} 1 4/5 3/5 1 

{ƍ3, ƍ4} 1 1 3/5 1 

{ƍ3, ƍ5} 4/5 2/5 3/5 1 

{ƍ4, ƍ5} 3/5 1/5 1 1 

{ƍ1, ƍ2, ƍ3} 3/5 2/5 1 1 

{ƍ1, ƍ2, ƍ4} 4/5 2/5 3/5 1 

{ƍ1, ƍ2, ƍ5} 1 1 3/5 1 

{ƍ2, ƍ3, ƍ4} 3/5 1 3/5 1 

{ƍ2, ƍ3, ƍ5} 1 2/5 3/5 1 

{ƍ3, ƍ4, ƍ1} 1 4/5 3/5 1 

{ƍ3, ƍ4, ƍ5} 3/5 4/5 1 1 

{ƍ4, ƍ5, ƍ1} 4/5 3/5 1 1 

{ƍ4, ƍ5, ƍ2} 1 3/5 1 1 

{ƍ1, ƍ3, ƍ5} 3/5 3/5 3/5 4/5 

{ƍ1, ƍ2, ƍ3, ƍ4} 1 1 1 1 

{ƍ1, ƍ2, ƍ3, ƍ5} 1 1 1 1 

{ƍ2, ƍ3, ƍ4, ƍ5} 1 1 1 1 

{ƍ1, ƍ3, ƍ4, ƍ5} 1 1 1 1 

{ƍ1, ƍ2, ƍ4, ƍ5} 1 1 1 1 

ℰ(Ω) 1 1 1 1 

𝜙 1 1 1 1 

 

Theorem 2.5. Let Ω = {Ω𝑖; 𝑖 = 1,2,3, … , 𝑛} be a finite family of arbitrary non-empty finite und. g. then the following 

hold for every ƕ, ƙ ⊆ Ω𝑖   

(1) 𝐿𝑐𝑛
(ℰ(Ω)) = ℰ(Ω). 
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 (2) if ℰ(ƕ) ⊆ ℰ(ƙ) ,then  𝐿𝑐𝑛
(ℰ(ƕ)) ⊆ 𝐿𝑐𝑛

(ℰ(ƙ)).  

(3) 𝐿𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿𝑐𝑛

(ℰ(ƕ)) ∩  𝐿𝑐𝑛
(ℰ(ƙ)).  

(4) 𝐿𝑐𝑛
(ℰ(ƕ)) ⋃ 𝐿𝑐𝑛

(ℰ(ƙ)) ⊆ 𝐿𝑐𝑛
(ℰ(ƕ)⋃ℰ(ƙ)).  

Proof: 

 ( 1) It is clear 𝐿𝑐𝑛
(ℰ(Ω)) ⊆ ℰ(Ω) − − − (1).  And by Definition 𝐿𝑐𝑖

(ℰ(ƕ)) and by Definition (2.1). We get ℰ(Ω) ⊆

𝐿𝑐𝑛
(ℰ(Ω))  − − −(2). From (1) and (2) we get 𝐿𝑐𝑛

(ℰ(Ω)) = ℰ(Ω). 

 (  2)  Let ℰ(ƕ) ⊆ ℰ(ƙ)  and ƍ ∈ 𝐿𝑐𝑛
(ℰ(ƕ)) ⇒ ∃𝑖 = 1,2,3, … , 𝑛 ∋ ƍ ∈ 𝐿𝑐𝑖

(ℰ(ƕ))  ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∃c𝑖ℰ(ƍ) ⊆ ℰ(ƕ), 𝑖 =

1,2,3, … , 𝑛}  ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∃c𝑖ℰ(ƍ) ⊆ ℰ(ƕ) ⊆ ℰ(ƙ), 𝑖 = 1,2,3, … , 𝑛}  ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∃c𝑖ℰ(ƍ) ⊆ ℰ(ƙ), 𝑖 =

1,2,3, … , 𝑛} ⇒ ∃𝑖 ∋ ƍ ∈ 𝐿𝑐𝑖
(ℰ(ƙ)) ⇒ ƍ ∈ ⋃ 𝐿𝑐𝑖

(ℰ(ƙ))𝑛
𝑖=1  ⇒ ƍ ∈ 𝐿𝑐𝑛

(ℰ(ƙ)) ⇒ 𝐿𝑐𝑛
(ℰ(ƕ)) ⊆ 𝐿𝑐𝑛

(ℰ(ƙ)). 

( 3) Since  (ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƕ) by (2)   above   we  get  𝐿𝑐𝑛
((ℰ(ƕ) ∩ ℰ(ƙ)))  ⊆ 𝐿𝑐𝑛

(ℰ(ƕ)) − − −(1). And since 

(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƙ)  by (2)  above we get 𝐿𝑐𝑛
((ℰ(ƕ) ∩ ℰ(ƙ))) ⊆ 𝐿𝑐𝑛

(ℰ(ƙ)) − − − (2). From (1)  and (2)  we get 

𝐿𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝐿𝑐𝑛

(ℰ(ƕ))  ∩  𝐿𝑐𝑛
(ℰ(ƙ)).  

( 4) Since ℰ(ƕ) ⊆ (ℰ(ƕ) ∪ ℰ(ƙ))by (2) above we get 𝐿𝑐𝑛
(ℰ(ƕ)) ⊆ 𝐿𝑐𝑛

((ℰ(ƕ) ∪ ℰ(ƙ))) − − − (1). And since ℰ(ƙ) ⊆

(ℰ(ƕ) ∪ ℰ(ƙ))  by (2)  above we get 𝐿𝑐𝑛
(ℰ(ƙ)) ⊆ 𝐿𝑐𝑛

((ℰ(ƕ) ∪ ℰ(ƙ))) − − − (2). From (1)  and (2)  we get 

𝐿𝑐𝑛
(ℰ(ƕ)) ⋃ 𝐿𝑐𝑛

(ℰ(ƙ)) ⊆ 𝐿𝑐𝑛
(ℰ(ƕ)⋃ℰ(ƙ)).  

Proposition 2.6: Let Ω = {Ω𝑖 ; 𝑖 = 1,2,3, … , 𝑛} be a finite family of arbitrary non-empty finite und. g.then the 

following hold for every ƕ, ƙ ⊆ Ω𝑖    

 (1) 𝑈𝑐𝑛
(∅) = ∅.  

(2) if ℰ(ƕ) ⊆ ℰ(ƙ) ,then  𝑈𝑐𝑛
(ℰ(ƕ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƙ)).  

(3) 𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƕ))  ∩  𝑈𝑐𝑛
(ℰ(ƙ)).  

 (4) 𝑈𝑐𝑛
(ℰ(ƕ)) ⋃ 𝑈𝑐𝑛

(ℰ(ƙ))  ⊆ 𝑈𝑐𝑛
(ℰ(ƕ)⋃ℰ(ƙ)).  

Proof: 

( 1) By Definition 𝑈𝑐𝑖
(ℰ(ƕ)) and by Definition (2.1). We get 𝑈𝑐𝑛

(∅) = ∅ . 

( 2 ) Let ℰ(ƕ) ⊆ ℰ(ƙ)  and ƍ ∈ 𝑈𝑐𝑛
(ℰ(ƕ)) ⇒ ∀𝑖 = 1,2,3, … , 𝑛 ∋ ƍ ∈ 𝑈𝑐𝑖

(ℰ(ƕ))  ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∀c𝑖ℰ(ƍ) ∩ ℰ(ƕ) ≠

∅, 𝑖 = 1,2,3, … , 𝑛}  ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∀c𝑖ℰ(ƍ) ∩ ℰ(ƕ) ⊆ ℰ(ƙ) ≠ ∅, 𝑖 = 1,2,3, … , 𝑛} ⇒ ƍ ∈ {ƍ ∈ ℰ(Ω); ∀c𝑖ℰ(ƍ) ∩ ℰ(ƙ) ≠

∅, 𝑖 = 1,2,3, … , 𝑛} ⇒ ƍ ∈ 𝑈𝑐𝑖
(ℰ(ƕ)) ∀𝑖 = 1,2,3, … , 𝑛   ⇒ ƍ ∈ ⋂ 𝑈𝑐𝑖

(ℰ(ƙ))𝑛
𝑖  ⇒ ƍ ∈ 𝑈𝑐𝑛

(ℰ(ƙ)) ⇒ 𝐿𝑐𝑛
(ℰ(ƕ)) ⊆ 𝐿𝑐𝑛

(ℰ(ƙ)). 



Hussein R. Jaffer , Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 15(1) 2023 , pp  Math.   61–73            9 

 

( 3 ) Since (ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƕ) by (2)  above we get 𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƕ)) − − − (1).  And since  

(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ ℰ(ƙ)  by (2)  above we get 𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƙ)) − − − (2). From (1)  and (2)  we 

get 𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƕ)) ∩  𝑈𝑐𝑛
(ℰ(ƙ)).  

(4) Since ℰ(ƕ) ⊆ (ℰ(ƕ)⋃ℰ(ƙ)) by (2) above we get 𝑈𝑐𝑛
(ℰ(ƕ))   ⊆ 𝑈𝑐𝑛

(ℰ(ƕ)⋃ℰ(ƙ)) − − − (1). And since  ℰ(ƙ) ⊆

(ℰ(ƕ)⋃ℰ(ƙ))  by (2)  above we get 𝑈𝑐𝑛
(ℰ(ƙ)) ⊆ 𝑈𝑐𝑛

(ℰ(ƕ)⋃ℰ(ƙ)) − − − (2).  From (1)  and (2)  we 

get 𝑈𝑐𝑛
(ℰ(ƕ)) ⋃ 𝑈𝑐𝑛

(ℰ(ƙ)) ⊆  𝑈𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)).  

Remark 2.7. Let Ω = {Ω𝑖 ; 𝑖 = 1,2,3, … , 𝑛} be a finite family of arbitrary non-empty finite und. g. ƕ, ƙ ⊆ Ω𝑖   then the 

following are not true in general: 

 (1) 𝐿𝑐𝑛
(ℰ(ƕ)) ⊆ ℰ(ƕ). 

 (2) 𝐿𝑐𝑛
(∅) = ∅. 

( 3) 𝐿𝑐𝑛
(ℰ(ƕ)) =  𝐿𝑐𝑛

(𝐿𝑐𝑛
(ℰ(ƕ))).  

( 4) 𝐿𝑐𝑛
(ℰ(ƕ)) =  𝑈𝑐𝑛

(𝐿𝑐𝑛
(ℰ(ƕ))).  

( 5)  𝐿𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)) =  𝐿𝑐𝑛

(ℰ(ƕ)) ⋃  𝐿𝑐𝑛
(ℰ(ƙ)). 

( 6)  𝐿𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) =  𝐿𝑐𝑛

(ℰ(ƕ))  ∩   𝐿𝑐𝑛
(ℰ(ƙ)). 

 (7) ℰ(ƕ) ⊆ 𝑈𝑐𝑛
(ℰ(ƕ)).  

(8) 𝑈𝑐𝑛
(ℰ(Ω)) = ℰ(Ω).  

( 9) 𝑈𝑐𝑛
(ℰ(ƕ)) =  𝐿𝑐𝑛

(𝑈𝑐𝑛
(ℰ(ƕ))).  

( 10) 𝑈𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)) =  𝑈𝑐𝑛

(ℰ(ƕ)) ⋃ 𝑈𝑐𝑛
(ℰ(ƙ)).  

( 11)  𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) =  𝑈𝑐𝑛

(ℰ(ƕ))  ∩  𝑈𝑐𝑛
(ℰ(ƙ)).  , 

The following example is applied to show this remark. 

Example 2.9. Let Ω = {Ω𝑖; 𝑖 = 1,2,3}  such that ℰ(Ω) = ℰ(Ω1) = ℰ(Ω2) = ℰ(Ω3) = {ƍ1, ƍ2,ƍ3, ƍ4,ƍ5},  Ʊ(Ω1) =

{Ԅ1, Ԅ2,Ԅ3, Ԅ4}  
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Ʊ(Ω2) = {Ԅ1, Ԅ2,Ԅ3, Ԅ4, Ԅ5, Ԅ6}  

 

 

 

 

 

 

Ʊ(Ω3) = {Ԅ1, Ԅ2,Ԅ3, Ԅ4, Ԅ5, Ԅ6}  

 

 

 

 

 

 

Are three arbitrary graphs on ℰ(Ω) . So we have: 

The combined edges systems based on Ω1 are given by: 

Þc1
(ƍ1) = {{ƍ2, ƍ3, ƍ4, ƍ5}, 𝜙}, Þc1

(ƍ2) = {{ƍ1, ƍ3}, {ƍ4, ƍ5}}, Þc1
(ƍ3) = {{ƍ1, ƍ2, ƍ4, ƍ5}, 𝜙}, Þc1

(ƍ4) =

{{ƍ1, ƍ3, ƍ5}, {ƍ2}}, Þc1
(ƍ5) = {{ƍ1, ƍ3, ƍ4}, {ƍ2}}  

The combined edges systems based on Ω2 are given by: 

ƍ4 

ƍ5 

ƍ3 

Ԅ1 

Ԅ4 

ƍ1 

Ԅ3 

Ԅ2 

Figure 2.4: und. g. Ω1 given in Example (2.9). 

ƍ2 

ƍ4 
ƍ5 

ƍ3 

Ԅ1 

Ԅ4 

ƍ1 

Ԅ3 

Ԅ2 

Figure 2.5: und. g. Ω2 given in Example (2.9). 

ƍ2 

Ԅ5 

Ԅ6 

Ԅ4 

Ԅ6 

ƍ4 

ƍ5 

ƍ3 Ԅ1 

ƍ1 

Ԅ3 
Ԅ2 

Figure 2.6: und. g. Ω3 given in Example (2.9). 

ƍ2 

Ԅ5 
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Þc2
(ƍ1) = {{ƍ2}, {ƍ3, ƍ4, ƍ5}}, Þc2

(ƍ2) = {{ƍ1, ƍ3}, {ƍ4, ƍ5}}, Þc2
(ƍ3) = {{ƍ2, ƍ4}, {ƍ1, ƍ5}}, Þc2

(ƍ4) =

{{ƍ3, ƍ5}, {ƍ2, ƍ1}}, Þc2
(ƍ5) = {{ƍ4}, {ƍ1, ƍ2, ƍ3}}  

The combined edges systems based on Ω3 are given by: 

Þc3
(ƍ1) = {{ƍ1}, {ƍ2, ƍ3, ƍ4, ƍ5}}, Þc3

(ƍ2) = {{ƍ2}, {ƍ1, ƍ3, ƍ4, ƍ5}}, Þc3
(ƍ3) = {{ƍ4}, {ƍ1, ƍ2, ƍ5}}, Þc3

(ƍ4) =

{{ƍ3, ƍ5}, {ƍ1, ƍ2}}, Þc3
(ƍ5) = {{ƍ4}, {ƍ1, ƍ2, ƍ3}}  

We get  

1)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ3, Ԅ4}  and ℰ(ƕ) = {ƍ5} . Then 𝐿𝑐𝑛
(ℰ(ƕ)) = {ƍ1, ƍ3} .Therefore, 

𝐿𝑐𝑛
(ℰ(ƕ)) ⊈ ℰ(ƕ). 

 2) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = ∅ and ℰ(ƕ) = ∅. Then 𝐿𝑐𝑛
(ℰ(ƕ)) = {ƍ1, ƍ3}.Therefore, 𝐿𝑐𝑛

(ℰ(ƕ)) ≠ ∅. 

3) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ3, Ԅ4} and ℰ(ƕ) = {ƍ5}. Then 𝐿𝑐𝑛
(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝐿𝑐𝑛

(𝐿𝑐𝑛(ℰ(ƕ))) =

{ƍ1, ƍ2, ƍ3}. Therefore 𝐿𝑐𝑛
(ℰ(ƕ)) ≠ 𝐿𝑐𝑛

(𝐿𝑐𝑛
(ℰ(ƕ))). 

4) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ3, Ԅ4} and ℰ(ƕ) = {ƍ5}. Then 𝐿𝑐𝑛
(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝑈𝑐𝑛

(𝐿𝑐𝑛(ℰ(ƕ))) =

∅. Therefore 𝐿𝑐𝑛
(ℰ(ƕ)) ≠ 𝑈𝑐𝑛

(𝐿𝑐𝑛
(ℰ(ƕ))). 

5)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ1, Ԅ2, Ԅ4}  and ℰ(ƕ) = {ƍ1} .And ƙ = (Ʊ(ƙ), ℰ(ƙ))  such that Ʊ(ƙ) =

{Ԅ2, Ԅ4, Ԅ5, Ԅ6} and ℰ(ƙ) = {ƍ3} Then 𝐿𝑐𝑛
(ℰ(ƕ)) = {ƍ1, ƍ3}, 𝐿𝑐𝑛

(ℰ(ƙ)) = {ƍ1, ƍ3}, 𝐿𝑐𝑛
(ℰ(ƕ)) ∪ 𝐿𝑐𝑛

(ℰ(ƙ)) = {ƍ1, ƍ3}, 

𝐿𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)) = {ƍ1, ƍ2, ƍ3}Therefore, 𝐿𝑐𝑛

(ℰ(ƕ) ∪ ℰ(ƙ)) ≠ 𝐿𝑐𝑛
(ℰ(ƕ)) ⋃ 𝐿𝑐𝑛

(ℰ(ƙ)).  

6)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ1, Ԅ2, Ԅ5}  and ℰ(ƕ) = {ƍ2} .And ƙ = (Ʊ(ƙ), ℰ(ƙ))  such that Ʊ(ƙ) =

{Ԅ3, Ԅ4, Ԅ6} and ℰ(ƙ) = {ƍ4} Then 𝐿𝑐𝑛
(ℰ(ƕ)) = ℰ(Ω), 𝐿𝑐𝑛

(ℰ(ƙ)) = {ƍ1, ƍ3, ƍ5}, 𝐿𝑐𝑛
(ℰ(ƕ)) ∩ 𝐿𝑐𝑛

(ℰ(ƙ)) = {ƍ1, ƍ3, ƍ5}, 

𝐿𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) = {ƍ1, ƍ3}Therefore, 𝐿𝑐𝑛

(ℰ(ƕ) ∩ ℰ(ƙ)) ≠ 𝐿𝑐𝑛
(ℰ(ƕ)) ∩  𝐿𝑐𝑛

(ℰ(ƙ)). 

7)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ3, Ԅ4}  and ℰ(ƕ) = {ƍ5} . Then 𝑈𝑐𝑛
(ℰ(ƕ)) = ∅ .Therefore, ℰ(ƕ) ⊈

𝑈𝑐𝑛
(ℰ(ƕ)). 

8) Let Ω = (Ʊ(Ω), ℰ(Ω)) such that Ʊ(Ω) = {Ԅ1, Ԅ2, Ԅ3, Ԅ4, Ԅ5, Ԅ6} and ℰ(ƕ) = {ƍ1, ƍ2, ƍ3, ƍ4, ƍ5}. Then 𝑈𝑐𝑛
(ℰ(Ω)) =

{ƍ2, ƍ4, ƍ5}.Therefore, ℰ(Ω) ≠ 𝑈𝑐𝑛
(ℰ(Ω)). 

9)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ3, Ԅ4}  and ℰ(ƕ) = {ƍ5} . Then 𝑈𝑐𝑛
(ℰ(ƕ)) = ∅, 𝐿𝑐𝑛

(𝑈𝑐𝑛(ℰ(ƕ))) =

{ƍ1, ƍ3}.Therefore, 𝑈𝑐𝑛
(ℰ(ƕ)) ≠ 𝐿𝑐𝑛

(𝑈𝑐𝑛
(ℰ(ƕ))). 
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10) Let ƕ = (Ʊ(ƕ), ℰ(ƕ)) such that Ʊ(ƕ) = {Ԅ1, Ԅ2, Ԅ5} and ℰ(ƕ) = {ƍ2}.And ƙ = (Ʊ(ƙ), ℰ(ƙ)) such that Ʊ(ƙ) =

{Ԅ3, Ԅ4}  and ℰ(ƙ) = {ƍ5}  Then 𝑈𝑐𝑛
(ℰ(ƕ)) = ∅ , 𝑈𝑐𝑛

(ℰ(ƙ)) = ∅,  𝑈𝑐𝑛
(ℰ(ƕ)) ∪ 𝑈𝑐𝑛

(ℰ(ƙ)) = ∅,  𝑈𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)) =

{ƍ4} Therefore, 𝑈𝑐𝑛
(ℰ(ƕ) ∪ ℰ(ƙ)) ≠ 𝑈𝑐𝑛

(ℰ(ƕ)) ⋃ 𝑈𝑐𝑛
(ℰ(ƙ)).  

11)  Let ƕ = (Ʊ(ƕ), ℰ(ƕ))  such that Ʊ(ƕ) = {Ԅ1, Ԅ2, Ԅ4, Ԅ5, Ԅ6}  and ℰ(ƕ) = {ƍ2, ƍ3} .And ƙ = (Ʊ(ƙ), ℰ(ƙ))  such 

that Ʊ(ƙ) = {Ԅ1, Ԅ2, Ԅ3, Ԅ4, Ԅ5}  and ℰ(ƙ) = {ƍ1, ƍ2, ƍ5}  Then 𝑈𝑐𝑛
(ℰ(ƕ)) = {ƍ4} , 𝑈𝑐𝑛

(ℰ(ƙ)) = {ƍ2, ƍ4},  𝑈𝑐𝑛
(ℰ(ƕ)) ∩

𝑈𝑐𝑛
(ℰ(ƙ)) = {ƍ4}, 𝑈𝑐𝑛

(ℰ(ƕ) ∩ ℰ(ƙ)) = ∅ Therefore, 𝑈𝑐𝑛
(ℰ(ƕ) ∩ ℰ(ƙ)) ≠ 𝑈𝑐𝑛

(ℰ(ƕ))  ∩  𝑈𝑐𝑛
(ℰ(ƙ)). 
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