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1. Introduction:

The integral transformations are one of import methods for solving many of problems. Such that we can convert ordinary differential
equation to algebraic equation and then we back by inverse of this integral transformation, but the case partial differential equations
we use the integral transformation to convert partial differential equations to differential equations of type ordinary [1]. By using
double integral transformation we can convert partial differential equations of two independent variables to algebraic equations,
thus we need to triple transformation to solve partial differential equations with three independent variables. the triple integral
transformation is has import applications [5]. This transformation is distinguished by the generalities of the most known integral
transformations and the possibility of finding new integral transformations from it.

In [4], H.]aferi presented general integral transformation and he called it g-transformation also he studied properties of g-
transformation and its applications in differential equations.

2. Fractional differential equations and its solutions
2.1 Definition [2] :
Letn € R*. Then the oprator J defind on L, [a, b] as following that:
1 X
n — _ #\n-1
12 = s | G- o rpae
For a < x < b, is called the Riemann-liouville fractional integral operator of order n.

For n=0, we set J} = I, the identity operator.
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One important property of integer-order integral operators is preserved by our generalization:
2.2 Theorem [3] :
let m,n = 0 and ¢ € L,[a, b] Then,
alad =Jajdd =1 (€
2.3 Example:

Let f(x) = (x — a)f for some f > —1 and n > 0.

1

Then J§ f(x) = o5 Jit—af (x— " tde

rg+1

1 1
- _ n+p B _ o\n—-1 —
O fos(l S = A B+ D)

(x— a)n+ﬁ
Where (a), = (a+1(a+2)..(a+k)

So

rg+1)

T+ p+D* .

Jaf(x) =
2.4 Definition (Riemann-Liouville Derivatives ) [8]:
Letn € R* and m = [n]. The Riemann-Liouville fractional differential operator defined as following that:

Dif =D"]g™"f (2.2)
2.5 Lemma [5,6]:
Letn € R* and let m € N such that m > n. Then,
Dy = DM
2.6 Definition (Caputo’s Derivative ) [7]:
Let n > 0 and m = [n] ,then we define the Caputo’s operator by:

DSf = JpmDmf
f(m) ®

r(m-n)J) (x —)n+t-m

Or DEf(x) = dt (23)

2.7 Proposition [6]:
Let f be a continuous functionandn >0 , then
DEJf = f
2.8 Remark:

Let A be a constant number. Then

Ax7™
ra-n) ,
1 AM
- rm—-n)) (x —t)nti-m
0

DA =

D§A dt=0

2.9 Example:

Letf(x) = (x —a)? , B =0,then
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0 ; B=012..,m—1
DS(x — a)f ={ r(g+1)

m(}(—d)ﬁ_n ;ﬁEN,ﬂEmOT’ ﬁEN,ﬁ>m—1

2.10 Proposition [8 |:

Let a,f are a positive real number

1- Ty (u?) = T — py Bp2g a5 g (u”(0,y),p2,02)
2- T2g(u3(18)) = qgﬁ — P2 Xke 01 qg ' kg(u;k) (%,0),p1, Q1)

Where n—1<a<n ,m—-1<f<m.

an k— 1T f(k)(O,x))

n— C(+1
P2

3. Solving fractional differential equations by using g-transformation

3.1 Proposition:

g f () = ag(f( ) (3.1

(a()
Proof:
1 X
gUf(0)) =g <@ f (x— 0" f(©® dt)
0 1 1
= mg((h * f)(x)) = Wp(s)g(h(x))g(f(x))

where h(x) = x

We note that

g(xe1) = T(a)p(s)
(4)”
Thus
1 1 T
B019) = sy BRI 85 00) = sy ooy 80
g f () = @ ())ag(f( x))
3.2 Proposition:

Leta>0, m—1<a<m,me€N ,then:

g(D°F() = *G(F)) ~p() D ¢TGP (32)
k=0

Proof:
g(D*f () = g(]"""‘f“”)(x))

g(Df(0) = ——=zg (f™ @)

(4G ))
Since g (/™ ()) = ™()g(F () ~ p() T 4K ©(0)

Thus

g(D*f(0)) = ——z=a |a™()(f (X)) — p(s) Z qm 1“"(S)f(")(O)]

(()) —
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m—1

8D (0) = 4“@E(F) = p(s) ). a* K SF )

k==0

3.3 Proposition:
n-1

a5TD, — py ) a5 f<k>(0)]
k=0

Where Ty (f(x,y)) = Py (s)P(s) [, [, e f(x, y)dxdy [11].

Ty (F@9(0) = =

where f(t) = [~ (t) n-1< & < n ,nisan integer number.

Proof:
First we prove that:

Toe(JEF(D) = gsD(—t“ R i0)

IN())]
__* P2 ==
Tt O
1 pr T(@pi
p; T(ap o,

) Piq;

p —_

ng(]gf(t)) = qZ;u 1
1

Second we get:

Tog(f @) = To U8~ ™ (1)

P2 =
=——— fo(p),

241

Tg(f @) = 2 [atf®, - py T a1 100
n-1
P2| (s -
== [ﬂl‘i‘f(t)1 P Z qtx f“‘)(O)]
q2 ]
3.4 Proposition:

1-Typ( DEf(xy, D) = qiTyy(FCxy,1) — Z QKT atkf(x y,0)
k
2 - T3g( ‘Dgf(x,y, t)) = q1T3g(f(X y.t)) Z q) k1T, vTt —kf(O.y. t)
ak
3-Tog( “DEFxY,D) = q§Ts(fCxy,0) — Zq;‘ T 550 0.0
k=0

Proof:
1'T3g( °DI(x,y, t)) =P,P,P; J-Ooo fooo fooo e~ d1X-dz2y-qst °Def(x, y, t)dt dx dy
Since

c o(f n-a-1 f dt = 1 n-a-1 6nf

By Eq.(3.3) we get

cpa _ Pa1b2Ps ~Q1X—q2y -q t( n-o-1 an)}
Tsg( DEf(xy,1) = Tlopp) e 2 1e 3 t_ i *ﬂ %(x, y, t)dtyx dy
tg

= ed1%x~az g (") - T, —f(x,y, t) || dxady
F(ID—P%S (n - a)p - k1 OK
- : ﬁf eov-ay qsTy (foy, 0) b Y. a3t Sy, 0| ey

- q3 g(f(x v, t)) _1T Ty5x (X, Y, O) k=0

y atk

X
2 —Tag( °DEf(x,y,1)) —P1P2 3f f f e~ WX~Az2y-ast  cPAf(x y, t)dt dx dy
000

Since

c Olf n-a-1 [: d 1 n-a-1 6n f
D&f(x) = f(x—t) ﬁ (dt = =\ * R )
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Thus
T °D$f<x.y.t))=—r‘z;p2p3 @‘QZY“*St (o (Xt S Gy, O e dy
NP 1'1- Qz2y- q3 (x a1y T f(X v, Vet dy
(WS (n—a)p1 1 E ayaat | e a it
F(n q edzy™ QS xg (X y,t)) f(O y, )| dx dy
= g, (f(x A9 L - "1TyTt f(O v,
- Xyt e~ 11x~d2y~ds Xyt x dt
3 Tag( ‘Dyf(xy. ) Plengff dx=a2y=ast - CDEf(x,y, )dy dx d
0 0 0
Since
DY) = f -0t 2 e = [yt
y I'(h —a) ) ay™ I'(h—a)
Thus

=

P1P2P
T3g( ‘Dyf(x, y,t) F(;pz—pfg)fgoe dix-dst 'Le qzy ynmo f(x y, t)dy hdt dx
f (r?q—lxoc%t 6=°—'5Fg(y" a- 1) g f(x y,t) fpdt dx
ZZ ed2y- qst (x y,t)) Qg & 1 f(x 0, t)] dx dy

F(n qy
= Gty (f(x v, t)) N 5y kf(x 0.0
k=0

3.5 Solution of generalized fractional Heat equation By using T3, - Transformation:
Consider the equation
Du(x,y,t) = %(D2 +D2)ulxy, v (3.5.1)

With the initial and boundary conditions :

u(0,0,t) = u(0,y,t) =u(x,0,t) =0 D,(0,y,t) = mE,(y%) 352
y>0,t>0 Dy(X,O,t) =7E,(x%*),u(x,y,0) = sinxsinmy ,x,y,t > 0,0 < a < 1} (3:5.2)

Eq.(3.5.1,3.5.2) arecalled generalized fractional Heat equation.
By Taking T;, —transformation of both sides of Eq (3.3.1) we get :
Tag ($D%u(x, y, 1)) = c? [ng (D2u(x,y, 1)) + Ty (Dfu(x, v, t))] (3.5.3)

But First we note that TxTy(u(x, y,0) = Ty Ty(sinmx sinmy) = T, (sinmx). T, (siny)

_ TPy P, _ ’pip,
@+ gi+n? (g2 +72)(g:+m?)

2 - T,T(u(0,0,0) = T, T,(u(0,y,1)) = T, Ty (u(x,0,t)) = 0

T pppsqs

3-T,T,(Dy u(0,y,)=—=>"2_
Ty(Dy u(03,9) as(qz +1)
T pipsqit

4 Tth(Dy u(x,o,t))_ 0D

Now weuse 1,2,3,and 4 in Eq.(3.5.3):

n=1
a

q3T3g(u(x y, t)) Z qske 1T)(Ty(aTu(x y, 0)2

= —[q1T3g(u =TT, (u(0,4,9) — 4, Ty Ty (D,u(o, y,t)) + B3 T3() — TT(u(x,0,8)) — 4, Ty (Dyu(x, 0,0) )|

us p1b2 Tq,p,P3q5 " mhplps‘h ‘h +q3
2 + = T,
@ + )2+ ¥ m[(‘h TP, 57 (o Bep a1 N ( e ) (W)
_ (g + %) (g3 +itBlp, ﬂqs(qz +1)  mgs(1- zlr)sqﬁk TP1P295 T de
(@ +1) (@ +m)? G -2 —q2)  qsA+aD@?qS — 2 —q?)  qs(m2qS —qZ — (1 —qP)

u(x,y,t) = T53 < ™'pip, ) _ ot < TP2P3d195 " > — ( Tp; P95 g, )
" B\ +1)(@ +1)(2 g5 —ai - qd)) B \as(U+aD@2q5 —ai —aq3)) 8 \as(n?q —qf —qd) (1 —qD)

45 Tag(u) —
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