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A B S T R A C T 

In this article, we use triple g-transformation for solving fractional partial differential 
equations. There are many studies about finding solutions of fractional partial differential 
equation by using many  transformations like Laplace transform, Fourier transform and 
Elzaki transform. In this paper we use triple g-transformation  because this transformation 
can be used to solve most of the fractional partial differential equations by choosing the 
appropriate functions P1(s), P2(α), P3(β).  

MSC..44-XX 

 

https://doi.org/10.29304/jqcm.2023.15.1.1170 

1.  Introduction: 

The integral transformations are one of import methods for solving many of problems. Such that we can convert ordinary differential 

equation to algebraic equation and then we back by inverse of this integral transformation, but the case partial differential equations 

we use the integral transformation to convert partial differential equations to differential equations of type ordinary [1]. By using 

double integral transformation we can convert  partial differential equations of two independent variables to algebraic equations , 

thus we need to triple transformation to solve partial differential equations with three independent variables. the triple integral 

transformation is has import applications [5]. This transformation is distinguished by the generalities of the most known integral 

transformations and the possibility of finding new integral transformations from it. 

In [4], H.Jaferi presented  general integral transformation and he called it g-transformation also he studied properties of g-

transformation  and its applications in differential equations.  

2. Fractional differential equations and its solutions 

2.1 Definition [2] : 

Let 𝑛 ∈ 𝑅+. Then the oprator 𝐽𝑎
𝑛 defind on 𝐿1[𝑎, 𝑏] as following that:  

𝐽𝑎
𝑛𝑓(𝑥) ≔

1

Γ(𝑛)
∫ (𝑥 − 𝑡)𝑛−1

𝑥

𝑎

𝑓(𝑡)𝑑𝑡 

For 𝑎 ≤ 𝑥 ≤ 𝑏, is called the Riemann-liouville fractional integral operator of order n. 

For n=0, we set 𝐽𝑎
𝑛 = 𝐼, the identity operator. 
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 One important property of integer-order integral operators is preserved by our generalization:  

2.2 Theorem [3] : 

 𝑙𝑒𝑡 𝑚, 𝑛 ≥ 0 𝑎𝑛𝑑 𝜙 ∈ 𝐿1[𝑎, 𝑏] Then, 

𝐽𝑎
𝑚𝐽𝑎

𝑛𝜙 = 𝐽𝑎
𝑛𝐽𝑎

𝑚𝜙 = 𝐽𝑎
𝑚+𝑛𝜙                                                     (2.1) 

2.3 Example: 

 Let f(x) = (x − a)β for some 𝛽 > −1 𝑎𝑛𝑑 𝑛 > 0. 

Then 𝐽𝑎
𝑛 𝑓(𝑥) =

1

Γ(𝑛)
∫ (𝑡 − 𝑎)𝛽(𝑥 − 𝑡)𝑛−1𝑑𝑡

𝑥

𝑎
 

=
1

Γ(𝑛)
(𝑥 − 𝑎)𝑛+𝛽 ∫ 𝑠𝛽(1 − 𝑠)𝑛−1𝑑𝑠 =

Γ(𝛽 + 1)

(𝑎)𝑘(𝑛 + 𝛽 + 1)
(𝑥 − 𝑎)𝑛+𝛽

1

0

 

Where  (𝑎)𝑘 = (𝑎 + 1)(𝑎 + 2) … (𝑎 + 𝑘) 

So 

𝐽𝑎
𝑛𝑓(𝑥) =

Γ(𝛽 + 1)

Γ(𝑛 + 𝛽 + 1)
(𝑥 − 𝑎)𝑛+𝛽 . 

 

2.4 Definition (Riemann-Liouville Derivatives ) [8]: 

 Let n ∈ R+ and m = ⌈n⌉. The Riemann-Liouville fractional differential operator  defined as following that: 

 𝐷𝑎
𝑛𝑓 ≔ 𝐷𝑚𝐽𝑎

𝑚−𝑛𝑓                                                     (2.2) 

2.5 Lemma [5,6]: 

  𝐿𝑒𝑡 𝑛 ∈ 𝑅+ 𝑎𝑛𝑑 𝑙𝑒𝑡 𝑚 ∈ ℕ 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑚 > 𝑛. Then, 

𝐷𝑎
𝑛 ≔ 𝐷𝑚𝐽𝑎

𝑚−𝑛 

2.6  Definition (Caputo’s Derivative ) [7]: 

 Let  𝑛 ≥ 0  𝑎𝑛𝑑  𝑚 = ⌈𝑛⌉  , 𝑡ℎ𝑒𝑛  we define the Caputo’s operator by: 

𝐷𝑎
𝐶𝑓 = 𝐽𝑎

𝑚−𝑛𝐷𝑚𝑓 

Or    𝐷𝑎
𝐶𝑓(𝑥) =

1

Γ(𝑚 − 𝑛)
∫

𝑓(𝑚)(𝑡)

(𝑥 − 𝑡)𝑛+1−𝑚

𝑥

𝑎

𝑑𝑡                                                     (2.3) 

 

2.7  Proposition [6]: 

 Let  f  be a continuous function and 𝑛 ≥ 0    ,   then 

𝐷𝑎
𝐶𝐽𝑛𝑓 = 𝑓 

2.8 Remark: 

Let    A  be a constant number. Then 

𝐷0
𝑛𝐴 =

𝐴𝑥−𝑛

Γ(1 − 𝑛)
 

𝐷0
𝐶𝐴 =

1

Γ(𝑚 − 𝑛)
∫

𝐴(𝑚)

(𝑥 − 𝑡)𝑛+1−𝑚

𝑥

0

𝑑𝑡 = 0 

 

2.9 Example: 

Let 𝑓(𝑥) = (𝑥 − 𝑎)𝛽   ,   𝛽 ≥ 0, 𝑡ℎ𝑒𝑛 
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𝐷𝑎
𝐶(𝑥 − 𝑎)𝛽 = {

0                               ;      𝛽 = 0,1,2, … , 𝑚 − 1
Γ(𝛽 + 1)

Γ(𝛽 + 1 − 𝑛)
(𝑥 − 𝑎)𝛽−𝑛       ;   𝛽 ∈ Ν , 𝛽 ≥ 𝑚 𝑜𝑟   𝛽 ∉ Ν , 𝛽 > 𝑚 − 1

 

 

 

 

2.10 Proposition [8 ]:     

Let   𝛼 , 𝛽 are a positive real number    

1- T2g(ux
(α)

) = q1
αu − p1 ∑ q1

α−1−kg(ux
(k)(0, y), p2, q2)n−1

k=0   

2- T2g(uy
(β)

) = q2
β

u − p2 ∑ q2
β−1−k

g(uy
(k)(x, 0), p1, q1)m−1

k=0  

Where    𝑛 − 1 < α < n   , m − 1 < β < m. 

q2
n

p2
n−α+1 T2g(f(t, x)) −

1

p2
n−α ∑ q2

n−k−1Tx (ft
(k)(0, x))

n−1

k=0

 

 

3.  Solving fractional differential equations by using 𝐠-transformation 

3.1 Proposition: 

g(𝐽𝛼𝑓(𝑥)) =
1

(𝑞(𝑠))
𝛼 g(𝑓(𝑥))                                                     (3.1) 

Proof: 

g(𝐽𝛼𝑓(𝑥)) = g (
1

Γ(𝛼)
∫(𝑥 − 𝑡)𝛼−1𝑓(𝑡) 𝑑𝑡

𝑥

0

) 

=
1

Γ(𝛼)
g((ℎ ∗ 𝑓)(𝑥)) =

1

Γ(𝛼)𝑝(𝑠)
g(ℎ(𝑥)). g(𝑓(𝑥))    

   𝑤ℎ𝑒𝑟𝑒  ℎ(𝑥) = 𝑥𝛼−1 

We note that    

g(𝑥𝛼−1) =
Γ(𝛼)𝑝(𝑠)

(𝑞(𝑠))
𝛼  

Thus 

g(𝐽𝛼𝑓(𝑥)) =
1

Γ(𝛼)𝑝(𝑠)
g(ℎ(𝑥)). g(𝑓(𝑥)) =

1

Γ(𝛼)𝑝(𝑠)

Γ(𝛼)𝑝(𝑠)

(𝑞(𝑠))
𝛼 g(𝑓(𝑥)) 

g(𝐽𝛼𝑓(𝑥)) =
1

(𝑞(𝑠))
𝛼 g(𝑓(𝑥)) 

 

3.2 Proposition: 

Let 𝛼 ≥ 0  ,   𝑚 − 1 < 𝛼 < 𝑚  , 𝑚 ∈ 𝑁   , then:  

g(𝐷𝛼𝑓(𝑥)) = 𝑞𝛼(𝑠)g(𝑓(𝑥)) − 𝑝(𝑠) ∑ 𝑞𝛼−1−𝑘(𝑠)𝑓(𝑘)(0)

𝑚−1

𝑘=0

             (3.2) 

Proof: 

g(𝐷𝛼𝑓(𝑥)) = g (𝐽𝑚−𝛼𝑓(𝑚)(𝑥)) 

g(𝐷𝛼𝑓(𝑥)) =
1

(𝑞(𝑠))
𝑚−𝛼 g (𝑓(𝑚)(𝑥)) 

Since  g (𝑓(𝑚)(𝑥)) = 𝑞𝑚(𝑠)g(𝑓(𝑥)) − 𝑝(𝑠) ∑ 𝑞𝑚−1−𝑘(𝑠)𝑓(𝑘)(0)𝑚−1
𝑘=0  

Thus 

g(𝐷𝛼𝑓(𝑥)) =
1

(𝑞(𝑠))
𝑚−𝛼 [𝑞𝑚(𝑠)g(𝑓(𝑥)) − 𝑝(𝑠) ∑ 𝑞𝑚−1−−𝑘(𝑠)𝑓(𝑘)(0)

𝑚−1

𝑘==0

] 
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g(𝐷𝛼𝑓(𝑥)) = 𝑞𝛼(𝑠)g(𝑓(𝑥)) − 𝑝(𝑠) ∑ 𝑞𝛼−1−−𝑘(𝑠)𝑓(𝑘𝑘)(0)

𝑚−1

𝑘==0

 

 

3.3 Proposition: 

T2g (𝑓(α)(𝑡)) =
p2

q2

[q1
αf(t)1 − p1 ∑ q1

α−1−k

n−1

k=0

f (k)(0)] 

Where T2g(f(x, y)) = P1(s)P2(s) ∫ ∫ e−q1(s)x−q2(s)y∞

0
f(x, y)dxdy

∞

0
    [11]. 

where   𝑓(α)(𝑡) = J0
n−αf n(t)                n-1< 𝛼 < 𝑛   , n is an integer number. 

 

Proof: 

First we prove that: 

T2g(J0
αf(t)) = gsD(

1

Γ(α)
tα−1 ∗ f(t)) 

=
1

Γ(α)

p2

p1q2

tα−1
1. f(t)

1
 

=
1

Γ(α)

p2

p1q2

.
Γ(α)p1

q1
α f(t)

1
 

T2g(J0
αf(t)) =

p2

q2𝑞1
α . f(t)

1
 

Second we get: 

T2g(𝑓(α)) = T2g(J0
n−αf (n)(t)) 

=
p2

q2𝑞1
n−α . f (n)(t)

1
 

T2g(𝑓(α))  =
p2

q2q1
n−α [q1

nf(t)1 − p1 ∑ q1
n−1−kn−1

k=0 f (k)(0)]  

=
p2

q2

[q1
αf(t)1 − p1 ∑ q1

α−1−k

n−1

k=0

f (k)(0)] 

3.4 Proposition: 

1 − T3g( cDt
αf(x, y, t)) = q3

αT3g(f(x, y, t)) − ∑ q3
n−k−1TxTy (

∂𝑘

∂tk
f(x, y, 0))

n−1

k=0

 

2 − T3g( cDx
αf(x, y, t)) = q1

αT3g(f(x, y, t)) − ∑ q1
n−k−1TyTt (

∂𝑘

∂xk
f(0, y, t))

n−1

k=0

 

3 − T3g ( cDy
αf(x, y, t)) = q2

αT3g(f(x, y, t)) − ∑ q2
n−k−1TxTt (

∂𝑘

∂yk
f(x, 0, t)) 

n−1

k=0

 

Proof: 

1-T3g( cDt
αf(x, y, t)) = P1P2P3 ∫ ∫ ∫ e−q1x−q2y−q3t∞

0

∞

0

∞

0
cDt

αf(x, y, t)dt dx dy 

Since 

cDt
αf(t) =

1

Γ(n − α)
∫(t − τ)n−α−1

∞

0

∂n

∂tn
f(t)dτ =

1

Γ(n − α)
(tn−α−1 ∗

∂n

∂tn
f(t))                                                     (3.3) 

By Eq.(3.3) we get 

T3g( cDt
αf(x, y, t)) =

p1p2p3

Γ(n − α)
∫ ∫ e−q1x−q2y [∫ e−q3t (tn−α−1 ∗

∂n

∂tn
) f(x, y, t)dt 

∞

0

] dx dy

∞

0

∞

0=
p1p2

Γ(n − α)
∫ ∫ eq1x−q2y [

1

p3

Ttg(tn−α−1) ∙ Ttg (
∂n

∂tn
f(x, y, t))]

∞

0

∞

0

dx dy

=
p1p2

p3Γ(n − α)

Γ(n − α)p3

q3
n−α ∫ ∫ eq1x−q2y

∞

0

∞

0

[q3
αTtg(f(x, y, t)) − p3 ∑ q3

n−k−1
∂k

∂tk
f(x, y, t)

n−1

k=0

] dx dy

= q3
αT3g(f(x, y, t)) − ∑ q3

n−k−1TxTy

∂k

∂tk
f(x, y, 0)

n−1

k=0

 

2 − T3g( cDx
αf(x, y, t)) = P1P2P3 ∫ ∫ ∫ e−q1x−q2y−q3t

∞

0

∞

0

∞

0

cDx
αf(x, y, t)dt dx dy 

Since 

cDt
αf(x) =

1

Γ(n − α)
∫(x − τ)n−α−1

∞

0

∂n

∂tn
f(x)dτ =

1

Γ(n − α)
(xn−α−1 ∗

∂n

∂xn
f(x)) 
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Thus 

T3g( cDx
αf(x, y, t)) =

p1p2p3

Γ(n − α)
∫ ∫ e−q2y−q3t [∫ e−q1x (xn−α−1 ∗

∂n

∂xn
) f(x, y, t)dx 

∞

0

] dt dy

∞

0

∞

0=
p2p3

Γ(n − α)
∫ ∫ eq2y−q3t [

1

p1

Ttg(xn−α−1) ∙ Txg (
∂n

∂xn
f(x, y, t))]

∞

0

∞

0

dt dy

=
p1p2

p1Γ(n − α)

Γ(n − α)p1

q1
n−α ∫ ∫ eq2y−q3t

∞

0

∞

0

[q1
αTxg(f(x, y, t)) − p1 ∑ q1

n−k−1
∂k

∂xk
f(0, y, t)

n−1

k=0

] dx dy

= q1
αT3g(f(x, y, t)) − ∑ q1

n−k−1TyTt

∂k

∂xk
f(0, y, t)

n−1

k=0

 

3 − T3g ( cDy
αf(x, y, t)) = P1P2P3 ∫ ∫ ∫ e−q1x−q2y−q3t

∞

0

∞

0

∞

0

cDy
αf(x, y, t)dy dx dt 

Since 

cDy
αf(y) =

1

Γ(n − α)
∫(y − τ)n−α−1

∞

0

∂n

∂yn
f(y)dτ =

1

Γ(n − α)
(yn−α−1 ∗

∂n

∂yn
f(y)) 

Thus 

T3g ( cDy
αf(x, y, t)) =

p1p2p3

Γ(n − α)
∫ ∫ e−q1x−q3t [∫ e−q2y (yn−α−1 ∗

∂n

∂yn
) f(x, y, t)dy 

∞

0

] dt dx

∞

0

∞

0=
p1p3

Γ(n − α)
∫ ∫ eq1x−q3t [

1

p2

Tyg(yn−α−1) ∙ Tyg (
∂n

∂yn
f(x, y, t))]

∞

0

∞

0

dt dx

=
p1p2

p1Γ(n − α)

Γ(n − α)p1

q1
n−α ∫ ∫ eq2y−q3t

∞

0

∞

0

[q1
αTyg(f(x, y, t)) − p2 ∑ q2

n−k−1
∂k

∂yk
f(x, 0, t)

n−1

k=0

] dx dy

= q2
αT3g(f(x, y, t)) − ∑ q2

n−k−1TxTt

∂k

∂yk
f(x, 0, t)

n−1

k=0

 

 

3.5 Solution   of     generalized      fractional    Heat  equation By using 𝑻𝟑𝒈 – Transformation: 

Consider the equation 

Dt
c

o
αu(x, y, t) =

1

π2
(Dx

2 + Dy
2)u(x, y, t)                                                                        (3.5.1) 

With   the initial and  boundary  conditions : 

u(0,0, t) = u(0, y, t) = u(x, 0, t) = 0     Dx(0, y, t) = πEα(yα) 

 y > 0, 𝑡 > 0   Dy(x, 0, t) = πEα(xα) , u(x, y, 0) = sin πx sin πy , x, y, t > 0, 0 <  𝛼 < 1
}    (3.5.2) 

Eq. (3.5.1 , 3.5.2 )    are called   generalized   fractional  Heat  equation. 

By Taking T3g −transformation of  both  sides  of Eq (3.3.1) we get : 

T3g ( Dt
c

o
α𝑢(𝑥, 𝑦, 𝑡)) =  𝑐2 [𝑇3𝑔(𝐷𝑥

2𝑢(𝑥, 𝑦, 𝑡)) + 𝑇3𝑔 (𝐷𝑦
2𝑢(𝑥, 𝑦, 𝑡))]             (3.5.3) 

But First we note that TxTy(u(x, y, 0)) = TxTy(sin πx sin πy) = Tx(sin πx). 𝑇𝑦(sin 𝜋𝑦) 

=
𝜋𝑝1

𝑞1
2 + 𝜋2

.
𝜋𝑝2

𝑞2
2 + 𝜋2

=
𝜋2𝑝1𝑝2

(𝑞1
2 + 𝜋2)(𝑞2

2 + 𝜋2)
 

2 − TtTt(u(0,0, t)) = TtTy(u(0, y, t)) = TtTx(u(x, 0, t)) = 0 

3 − TtTy(Dx   u(0, y, t)) =
π   p2p3q2

α−1

q3(q2
α + 1)

 

4 − TtTx (Dy   u(x, 0, t)) =
π   p1p3q1

α−1

q3(1 − q1
α)

 

Now   we use  1,2,3,and  4 in  Eq.(3.5.3): 

q3
∝T3g(u(x, y, t)) − ∑ q3

∝−k−1TxTy (
∂k

∂tk
u(x, y, 0))

𝑛=1

𝑘=0=
1

π2
[q1

2T3g(u) − TtTy(u(0, y, t)) − q1TtTY(Dxu(0, y, t)) + q2
2T3g(u) − TtTx(u(x, 0, t)) − q2TtTx (Dyu(x, 0, t))] 

q3
αT3g(u) −

π2p1p2

(𝑞1
2 + 𝜋2)(𝑞2

2 + 𝜋2)
=

1

π2
[(q1

2 + q2
2)T3g(u) −

πq1p2p3q2
α−1

q3(q2
α−1 + 1)

−
πq2p1p3q1

α−1

q3(1 − q1
α−1)

] (q3
α −

q1
2 + q2

2

π2
) T3g(u)

=
π2p1p2

(𝑞1
2 + 𝜋2)(𝑞2

2 + 𝜋2)
−

πq1p2p3q2
α−1

πq3(q2
α + 1)

−
p1p2q1

α−1q2

πq3(1 − q1
α−1)

   T3g(u)

=
π4p1p2

(𝑞1
2 + 𝜋2)(𝑞2

2 + 𝜋2)(𝜋2q3
α − q1

2 − q2
2)

−
πp2p3q1q2

α−1

q3(1 + q2
α)(𝜋2q3

α − q1
2 − q2

2)
−

πp1p2q1
α−1q2

q3(𝜋2q3
α − q1

2 − q2
2)(1 − q1

α)
 

u(x, y, t) = T3g
−1 (

π4p1p2

(𝑞1
2 + 𝜋2)(𝑞2

2 + 𝜋2)(𝜋2q3
α − q1

2 − q2
2)

) − T3g
−1 (

πp2p3q1q2
α−1

q3(1 + q2
α)(𝜋2q3

α − q1
2 − q2

2)
) − T3g

−1 (
πp1p2q1

α−1q2

q3(𝜋2q3
α − q1

2 − q2
2)(1 − q1

α)
) 
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