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1. Introduction

Let A represent the class of all functions f which are analytic and univalent in the open unit disk U =
{z € C:|z| < 1}of the form

f(2) =Z+Z“KZK' (1.1

And denote by S*(p) the class of starlike functions of order p, (0 < p < 1) when f € A ifit

zf'(2)
D) >p (zeU),
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And denote by K (p) the class of convex functions of order p, (0 < p < 1) when f € A ifit
zf"(z)
f'(2)

Let W < A ,where f(z) € W ,such that

o)

f2) =z Z a,2% (2, =0). (1.2)

K=2

Re{1+ }>p (z € U).

The power series below, whose coefficients are beta negative binomial distribution probabilities, was
recently proposed by Wanas and Al-Ziadi [9]

(Mg (0) -1 (P) -1
LT Hp) (0 + v D)t (= D

We see using the Ratio Test that the above series' radius of convergence is infinite.
The linear operator g7 , : W — W is defined as follows (see [9])

(VMg (0) -1 (P) -1
2.4 9)s (@ + v+ s (D

$095,(2) =z — z, (z€U,v,p,0>0).

‘Bgo,‘ip(z) = 803,,)(2) «f(z) =z — a.z*, (a,=0),

where * denotes the convolution of two series' Hadamard products.
H stands for the complex field'sHilbert space, and T represents a linear operator on H. For  f on
U,The Riesz-Dunford integral defines the operator on H, denoted by f(T) [1].

1
F) = f f@)(al - T dz,

The identification operator on H is I, The simple closed rectifiable contour c is positively orientated, lies

in U, and has the spectrum o (T) of T in its interior domain.[2]. The series f(T) can also define

Y9 0
=5 0@
k=0

K

in which the topology of the norm converges [3].
If f(2) is given by (1.2), then also have

(Mg (0)i—1 (P11

T*.
L+ e (VP (- D!
K=

g‘BSOg,p(T) =T -

Now, We define the class E(8,v, v, p, g, T) made up of the functions f € W so that

|(B25,(m) + 6T (Bp5,(m) || > v |6 (Bos,) +a-|. @3
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where0 <6 <1,0<y<1landV operator T, ||T|| <1,T # @ (In H, @ represents the zero operator ).
Recently, various researchers studied the operator in Hilbert space, can refer, for example, to
[4,5,6,7,8,10,11,12,13].

2.Main Results

For functions in the class E(5,y, v, p, g, T), the first theorem provides sharp coefficient estimates..

Theorem 2.1: Let f € W be given by (1.2). Then f € E(6,y,v,p,o0,T) forall T # @ if and only if

0o

Z KOy +0(k —1)+1) (V) (0)x-1 (P)—1
V+p)e(@+Vv+p)q (k—1)!

a.<1-vy, (2.1

where0<6<1,0<y<1.

For the given function f, the outcome is clear

1-p)W+p)s(0+v+p)y (k—1)!
- T, k= 2. 2.2
<@y + 60— D+ D W)y @t (D @2
Proof: Consider inequality (2.1) is true. It is sufficient to show

|(85,(1) + 5T (B35, ) || > 7 |6 (805, ) + @ -9

f(r)y=r

We consider
v |8 (B5,(M) + @ -8 - [|(Bes, ) + o7 (Beg,m) |

~ SK(V)g (0)—1 (P Tr-1
L )y (@ +VF P (k= DI

oS- D+ D 0o @t @i s
L WFp), GtV Hpe (c-DE "
O 5y K (Mg (0 (P
SKzzz(wp)(,(a+v+p),c_1oc—l)!"""'T” —Umr

C (8= 1) + 1) g (0)er (it
& (vtp)g(@+v+p)eq (k—1)

a 1T

co

< z K(5)/ + 5(K - 1) + 1) (V)a (U)x—l (p)x—l
- (v+p)o (@+Vv+p)eq (k—=1!

Therefore, f € E(6,v,v,p,0,T).

a,—(1—-y)<0.
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To show the converse, let f € E(6,y,v,p,0,T). Then

(805, + 67 (B5,™) || > v |6 (Beg,M) +@ -9

gives
N KGR =1 + 1) M6 @t (Pt | et
L AP (@+vHp)ey (=D F
bk (V)a (O-)K,'—l (p)x—l Kk—1
T L e E e, v e oD

In the inequality above, if T = rI (0 < r < 1), we obtain

_\y'o 6y Kk Wg (0)—1 (P)—1 K—1
v~ 2k tp)s @+vp)er (D KT

o KE—1D+1) V)5 (0)x—1 (P)x—1
K=2 (v4p)g (04+v+p)i—1 (k—1)!

<1. (2.3)
1 —

a,r1

After deleting the denominator in (2.3) and allowing r — 1, we get

o)

Z kK(By +8(k—1)+1) W)y (0)k-1 (P)i—1
v+p)g(@+Vv+p)y (k—1)!
Corollary 2.1: If f € E(6,y,v,p,0,T), then
(1-Y)v+p)s (0+Vv+p)q (k—1)!
a, < , K= 2.
K(Sy + 6(K - 1) + 1) (V)a (U)K—l (p)x—l
Theorem 2.2: If f € E(S,y,v,p,0,T) and ||T|| < 1,T # @, then

A= +p)s
by+6+1) (v),

a,<1-vy,

A= +p)s
Gby+6+1) (v),

71l - ITIZ < IFDOI < ITI+ ITII?

and

A-rv+p)s , A= +p)s
“Grror D, = MI<1+ e o,

Proof: According to the Theorem 2.1, we see that

IT1l.

<1,

@Gy +8+1D M, i 3 i K(8y +80c = 1) +1) g (@)1 (Pt
A=-NE+ps &4 " L A=-DE+p)y @+ +p)es (=D "

which gives

i 1-p)+p)g
a, < .
“TBy+5+1) (v),

K=2
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Thus, we have

[0e] (0]

IFN = ITN - Z a, ITII* = 17|l - ||T||22 a, > Tl -

K=2 K=2

A= +p)s

Bby+6+1) (v), 1%,

Also,

A=W +p)s
Gby+6+1) (v),

IFMI<ITI + Z a ITI* < IT| + ITI.
K=2

In the light of Theorem 2.1, and by noting the relation

k(@@y+6+1) (v), < k(Y +0(k — 1)+ 1) (V) (0) k-1 (P) -1
A-VW+p)e ~— A= +p)s(@+Vv+p)q (k—1)!
we deduce that

K@Y 0+ D W)y K@Y+ 80k = 1) + 1) Wy (et Pl _
A-No+p)s 7L A=NE+p)s(@+V+p)eq (=1

That is

, (k=2),

<1

i"“ _ A=»E+p)
Ty ++D) (v,

K=2
Hence

oo

: PR A=+,
IF M1 ke Tl = 1 ||T||KzznaK21 G rssno

K=2

and

Q- +p)s
Gby+6+1) (v),

IF IS T+ITI Y kae <1+ 7l
K=2

Theorem 2.3: The class E(8,y,v, p,a,T) is a convex set.

Proof:
Let f; and £, be the unspecified components of E(8,y, v, p,a,T) Then we demonstrate that vV ¢, (0 <
t < 1), we demonstrate (1 — t)f; + tf, € E(6,v,v,p,0,T). Thus, we obtain

A-0fi+tfh=2z— Z((l — O)a, + th, )z".
K=2
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Hence

[ee)

z k(@Y +0(k — 1)+ 1) (V)4 (0) -1 (P)ic—1
v+p)o (@+Vv+p)_qs (k—1)!

((1 —ta, + thy)

K

~ k(Y + 80— 1) + 1) (1) (@)1 (Pyr
N (1_”; V+p)g (0 +V+ )y (k— 1!

o)

K(6y + 6(K - 1) + 1) (V)a (O-)K,'—l (p)}c—l
) W+ Py (@ +V+ P)es (k—1)!

<A-) -y +t(d-y)=1-y.
Theorem 2.4: If f € E(6,y,v,p,0,T),then f € S*(p) “of order 8 (0 <6 <1)in|z| <r",

by

o [fA =0y + 80— 1) + 1) (Vg (D1 (Pes Pt s
P70 k=0 A=)+ p)y (6 +V+p)eq (k= 1)! (K= 2).

The result is clear for f given by (2.2).

Proof: It is sufficient to show

‘ Tf'(T)
f(T)

—1”31—9 . (2.4)
We get

S (k= Da|IT[<
‘Tf’<T>_1H<kz$ (c = DalIT]

f(T)

1- aIT|**

0
k=2

Hence (2.4) will be satisfied if

(] 9) ” ” 1< ( )
Ez a T <1. 2.5
K=

In the light of Theorem 2.1, if f € E(5,y,v,p, 0, T), then
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2 k(@Sy + 80— 1)+ 1) ()5 (@t (s
L (1=P)W+p)g (6 +V+p)-r (= D!

ae < 1. (2.6)

Using (2.6), we can show that (2.5) is true if

u ”T”K—1 < K(5V +5(k—1)+1) (V)J (O')K_l (p)rc—l
1-6 T A-NE+ps @+ VP (k=D

or equivalently

Tl < {K(1 — )y + (k-1 +1) (V) (0)1 (p)K_l}ﬁ
< (K—H)(l—)/)(V+p)a (O’+V+p)K_1 (K—l)' f

Theorem 2.5: If f € E(6,y,v,p,0,T),then f € K (p) oforder 86 (0 <0 <1)in|z| <y,

T, = inf{(1 —0) 6y +5(k—1D+1) Vg (0)i—1 (Pi—1 }"Tll > 2)
2 k=AW +p), (@+V+p)s =D "=

The result is obvious for f provided by (2.2).

K

Proof: It is sufficient to show

HTf”(T)

WHS].—H.

By employing arguments like to those used in the proof of Theorem 2.3, the conclusion is achieved.

Theorem 2.6: If fi(z) =z &

_A-NE+P VP (=D
K(5]/ + 5(}( — 1) + 1) (V)cr (O-)K—l (p)x—l ' T

Then f € E(6,y,v,p,0,T) iff it may be shown in the form:

fi(z) =z

IOEDWNAGY @7

where 4, = 0and };_; 4, = 1.

Proof: Suppose f may be represented as follows: (2.7). Next, we see that

) =D defel®) = 1 i@ + D A fel2)
k=1 k=2
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L N AN +p) @tV =D
ST L@y + 6 - D+ D Dy @t Dt

Thus

o k(Y + 80 =) + 1) 1o (@Dt Pt A=V +0)y (0 +V+ Pl (= D
L TN+, @+V+ps (= DI k(@Y +8(k = D+ D g @ Pler

=ZAK=1—)11§1,

andso f € E(8,vy,v,p,0,T).

Conversely, Assume that f as provided by (1.2), belongs in E(8,y, v, p,a,T). Then by Corollary 2.1, we

have
0 < 1-y)v+p)s(@d+v+p) (k=1
FT K@Y+ 8= D+ 1) (V5 (0) -1 (Pli-1”
Putting
k@Y +6(k=1)+1) V)5 (0)k-1 (Py—1 4 k>2
S D [ P C ) Y R D T
and A, =1—-X7, A,.Then
f(z)=z —Za,cz’c

) o A=W +p)y(d+v+p)q (k—1)! ok
K=2K(5Y +6(k—1+1) )y (0)e—q (P)eq *

=z —i(z—fx(z))zx - (1 —izk>z+ iak fu(@)
K=2

K=2 K=2

= Lf1(2) + ilx fi(2) = ilx fi(2),
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