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A B S T R A C T 

 

In this work , we show and research a new class of univalent and analytic functions with 
negative coefficients linked to the beta negative binomial distribution on a complicated 
Hilbert space. We find fascinating geometric features such as the convex set, coefficient 
estimates, distortion and growth theorems, starlikeness and convexity radii, and describe the 
extreme points for functions in this class. 
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1. Introduction 

Let 𝒜 represent the class of all functions 𝑓 which are analytic and univalent in the open unit disk 𝑈 =

{𝑧 ∈ ℂ: |𝑧| < 1}of the form 

𝑓(𝑧) = 𝑧 + ∑ 𝑎𝜅𝑧𝜅

∞

𝜅=2

 ,                                                      (1.1) 

And denote by 𝑆∗(𝜌) the class of starlike functions of order 𝜌, (0 ≤ 𝜌 < 1)  𝑤ℎ𝑒𝑛 𝑓 ∈ 𝒜 if it 

𝑅𝑒 {
𝑧𝑓′(𝑧)

𝑓(𝑧)
}  > 𝜌          (𝑧 ∈ 𝑈) , 
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And denote by 𝒦(𝜌) the class of convex functions of order 𝜌, (0 ≤ 𝜌 < 1)  𝑤ℎ𝑒𝑛 𝑓 ∈ 𝒜 if it  

𝑅𝑒 {1 +
𝑧𝑓′′(𝑧)

𝑓′(𝑧)
}   > 𝜌      (𝑧 ∈ 𝑈). 

Let   𝑊 ⊆ 𝒜 , where  𝑓(𝑧) ∈ 𝑊 ,such that  

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝜅𝑧𝜅

∞

𝜅=2

   (𝑎𝜅 ≥ 0 ).                                                   (1.2) 

 The power series below, whose coefficients are beta negative binomial distribution probabilities, was 

recently proposed by Wanas and Al-Ziadi [9] 

℘𝜈,𝜌
𝜎 (𝑧) = 𝑧 − ∑

(𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑧𝜅

∞

𝜅=2

,   (𝑧 ∈ 𝑈, 𝜈, 𝜌, 𝜎 > 0 ). 

We see using the Ratio Test that the above series' radius of convergence is infinite.  

The linear operator 𝔓℘𝜈,𝜌
𝜎 ∶  𝑊 ⟶ 𝑊 is defined as follows (see [9]) 

𝔓℘𝜈,𝜌
𝜎 (𝑧) = ℘𝜈,𝜌

𝜎 (𝑧) ∗ 𝑓(𝑧) = 𝑧 − ∑
(𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑧𝜅

∞

𝜅=2

,   (𝑎𝜅 ≥ 0), 

where ∗ denotes the convolution of two series' Hadamard products. 

𝐻 stands for the complex field'sHilbert space, and 𝑇 represents a linear operator on H. For    𝑓 on  

𝑈,The Riesz-Dunford integral defines the operator on 𝐻, denoted by 𝑓(𝑇) [1]. 

𝑓(𝑇) =
1

2𝜋𝑖
∫ 𝑓(𝑧)(𝑧𝐼 − 𝑇)−1

𝑐

𝑑𝑧 , 

The identification operator on 𝐻 is 𝐼, The simple closed rectifiable contour 𝑐 is positively orientated, lies 

in U, and has the spectrum 𝜎(𝑇) of 𝑇 in its interior domain.[2]. The series 𝑓(𝑇) can also define  

𝑓(𝑇) = ∑
𝑓(𝜅)(0)

𝜅!

∞

𝜅=0

𝑇𝜅 , 

in which the topology of the norm converges [3]. 

If 𝑓(𝑧) is given by (1.2), then also have 

𝔓℘𝜈,𝜌
𝜎 (𝑇) = 𝑇 − ∑

(𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑇𝜅

∞

𝜅=2

. 

     Now, We define the class 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇) made up of the functions 𝑓 ∈ 𝑊 so that 

‖(𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ 𝛿𝑇 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′′

‖ > 𝛾 ‖𝛿 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ (1 − 𝛿)‖,               (1.3) 
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where 0 < 𝛿 < 1 , 0 ≤ 𝛾 < 1 and ∀  operator 𝑇, ‖𝑇‖ < 1, 𝑇 ≠ ∅ (In 𝐻, ∅ represents the zero operator ). 

Recently, various researchers studied the operator in Hilbert space, can refer, for example, to 

[4,5,6,7,8,10,11,12,13]. 

 

2.Main Results 

For functions in the class 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇), the first theorem provides sharp coefficient estimates.. 

Theorem 2.1: Let 𝑓 ∈ 𝑊 be given by (1.2). Then 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇) for all  𝑇 ≠ ∅ if and only if 

∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

≤ 1 − 𝛾 ,                              (2.1) 

where 0 ≤ 𝛿 < 1 , 0 ≤ 𝛾 < 1. 

For the given function 𝑓, the outcome is clear 

𝑓(𝑇) = 𝑇 −
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
𝑇𝜅 ,   𝜅 ≥ 2.                      (2.2) 

Proof: Consider inequality (2.1) is true. It is sufficient to show   

‖(𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ 𝛿𝑇 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′′

‖ > 𝛾 ‖𝛿 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ (1 − 𝛿)‖. 

We consider  

𝛾 ‖𝛿 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ (1 − 𝛿)‖ − ‖(𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ 𝛿𝑇 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′′

‖ 

= 𝛾 ‖1 − ∑  
𝛿 𝜅 (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑇𝜅−1

∞

𝜅=2

‖ 

− ‖1 − ∑
𝜅(𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑇𝜅−1

∞

𝜅=2

‖ 

≤ ∑
𝛿 𝛾 𝜅 (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

‖𝑇‖𝜅−1 − (1 − 𝛾)

+ ∑
𝜅(𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

‖𝑇‖𝜅−1 

≤ ∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

− (1 − 𝛾) ≤ 0. 

Therefore, 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇). 
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To show the converse, let 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇). Then 

‖(𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ 𝛿𝑇 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′′

‖ > 𝛾 ‖𝛿 (𝔓℘𝜈,𝜌
𝜎 (𝑇))

′

+ (1 − 𝛿)‖ 

gives 

‖1 − ∑
𝜅(𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑇𝜅−1

∞

𝜅=2

‖ 

> 𝛾 ‖1 − ∑  
𝛿 𝜅 (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅𝑇𝜅−1

∞

𝜅=2

‖ 

In the inequality above, if 𝑇 = 𝑟𝐼 (0 < 𝑟 < 1), we obtain 

𝛾 − ∑
𝛿 𝛾 𝜅 (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈+𝜌)𝜎 (𝜎+𝜈+𝜌)𝜅−1 (𝜅−1)!
𝑎𝜅𝑟𝜅−1∞

𝜅=2

1 − ∑
𝜅(𝛿(𝜅−1)+1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈+𝜌)𝜎 (𝜎+𝜈+𝜌)𝜅−1 (𝜅−1)!
𝑎𝜅𝑟𝜅−1∞

𝜅=2

< 1.                     (2.3) 

After deleting the denominator in (2.3) and allowing 𝑟 ⟶ 1, we get 

∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

≤ 1 − 𝛾 , 

Corollary 2.1: If 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇), then 

𝑎𝜅 ≤
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
 ,   𝜅 ≥ 2. 

Theorem 2.2: If 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇) and ‖𝑇‖ < 1, 𝑇 ≠ ∅, then 

‖𝑇‖ −
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖2 ≤ ‖𝑓(𝑇)‖ ≤ ‖𝑇‖ +
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖2 

and 

1 −
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖ ≤ ‖𝑓′(𝑇)‖ ≤ 1 +
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖. 

Proof: According to the Theorem 2.1, we see that 

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎 

(1 − 𝛾)(𝜈 + 𝜌)𝜎   
∑ 𝑎𝜅

∞

𝜅=2

≤ ∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅 ≤ 1

∞

𝜅=2

, 

which gives 

∑ 𝑎𝜅

∞

𝜅=2

≤
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎
 . 
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Thus, we have 

‖𝑓(𝑇)‖ ≥ ‖𝑇‖ − ∑ 𝑎𝜅

∞

𝜅=2

‖𝑇‖𝜅 ≥ ‖𝑇‖ − ‖𝑇‖2 ∑ 𝑎𝜅

∞

𝜅=2

≥ ‖𝑇‖ −
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖2. 

Also, 

‖𝑓(𝑇)‖ ≤ ‖𝑇‖ + ∑ 𝑎𝜅

∞

𝜅=2

‖𝑇‖𝜅 ≤ ‖𝑇‖ +
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖2. 

In the light of Theorem 2.1, and by noting the relation 

 
𝜅 (𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎 

(1 − 𝛾)(𝜈 + 𝜌)𝜎   
≤

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
 ,      (𝜅 ≥ 2), 

we deduce that 

∑
𝜅 (𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎 

(1 − 𝛾)(𝜈 + 𝜌)𝜎   
𝑎𝜅

∞

𝜅=2

≤ ∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

≤ 1. 

That is 

∑ 𝜅𝑎𝜅

∞

𝜅=2

≤
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎
 . 

Hence 

‖𝑓′(𝑇)‖ ≥ 1 − ∑ 𝜅𝑎𝜅

∞

𝜅=2

‖𝑇‖𝜅−1 ≥ 1 − ‖𝑇‖ ∑ 𝜅𝑎𝜅

∞

𝜅=2

≥ 1 −
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖ 

and 

‖𝑓′(𝑇)‖ ≤ 1 + ‖𝑇‖ ∑ 𝜅𝑎𝜅

∞

𝜅=2

≤ 1 +
(1 − 𝛾)(𝜈 + 𝜌)𝜎

(𝛿𝛾 + 𝛿 + 1) (𝜈)𝜎

‖𝑇‖. 

Theorem 2.3: The class 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇) is a convex set. 

Proof: 

Let 𝑓1 and 𝑓2  be the unspecified components of 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇) Then we demonstrate that ∀ 𝑡 , (0 ≤

𝑡 ≤ 1), we demonstrate (1 − 𝑡)𝑓1 + 𝑡𝑓2 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇). Thus, we obtain 

(1 − 𝑡)𝑓1 + 𝑡𝑓2 = 𝑧 − ∑((1 − 𝑡)𝑎𝜅 + 𝑡𝑏𝜅 )𝑧𝜅

∞

𝜅=2

 . 
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Hence 

∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

∞

𝜅=2

((1 − 𝑡)𝑎𝜅 + 𝑡𝑏𝜅 ) 

= (1 − 𝑡) ∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

∞

𝜅=2

𝑎𝜅 

+𝑡 ∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

∞

𝜅=2

𝑏𝜅 

≤ (1 − 𝑡)(1 − 𝛾) + 𝑡(1 − 𝛾) = 1 − 𝛾 . 

Theorem 2.4: If  𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇), then 𝑓 ∈ 𝑆∗(𝜌) “of order 𝜃 (0 ≤ 𝜃 < 1) in |𝑧| < 𝑟1",   

𝑟1 = inf
𝜅

{
𝜅(1 − 𝜃)(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜅 − 𝜃)(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
}

1

𝜅−1

, (𝜅 ≥ 2). 

The result is clear for  𝑓 given by (2.2). 

Proof: It is sufficient to show 

‖
𝑇𝑓′(𝑇)

𝑓(𝑇)
− 1‖ ≤ 1 − 𝜃     .                                                     (2.4) 

We get 

‖
𝑇𝑓′(𝑇)

𝑓(𝑇)
− 1‖ ≤




=2k

(𝜅 − 1)𝑎𝜅‖𝑇‖𝜅−1 

1 − 


=2k

𝑎𝜅‖𝑇‖𝜅−1

 . 

Hence (2.4) will be satisfied if 

∑ (
𝜅 − 𝜃

1 − 𝜃
) 𝑎𝜅‖𝑇‖𝜅−1 ≤ 1

∞

𝜅=2

.                                                      (2.5) 

In the light of Theorem 2.1, if 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇), then 
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∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅

∞

𝜅=2

≤ 1.                               (2.6) 

Using (2.6), we can show that (2.5) is true if 

𝜅 − 𝜃

1 − 𝜃
‖𝑇‖𝜅−1 ≤

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
, 

or equivalently 

‖𝑇‖ ≤ {
𝜅(1 − 𝜃)(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜅 − 𝜃)(1 − 𝛾)(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
}

1

𝜅−1

, 

Theorem 2.5: If  𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇), then 𝑓 ∈ 𝒦(𝜌) of order 𝜃 (0 ≤ 𝜃 < 1) in |𝑧| < 𝑟2 ,  

𝑟2 = inf
𝜅

{
(1 − 𝜃)(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(𝜅 − 𝜃)(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
}

1

𝜅−1

, (𝜅 ≥ 2). 

The result is obvious for 𝑓 provided by (2.2). 

Proof: It is sufficient to show 

‖
𝑇𝑓′′(𝑇)

𝑓′(𝑇)
‖ ≤ 1 − 𝜃 . 

By employing arguments like to those used in the proof of Theorem 2.3, the conclusion is achieved. 

Theorem 2.6: If  𝑓1(𝑧) = 𝑧  & 

𝑓𝜅(𝑧) = 𝑧 −
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
𝑧𝜅 ,   𝜅 ≥ 2. 

Then 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇)  iff  it may be shown in the form: 

𝑓(𝑧) = ∑ 𝜆𝜅 𝑓𝜅(𝑧) ,

∞

𝜅=1

                                                            (2.7) 

where  𝜆𝜅 ≥ 0 and ∑ 𝜆𝜅 = 1∞
𝜅=1 . 

Proof: Suppose 𝑓 may be represented as follows: (2.7). Next, we see that 

𝑓(𝑧) = ∑ 𝜆𝜅 𝑓𝜅(𝑧)

∞

𝜅=1

= 𝜆1 𝑓1(𝑧) + ∑ 𝜆𝜅 𝑓𝜅(𝑧)

∞

𝜅=2
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 = 𝑧 − ∑
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
𝜆𝜅𝑧𝜅 .

∞

𝜅=2

 

Thus 

∑
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
 ×

∞

𝜅=2

(1 − 𝛾)(𝜈 + 𝜌)𝜎  (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
𝜆𝜅

= ∑ 𝜆𝜅

∞

𝜅=2

= 1 − 𝜆1 ≤ 1 , 

and so 𝑓 ∈ 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇). 

Conversely, Assume that 𝑓 as provided by (1.2), belongs in 𝐸(𝛿, 𝛾, 𝜈, 𝜌, 𝜎, 𝑇). Then by Corollary 2.1, we 

have 

𝑎𝜅 ≤
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
 . 

Putting 

𝜆𝜅 =
𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1

(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!
𝑎𝜅 ,    𝜅 ≥ 2 , 

and 𝜆1 = 1 − ∑   𝜆𝜅
∞
𝜅=2  . Then 

𝑓(𝑧) = 𝑧 − ∑ 𝑎𝜅𝑧𝜅 

∞

𝜅=2

 

= 𝑧 − ∑
(1 − 𝛾)(𝜈 + 𝜌)𝜎 (𝜎 + 𝜈 + 𝜌)𝜅−1 (𝜅 − 1)!

𝜅(𝛿𝛾 + 𝛿(𝜅 − 1) + 1) (𝜈)𝜎 (𝜎)𝜅−1 (𝜌)𝜅−1
𝜆𝜅𝑧𝜅 

∞

𝜅=2

 

= 𝑧 − ∑(𝑧 − 𝑓𝜅(𝑧))𝜆𝜅

∞

𝜅=2

= (1 − ∑ 𝜆𝜅

∞

𝜅=2

) 𝑧 + ∑ 𝜆𝜅 𝑓𝜅(𝑧)

∞

𝜅=2

 

=  𝜆1𝑓1(𝑧) + ∑ 𝜆𝜅 𝑓𝜅(𝑧)

∞

𝜅=2

= ∑ 𝜆𝜅 𝑓𝜅(𝑧)

∞

𝜅=1

 , 
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