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1. Introduction

In this article, all rings are associative with unit, and all modules are unital right. To demonstrate that D is a submodule
and direct smmand of a module M, respectively, we use T & M and (T is ad.s. of M or, T ©® M). Rad (M) represents the
radical of a module M. Mod-R denotes the set of all right modules over a ring R.

We will go through some of the fundamental notions we use often in our work. For M € Mod-R, T < M is named
small in M, we write T % M if, T # M and V proper B < M, we have T + B # M; and T named §-small in M, we write
T <% M if, v Bo M with M =T+ B and M/B singular, then M = B, see [1]. For M € Mod-R, we will insert
S(M) =X{T | T &% M}. M(# 0) € Mod-R is named hollow if, v proper T < M, then T ©° M. If the sum of the proper
submodules of M (= 0) € Mod-R is also proper in M, then M € Mod-R is named local.

ForT,H © M € Mod-R. A submodule H is named to be a supplement (5-supplement) of T in M, respectively, if

T+H=Mand TnHS*H (TNHS% H). M € Mod-R is named supplemented (5-supplemented), respectively, if v
submodule of M have a supplement (§-supplement) in M, according to ([2] and [3], resp.). H & M € Mod-R is hamed to
be a generalized (supplement) §-supplement of T, respectively, if T+ H=M and (TNH < Rad(H)) TN H % §(H).
M €eMod-R is named to be a (GS-module) §-GS-module according to ([4] and [5]), respectively, if ¥ submodule of
M € Mod-R have a generalized (supplement) §-supplement in M.

However, most authors have referred to GS-modules as Rad-supplemented modules in a number of works, thus we will
use this title in our study. (0 #) T < M € Mod-R is named large in M, wewrite T ®* M if TNH # 0,V (0 #)H < M. If
H=M,VvHS®MwithT + H = M, then T is named a g-small submodule of M, we write T <95 M (in [6], it is named an
e-small submodule of M and denoted as T <, M). f M =T + K =T + H € Mod-R with H ¢ K implies that H = K, or
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equivalently, M =T + Hand T n H <95 H, then recall [7] that H is a g-supplement of T in M. M € Mod-R is named
g-supplemented if, v submodule of M have a g-supplement in M. These notions were also discussed in [8]. According to
Zhou and Zhang [6], the generalized radical of M € Mod-R as follows:

Rady(M) = N{T <°¢ M| T is maximal in M} = ¥{T| T <9 M}.
A submodule H is named to be a g-radical supplement of U in M € Mod-R if, whenever U+ H=M and UNH &
Rady(H). M €eMod-R is named generalized radical supplemented, we write g-radical supplemented if, v submodule of
M € Mod-R have a g-radical supplement in M, as shown in [9].

The concept of @-supplemented modules was first suggested by Mohamed and Miller [10]. Harmanci, Keskin and
Smith [11] carried done further research on @-supplemented modules and arrived to some significant conclusions.
However, M € Mod-R is named a @-supplemented module if, V¥ H & M have a supplement, say U, such that U ©® M.
M € Mod-R is named @-5-supplemented if, v H © M have a §-supplement, say U, such that U ® M. see [12]. The
authors recently expanded the class of @-supplemented modules to Rad-@-supplemented in [13]. M € Mod-R is named
Rad-@-supplemented if, v T M,3 H -® M such that M =T + H and T N H & Rad(H). If Rad(H) is changed out
for §(H) in accordance with the prior notion of Rad-@-supplemented, then M € Mod-R is referred to as generalized
®-5-supplemented module, (see [14]).

In our study, we generalized the idea of g-lifting modules in the same way that the idea of lifting has been generalized
to several ideas, such as G-Rad-lifting modules, see [15], FI-J-supplemented and FI-@®-J-supplemented modules, see [16].
The mentioned ideas provided as the motivation for the introduction of two structures, named, @-g-supplemented module
and @-g-radical supplemented module. M € Mod-R is named to be @-g-supplemented (@-g-radical supplemented),
respectively, if v H & M have a g-supplement (g-radical supplement), say U, such that U <® M.

We define the concept of @-g-supplemented modules, in section 2. This section displays a several different charac-
teristics of this class of modules as well as how it relates to many other types of modules. We present some interesting
counterexamples to differentiate between various other classes of modules and the @-g-supplemented characteristic of
modules. Section 3 discusses direct summands and decompositions of the category of @-g-supplemented modules. It is
illustrated that whenever a @-g-supplemented module has the (D3) property, its direct summands inherit it. Section 4
defines the notions of projective g-covers and g-semiperfect modules. Section 5 is dedicated to the study and investigation
of some of the characteristics and relations of @-g-radical supplemented modules. The study and examination of some of
the features and connections of @-g-radical supplemented modules are the focus of Section 5. The idea of @-g-radical
supplemented modules was developed as a result of numerous @-g-supplemented module results. Summands and
decompositions of modules with é@-g-radical supplements are covered in Section 6. You can find the ideas that are not
covered here in [17, 2].

Lemma 1.1. ([6]) Let M € Mod-R, we deduce:
(i) For U ©» M, the next are identical.
(@) U <% M.
(b) If H+ U = M, then H ® M with a module M/H semisimple.
(i) Assume U, T and H are submodules of M with T & U.
(@) IfU <9 M,thenT ©9° Mand U/T -9 M/T.
(b) U + H -9 M ifand only if U ©9° M and H ©9° M.
(iif) If H ©9° M and f:M — M' is any homomorphism, then f(H) <9° M'. In particuler, if H ©9° M < M’, then
H <% M.
(iv) Assume H;  M; > M,H, > M, M and M = M;®M,, then H;®H, <9 M,;®M, if and only if H; <9° M, and
H, ©9° M,.

Lemma 1.2. ([18]) Rady(M) =@, Rad,(H,), for M =@, H, € Mod-R.

2. @-g-supplemented modules

We describe the notion of @-g-supplemented modules in this section and look at some of its unique features.

Definition 2.1. M € Mod-R is named to be @-g-supplemented if, V H & M have a g-supplement, say U, such that
U ® M. If a ring R is @®-g-supplemented as R-module, it is referred to as a @-g-supplemented ring. To represent
the category of all @-g-supplemented modules, we shall use the symbol DGS.

Evidently, all modules that are @-supplemented or @-§-supplemented modules, including @-g-supplemented
which implies g-supplemented modules.
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If there exists submodules T and B of M such that M = T@B withT > Uand UNB 99 M (soin B) VU & M,
then M eMod-R is named to be e-lifting (in our work, g-lifting) [8]. M € Mod-R is named to be generalized hollow if,
V proper T & M, then T ©9° M [7]. The category of hollow modules, as you can seg, is generalized hollow in general.
If Rad,;(M) is maximal and g-small in M, then M € Mod-R is referred to as g-local (in [18], e-local). Moreover, as
seen in the next example, it indicates no link between the classes (g-local and generalized hollow; local and g-local)
modules.

Example 2.2. We have Z-module Z,, is g-local, because that Rad,(M) = 2Z,, <9° Z,, and maximal in Z,,. As 3Z,,
is not g-small in Z,,, then Z,, does not generalized hollow, also it is easily to see that Z,, not local Z-module. Since
all of its submodules are g-small, each semisimple M € Mod-R is generalized hollow, however, it is not g-local; in
fact, Rad,(M) = M. The class of simple modules is local but not g-local.

However, we will show that the g-local module is an element of the DGS. The following lemma, which can be
found in [18, Proposition 2.14], must be used first.

Lemma 2.3. Assume M € Mod-R and U < M. If M is g-local, so either U <95 M or there is semisimple T < M such
that M = U®T.

The next outcome is implied from Lemma 2.3.

Proposition 2.4. M € DGS, whenever M is g-local.

Each semisimple module is belong to DGS but not g-local. According to this illustration, the inverse of the
previously stated statement was never true, in general.

Remark 2.5. Any generalized hollow module is g-lifting, and hence @-g-supplemented.

In general, a @-g-supplemented module does not have to be generalized hollow; for example, in Example 2.2, the
Z-module Z,, is not generalized hollow, while it is @-g-supplemented, in fact Z,, as Z-module g-local. For another
illustration of class of @-g-supplemented modules that is not g-lifting, see Example 2.18.

Lemma 2.6. For M(# 0) € DGS, the generalized radical of M is nonzero.
Proof. If Rad,(M) = 0.Let T < M, then 3 U o® Msuchthat M =T +UandTNU 9 U.SoTNU & Rady,(M) = 0,
hence T ©® M, and M is semisimple. So Rady,(M) = M = 0, a contradiction. O

Proposition 2.7. Let M(# 0) EMod-R be indecomposable with Rad,;(M) # M. Then M is local and g-local, whenever
M € DGS.

Proof. Because that Rad,(M) # M and according to [7, Theorem 4], the observation that an @-g-supplemented
indecomposable module imply generalized hollow proves that M is local. According to Lemma 2.6, we deduce
Rad,(M) # 0 thatimplies M is not simple, and is therefore a g-local module according to [18, Proposition 2.7]. O

Lemma 2.8. Assume A, B & M € Mod-R such that T is a g-supplement of A + B in M and G a g-supplement of
AN (T +B)inA,thenT + G is a g-supplement of B in M.
Proof. Look at [8, Lemma 6]. O

Theorem 2.9. A finite direct sums of class DGS is closed.

Proof. Suppose M, € DGS for 1 <t <n where n € Z*. To show that M =@, M; € DGS. Consider the situation
where the index set T = {1,2}. If L © M, then M = M; + M, + L, trivially has 0 as a g-supplement inside M. Suppose
H is a g-supplement of M, N (M; + L) inside M, such that H ©® M,, Lemma 2.8 implies H is a g-supplement of

M, + L inside M. Let G be a g-supplement of M; N (L + H) inside M; such that G ©® M,. Again, by Lemma 2.8, H +
G is a g-supplement of L inside M. Also, we deduce H + G = H®G ©® M,@®M, = M, and then M = M,;®M, € DGS.
O

Corollary 2.10. The finite direct sums of g-lifting, generalized hollow or g-local modules belong to DGS.
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In Proposition 2.13 we shall examine a sufficient case for a @-g-supplemented module to be inherited by its
submodules. The previous is established in [19, Lemma 2.3].

Lemma 2.11. Assume M € Mod-R and T < M with M /T projective.If B ©® M = B + T,thenBn T <% M.

Lemma 2.12. Let M € Mod-R,L ©V © M and U & M.IfV is a g-supplement of U. Then,

(i) L <9 Vifand only if L ©95 M.

(ii) Rady(V) =V N Rady(M).

Proof. (i) =) From Lemma 1.1(iii).

—)LetT ¢ Vsuchthat L+ T=V.AsM =U+V,thenM =U + L + T.Since L ©9° M,M = U + T because

U+T <® M. Thus T =V, since V is a g-supplement of U in M. Hence L ©9° V.

(ii) In the fact Rad,(V) €V N Rad,(M) always holds. Suppose m € V N Rad,(M) then m € Rad,(M), so by [7,
Lemma 5] mR -9 M.As mR < V and V is a g-supplement in M, so (i) implies mR <9 V and hence m € Rad (V).

Therefore V N Rad,(M) € Rad, (V) and the necessary equality is achieved. O
In instance, if V is a d.s. of a module M in the prior lemma, then (7) and (ii) are holds.

Proposition 2.13. Let M € DGS and T < M.If M /T is projective, then T € DGS.

Proof. Suppose that K © T. Then 3 L ©® M suchthat M = K + L and K N L ©9° L, as M € DGS. It follows that M =
T+ Landso T NL S® M, also for T from Lemma 2.11. Moreover, T =K + (TNL)and KN (TNL)=KNLISM,
Lemma 2.12(i) impliesthat K N (T N L) ©9° TN L.HenceT € DGS. O

For M € Mod-R, T < M is named fully invariant if f(T) S T for each f € Endir(M). M is named duo (weak duo),
respectively, if all its submodules (d.s(s)) are fully invariant [20]. The class of duo modules are weak duo. Also
A 5 M € Mod-R is named distributive if AN (B+C)=(ANB)+(ANC)orA+(BnNnC)=A+B)n(A+C) for
each B,C < M. M € Mod-R is named distributive if all its submodules are distributive [21].

Here, we will show that in some cases, the class DGS is closed under the quotient.

Theorem 2.14. Let M € DGS,and T - M. Then,

(i) If for each B ©® M, we have (T + B)/T ©® M /T, then M/T € DGS.

(ii) If for each decomposition M = M;@®M,, T = (T N M;)®(T n M,), then M/T € DGS.

(iif) M/T € DGS, if whenever T is fully invariant. In specifically, each duo module in DGS has also quotient module
in DGS.

(iv) M/T € DGS, if whenever T is distributive. In specifically, each distributive module in DGS has also quotient
module in DGS.

Proof. (i) Consider T © X © M. As M € DGS, it follows that M = X + B and X N B ©9° B for some B ©® M. Thus,
M/T=X/T+ (T+B)/T. Let m:B— (T +B)/T be a natural map. As X N B <9 B, Lemma 1.1(iii) implies
t(XNB)=(T+XNB))/T=X/T)N(T+B)/T 9 (T +B)/T. By hypothesis, (T +B)/T ©® M/T and
soM/T € DGS.

(ii) Let T © M and let B ©® M. Therefore, M = B®B for some B & M. To prove that (T + L)/T ©® M/T. By
assumption, T=(TNB)®(T NB). Thus (B+T)N(B+T)> (B+T+B)NT+(B+T+T)NB. So (B+T)N
(B+T)ST+(B+TNB+TnNB)NB this implies (B+T)N(B+T) < T, thus M/T =(B+T)/T® (B +T)/T.
This means that (B + T)/T ©® M/T. By (i), the result has been as follows.

The implications (iii) and (iv) followed directly from (ii). O

Proposition 2.15. For an arbitrary nonsingular M € Mod-R, M is @-§-supplemented if and only if M € DGS.

Proof. The requirement is evident. Assume that M € DGS.IfT © M,then3V ©® M suchthat M = T + V and

TNV <9 V. Suppose V = (T N V) + K whenever V /K is singular. As M is nonsingular, then V is also nonsingular,
and so K &€ V thatimplies K = V. Thus T N V <% V and hence M is @-§-supplemented. O

Moreover, M € Mod-R is named to be refinable if for each U,V & M with M = U +V, 3 U -® M such that
UoUandM =U+V.

Proposition 2.16. If M eMod-R is refinable, then M € DGS if and only if it is g-supplemented.
Proof. The requirement is evident. Suppose M € Mod-R is g-supplemented, and T & M. Thus M =T + V and
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T NV <9 V for some V & M. Since M is refinable, M = T + V for a V ©® M with V & V. Evidently, T NV ©95 M,
Lemma 2.12(i) implies that T NV ©95 V. Hence T has a g-supplement V ©® M. Therefore M € DGS. O

Each g-lifting module, by definition, belongs to DGS. The following example demonstrates the existence of
a @-g-supplemented module that does not seem to be g-lifting.

Example 2.17. According to [8], assume that R = Zg therefore 2R¢/4R% and Ry are both g-lifting, while
(2R%/4R%)DR5 does not be g-lifting. It follows that (2R%/4Rz)DR% is a @-g-supplemented module, from
Corollary 2.10.

IfvUVSMEeEMod-Rwith M =U+V,3 an f € Endg(M) such that Imf © U and Im(1—f) © V, then M is
named m-projective. If V U,V ©® M € Mod-R, U NV ©® M then M named a module with SIP.

The theorem below shows that the two categories g-lifting modules and é@-g-supplemented modules coincide in
some cases.
Theorem 2.18. Assume M € DGS and any of the next claims must be satisfied:
(i) M is duo.
(ii) M is distributive.
(iii) M is m-projective.
(iv) M is refinable and have the SIP.
Then M € Mod-R is g-lifting.
Proof. (i) LetT & M.As M € DGS,then3 B ©® M suchthat M =T + Band T N B 9 B.Then3 D & M with
M = B@®D. Since T is fully invariant, T = (T N B)®(T N D), and hence M = (T N D)®B, where TND © X and T N
B <9 B.
(i) Comparable to proof (i).
(iif) Let T © M, then 3 B ©® M such that M = T + B and T N B ©9° B, since M € DGS. From m-projectivity for M,
3K o TwithM = K®L, see [2,41.14]. Hence M is g-lifting.
(iv) Since M € DGS and T & M,then 3 B ©® M suchthat M = T + B and T N B <9 B. Since M is refinable,3 K <® M
with K & T such that M = K + B. So BN K ® M, as M have the SIP. Then 3 U % M such that M = (B n K)®U.
Thus,B=(BNK)®(BNU),andsoM =K +B =K®(B nU).Evidently, Tn(BNU) <9 M. O
Theorem 2.19. For M € Mod-R, consider the following:
(i) M € DGS.
(ii) M /Rad,(M) is semisimple.
Then (i) = (ii), whenever M is distributive, and (ii) = (i) whenever M is refinable with Rad,(M) <9 M.
Proof. (i) = (ii) Let T © M,then3 B ©® M suchthat M =T+ Band T N B -9 B,and so T N B ©95 M. Since M €
Mod-R is distributive and T N B < Rad, (M), then we deduce Rad,(M) = (T N B) + Rady(M) = (T + Rady,(M)) N

__ T+Radg(M) _ B+Radg(M)
(B + Rad,(M)). Hence Radg(M)  Radg(M) Radg(M)

, as required.

M T+Radg(M) B _
Radg ()~ Radg(M) @Radg(M). Therefore M =T + B and
Rady(M) = (T + Rady(M)) N B = (T N B) + Rad,(M), it follows that T N B S Rady(M) implies T N B &9 M.
Since M = T + B € Mod-R is refinable, then 3 U ©® M with M = T + U where U & B. From Lemma 2.12(1),
T N U -9 U, and this end the proof. O

(ii) = (i) Assume that T © M. From (ii), 3 B © M with

3. Main results

This part examines the cases under which direct summands of @-g-supplemented modules can be @®-g-
supplemented.
Letn € Z* and T = {1,2, ..., n}. If all of the modules in the collection {M;| i € 7} are M;-projective forall (i # j) € 1,

then the collection is referred to as relatively projective. It is unknown wether direct summands inherit the
property @-g-supplemented.
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Theorem 3.1. Let {Mt| te{1,2 ...,n}} be a family of relatively projective modules. Then, for each t € {1,2, ...,n},
M, € DGS if and only if M =@®™"_, M, € DGS.

Proof. Assume M =@, M, € DGS. We will prove M, € DGS. If T - M,, then 3 B ©® M such that M =T + B and
TNB 9% B.Wehave M =T + B =M, + B, then M = M;®B, for some B; < B, see [10, Lemma 4.47]. Therefore,
B =B,®(M, nB). It is easily to see that M; =T + (M; NB) and M; N B ® M,. Because Tn (M; NB) =TnN
B ©95 B and M; n B ©® B implies T n (M; N B) 9 M, N B, from Lemma 2.12(i). Hence M, is ®-g-supplemented.
In Theorem 2.9, the reverse is demonstrated. O

For M € Mod-R, the next requirement will be considered:

(D3)IfA,BS® M =A+B,thenAnB <% M.

Proposition 3.2. 1f M € DGS has (D;) and T <® M, then T € DGS.

Proof. Assume that T ©® M and U & T. Since M € DGS, M = U + B and U N B %9 B for some B ©® M. It follows
thatT = U + (T N B).Since B, T ©® M with M = T + B implies that T N B ©® M, as M has (D;).AlsoU N (T N B) =
UnNB <9 TN B, from Lemma 2.12(i). Therefore T € DGS. O

Corollary 3.3. Let M € Mod-R has the SIP. Then, for each T o® M, T € DGS if and only if M € DGS.

Let M € Mod-R and T © M. T is referred to as closed if it has no proper essential extensions inside M. However,
M is named to be extending if, each closed U © M, we have U ©® M. Recall from [22] that if, all partial
endomorphisms of M have closed kernels, then M € Mod-R is named polyform.

Corollary 3.4. Let M € Mod-R be extending and polyform. Then, for each T ©® M, T € DGS if and only if M € DGS.
Proof. Evident by [23, Lemma 11] and Corollary 3.3. O

Corollary 3.5. If M € Mod-R is quasi-projective, then

(i) M € DGS ifand only if if T € DGS, foreach T ©® M.

(ii) M is @-5-supplemented if and only if T is @-5-supplemented, for each T ©® M.

Proof. 1t follows M has (D3) property, see [10, Lemma 4.6 and Proposition 4.38]. Therefore, Proposition 3.2 and [12,
Theorem 2.5] directly follow (i) and (if), respectively. O

Corollary 3.6. Let M € Mod-R be projective. The next assertions are then identical.

(i) M € DGS.

(i) M is @-6-supplemented.

(iii) T € DGS, for each T ©® M.

(iv) T is ®-5-supplemented, for each T ©® M.

Proof. Corollary 3.5 deduce that (i) & (iii) and (ii) & (iv). According to [6], the two subclasses §-small and g-small
submodules are identical in terms of projectivity for M, which yields (i) & (ii). O

Proposition 3.7. Let M € DGS whose any g-supplement is a d.s.in M. Then T € DGS, for each T ©® M

Proof. Let T ©® M, so 3 K © M such that M = T@®K. Since M € DGS, so it is g-supplemented and thus M/K is
g-supplemented, from [7, Theorem 2], that deduce T is g-supplemented. Let B < T, then B has a g-supplement C in
T. To show H® T. Note M =T®K =B +K)+C,and (B+K)NCS>(B+C)NK+(C+K)NB=(C+K)n
B < B.Thus (B+K)NC < BN C <9 C. Hence B + K has a g-supplement C in M. By the assumption, M = C®D
for some D & M. Therefore, T = C&®&(L N D). O

Proposition 3.8. Let M € Mod-R be r-projective. Then M € DGS if and only if T € DGS, for each T ©® M.
Proof. =) Directly from Theorem 2.18 and [8, Lemma 3].
<) Evident. O

Proposition 3.9. Let M € Mod-R, and T < M is (fully invariant or distributive) d.s. of M. Then M € DGS if and only if
T € DGS and M /T € DGS.

Proof.=) Assume T & M is fully invariant, then M /T € DGS, from Theorem 2.14(iii). Let B © T, then 3 K ©® M
such that M = B+ K and BN K %9 K, since M € DGS. Then 3 K & M such that M = K®K.SoT =T n(B+K) =
B + (T N K). By [20, Lemma 2.1], T = (T n K)®(T N K), hence T N K ©® T. On the other side, BN (TNK) =B N
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K 9 M,andas T N K ©® M, imply B n (T N K) <95 T n K, according to Lemma 2.12(i). Thus, T € DGS. Similarly,
when T is distributive.
<) By Theorem 2.9. O

Corollary 3.10. Let M € Mod-R be (weak duo or distributive), and T <® M. Then M € DGS if and only if T € DGS
and M/T € DGS.

Corollary 3.11. Let M € Mod-R be (weak duo or distributive). Then M € DGS if and only if T € DGS, for each
T <% M.

According to Theorem 2.9 and by some cases, if M = @}~ ; M, € Mod-R is weak duo or, distributive. Then, for each
t €{1,2,..,n}, M, € DGS if and only if M € DGS.

Corollary 3.12. Assume M € DGS, then M /Rad,(M) € DGS. Also, if Rad, (M) o® M, then Rady(M) € DGS.
Proof. According to [6, Corollary 2.11] Rad,(M) < M is fully invariant. The consequence is followed directly by
Theorem 2.14(iii) and Proposition 3.9. O

The following lemma demonstrates a situation under which the subclass g-small is coincide to small submodule.

Lemma 3.13. Let M € Mod-R be indecomposable and let T < M is proper. Then T ©9° M if and only if T <° M.
Proof. It is evidently. O

So, we deduce:
Lemma 3.14. Assume M € Mod-R is indecomposable. Then M € DGS if and only if M is @-supplemented.

Proposition 3.15. For an indecomposable M € Mod-R, the next are coincide.
(i) M is hollow.
(ii) M is generalized hollow.
(iii) M is @-supplemented.
(iv) M is @-g-supplemented.
(v) T is ®-supplemented, for each T ©® M.
(vi) T is ®-g-supplemented, for each T <% M.
Proof. (i) < (ii) Follows directly from Lemma 3.13.
(iii) & (iv) and (v) < (vi) Follows directly from Lemma 3.14.
(ii) = (i) Evident.
(vi) = (ii) Assume T > M € Mod-R is proper, then 3 B ©® M suchthat M =T+ Band T N B ©9 B,as M € DGS.
Because M is indecomposable and B # 0, it follows that B = M and hence T 9% M. Therefore, (ii) holds.
(ii) = (iv) Evident. (iv) = (ii) The same as proof (vi) = (ii). O
Proposition 3.15 and Remark 2.5 focus attention to the fact that, in addition to Theorem 2.18, an indecomposable
notion is also seen as a requirement that defines @-g-supplemented as g-lifting.

The idea of Dual Goldie dimension of M € Mod-R was established by Varadarajan [24], and denoted by
corank(M). Furthermore, whenever M = 0, corank(M) = 0. Let M # 0, and an k € Z*. For 1 <t <k, if 3 an
epimorphism ¢: M — [T}, L, where L, # 0, then we call that corank(M) > k. If corank(M) > k and corank(M) &
k + 1, then corank(M) = k is defined. If corank(M) = k, for any k > 1, then we put corank(M) = co. In [24] it was
proved that corank(M) = k < oo if and only if 3 an epimorphism ¢: M — ITX_; N, where N; is hollow, for 1 < t <k,
and Kerg ©° M. Furthermore, M € Mod-R is hollow if and only if corank(M) = 1.

If the direct decomposition H =@, H; of H € Mod-R is the direct sum of indecomposable H; < H, t € 1, it is
named to as being indecomposable, see [17, P.140].

Proposition 3.16. If H =@[*, H, € Mod-R is an indecomposable decomposition, then the next are coincide.
(i) H,, H,, ..., H,, are hollow.

(i) H;, H,, ..., H,,, are generalized hollow.

(iii) T is @®-supplemented, for each T ©® H.

(iv) T is ®-g-supplemented, for each T ©® H.
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Proof. (i) < (ii) Suppose that H =@[L, H; is an indecomposable decomposition module, this means H; < H is
indecomposable, for all t = 1,2, ..., m. Thus, Proposition 3.15 implies the result.

(i) = (iii) Assume T ©® H.If T = H, [11, Corollary 1.6] implies T is @®-supplemented. Assume T # H,so 3T & H
such that H = T®T. Since corank(T) = 1, T is hollow, and thus T is @-supplemented.

(iii) = (i) We have H, < H is indecomposable, for each t = 1,2, ..., m. From (iii), for each i = 1,2, ...,m, H; is
@-supplemented, and hence H, is hollow, see Proposition 3.15.

(ii) = (iv) According to Proposition 3.15, we deduce Hy, H,, ..., H,, are hollow, and by the implication (i) = (iii),
we deduce T is @-supplemented, and hence it is @®-g-supplemented, for each T ©® H.

(iv) = (ii) Analogous to (iii) = (i). O

Additionally, similar to the previous outcome, if it is possible to hypothesis that H € Mod-R has a finite
decomposition H =@, H, such that Endz(H,) is local for all t = 1,2, ..., m, this implies Hy is an indecomposable
decomposition see [17, Theorem 12.6], and we arrive at a similar conclusion.

The decomposition of @-g-supplemented modules will be investigated next.

Proposition 3.17. Let H € DGS, then we can write H = H;@H, where H; € Mod-R with Rad,(H;) <9° H, and

H, € Mod-R with Rad,(H) = H,.

Proof. Suppose M € DGS. As Rad,(H) < H, so 3 Hy,H, © H such that H; + Rady;(H) = H and H; N Rad,(H) <%
H,, where H = H;@®H,. Rad,(H,) < H; N Rad,(H) follows that Rad,(H,) ©9° H;. From Lemma 1.2, we conclude
that H = H;@®Rad,(H,), and thus Rad,(H,) = H,. 0

Proposition 3.18. If H € DGS, then H = H;®H, where H, is semisimple and H, € Mod-R with Rad,(H,) <°¢ H,.
Proof. Look at [8, Proposition 3]. 0O

Theorem 3.19. For H € Mod-R with (D3), the next are coincide.

() T € DGS, foreach T ©® H.

(i) H € DGS .

(iii) H = H,®H, where H, is semisimple and H, € DGS with Rad,(H,) ©° H,.

(iv) H = H;®H, where H,, H, € DGS with Rad,(H,) ©% H; and Rad,(H,) = H,.

Proof. (ii) = (i) Follows directly from Proposition 3.2.

(i) = (iii) Follows directly from Proposition 3.18 and part (i).

(iit) = (ii) Because that ecah semisimple module implies @-g-supplemented, Theorem 2.9 gives the required.
(i) = (iv) Follows directly from Proposition 3.17 and part (7).

(iv) = (ii) Follows directly form Theorem 2.9. 0

4. Applications

The classes projective g-covers and g-semiperfect modules will be explored in this part.

Definition 4.1. If P € Mod-R and f: P — M is a surjective with kerf ©9° P, the pair (P, f) is referred to as a g-cover
of M € Mod-R. If P € Mod-R is projective, (P, f) is referred to as a projective g-cover of the module M. M € Mod-R
is named g-semiperfect if all of its quotient modules have a projective g-cover. However, if Ry is a g-semiperfect
module, a ring R is named g-semiperfect.

The characterization of projective @-g-supplemented modules can be found here.

Theorem 4.2. For a projective M € Mod-R, the next are coincide.

(i) M € DGS.

(i) M is g-semiperfect.

Proof. (i) = (ii) Suppose M € DGS.Let H > M,so3T ©® M suchthat M = H + T and H N T -9 T. Therefore T is
projective. Define f: T — M/H by f(t) =t + H for all t € T. Then f is a surjective and kerf = HNT <9° T. Hence
f:T — M/H is a projective g-cover, and then (ii) holds.
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(ii) = (i) Assume A © M, then from (ii), M/A has a projective g-cover f:F — %. As M is projective, then 3
a homomorphism h: M — F with fh =m, as m: M —>% is the natural epimorphism. Thus, F = h(M) + kerf. As
kerf ©95 F, from Lemmal.1(i) 3 a semisimple submodule Y & F such that F = h(M)@Y. Hence h(M) is projective.
Then kerh ©® M, M = kerh@®T for some T © M. Since kerh © kerm = A, then M = A + T. We claim that kerf n
h(T) = h(X NT). Assume a € kerf N h(T), then f(a) =0 and a = h(y) for some y € T. Then n(y) = f(h(y)) =
f(a) =0,y € Aand then a = h(y) € h(ANT). Suppose a € h(ANT),a=h(y) forsomey € ANT.So x = h(y) €
h(T). Also, y € A = kerrr imply f(h(y)) = n(y) = 0, and so a = h(y) € kerf. Therefore a € kerf N h(T). We have
kerf N h(T) = h(ANT). M = kerh@®T implies h(M) = h(T) <® F. Since kerf <95 F, kerf n h(T) 9 F,so h(A N
T) ©95 F, from Lemma 2.12(i), we have h(A N T) ©9° h(T). Because h is an isomorphism between T and h(T), then
h™Y(kerf N h(T)) 95 T,but ANT & h™Y(kerf n h(T)) that deduce A N T <9 T. Therefore T is a g-supplement of
Ain M € Mod-R. O

The outcome that followed will then arrive.

Corollary 4.3. R € DGS if and only if R is g-semiperfect, for each ring R.

5. @-g-radical supplemented modules

In this part, we offer a new category of modules named @-g-radical supplemented, which is an extension of
@-g-supplemented modules.

Definition 5.1. M € Mod-R is named to be @-g-radical supplemented if, V H & M have a generalized radical
supplement, say U, such that U ® M. To denote the category of all @-g-radical supplemented modules, we will
use the symbol DGRS.

In between classes of @-g-supplemented module and g-radical supplemented module, it is obvious that the class
of @-g-radical supplemented module exists. Yet, we do have the next simple fact.

Proposition 5.2. Let M € Mod-R. If Rad,(M) = M, then M € DGRS.
Proof. Itis easy. O

Proposition 5.3. Suppose M € Mod-R with Rad,(M) -9 M.1f M € DGRS then M € DGS.
Proof. Evident by the definition and Lemma 2.12(i). O

Lemma 5.4. 1f M € Mod-R is finitely generated, then Rad, (M) <% M.

Proof. Let M € Mod-R is finitely generated and let T ©® M with Rad,(M) + T = M. As M is finitely generated and
Radg (M) the sum of all g-small submodules of M, then 3 a finite set of g-small submodules By, B,, ..., B, of M with
Yite1B:+T =M. According to Lemma 1.1(ii), we deduce that >} ;B; ©9° M, and then T = M. Thus
Rady(M) <9 M. O

The following follows from Lemma 5.4 and Proposition 5.3, and is immediate.

Corollary 5.5. If M € Mod-R is finitely generated, then M € DGS if and only if M € DGRS.

Proposition 5.6. Suppose M(# 0) € Mod-R is indecomposable with Rad,(M) # M. Then the next are coincide.

(i) M € DGS.

(ii) M € DGRS.

(iii) M is g-local.

Proof. (i) = (ii) Evident. (ii) = (i) Proposition 5.3 can be used to establish that Rad,(M) -9 M as follows; let
T <¢ M with Rad,(M) + T = M. Since M € DGRS, then3 B o® MsuchthatT+B=MandTNB & Rad,(B). Since
M is indecompsable, either B = M or B = 0. Assume that B = M, then T - Rad,(M) and so Rad,(M) = M, which is
a contradiction. Hence B = 0, and thus T = M, as required.

(i) = (iii) and (iii) = (i) Directly from Propositions 2.7 and 2.4, respectively. O
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Proposition 5.7. Let H;, H, € DGRS.If H = H;®H,, then H € DGRS.

Proof. Suppose that T - H. As (T + H;) N H, © H,, then 3 B ©® H such that ((T + H;) NH,)+ B = H, and
(T + H,) N B & Rady(B). We deduce that H = Hy + (T + H)) NH,) + B=H; + (T + B) + H)) N H, = (T + B) +
H;. Also, since (T + B) N H; © H,, then 3 L ©® H; such that (T + B) N H,) +L = H; and (T + B) N L > Rad,(L).
It follows that H = (T+B)+ H, =(T+B)+ (T +B)NnH)+ L =T + (B + L), however, it is easy to see that T N
B+L)o((T+L)NB)+((T+B)nL), and hence TN (B+L)> Rady,(B)®Rad,(L) = Rady(BOL). Thus
B®L<® H. O

Corollary 5.8. The category DGRS is closed under finite direct sums.

Using Corollaries 2.10 and 2.11, one can immediately establish a finite direct sums of g-lifting, generalized hollow,
or g-local modules that belong to DGRS.

Proposition 5.9. Let M € DGRS.If H & M suct that M /H projective, then H € DGRS.

Proof. LetT © H.As M € DGRS,then3 B ©® M suchthat M =T+ BandTNB & Rad,(B). From Lemma 2.11, we
have HN B ©® M. Therefore H=T + (HNB).AlsoTn(HNB)> (HNB)N Rady(M) = Rad,(H N B), by Lemma
2.12(ii). And it is clearly H N B ©® H, therefore H € DGRS. [

Theorem 5.10. Let M € DGRS,and T & M. Then,

(i) If for any B ® M, we have (T + B)/T <® M /T, then M/T € DGRS.

(ii) If for any decomposition M = M;®M,, T = (T N M,)®(T N M;), then M/T € DGRS.

(i) If T is fully invariant in M, M /T € DGRS. Furthermore, the factor module of each duo module in DGRS is so in

DGRS.

(iv) If T is distributive in M, M/T € DGRS. Furthermore, the factor module of each distributive module in DGRS is

also in DGRS.

Proof. (i) Consider T © U < M. Since M € DGRS, then M =U + B and U N B < Rad,(B) for some B o® M. It
T plso, L T2 = U0 _

UNB % Rady(B), (U N B)  m(Rady(B)) implies

follows % = % + T+(:nB). Consider the canonical epimorphism 7 : B — %. Since
T+(UNB)

T

S Rad, (?), see [6, Corollary 2.11(1)]. By hypothesis,

we get % o® % Hence % € DGRS.

(ii) To prove that, we will use property in part (i). Assume that T & M and let B ©® M, M = B®B for some B & M.
So 2=ZT 4 2T Also B+T)N(B+T) o (B+T+B)NT+(B+T+T)NB ST+ (B+T)nB. But we have
that T = (T N B)®(T N B) implies B+ T)N(B+T)>T+(B+TNB+TNnB)NB, thus B+T)N(B+T) T,

T T T
M _ (BAT B+T THB @ M 1y
and so o ( p )GD( p ) Therefore e This completes the proof.

(iii) and (iv) are consequences directly from (ii). O

For M € Mod-R,if3T ©® M such that T & U and % S Rad, (%), for ecah U & M, then we say that M has property

(Pg*). It is simple to demonstrate that M has (Pg*) if and only if for any U & M, 3 a decomposition M = T @ B with
T - UandU NB < Rad,(B).Itis evident that each module with (Pg*) isin DGRS. Each finite direct sum of modules
with (Pg*) is in DGRS, according to Corollary 5.8. However, g-lifting for modules is stronger than (Pg*) property.

Next we will then demonstrate similar characterizations for the category of @-g-radical supplemented modules.

Theorem 5.11. Assume M € DGRS and verify each one of the listed cases:

(i) M is duo.

(ii) M is distributive.

(iii) M is m-projective.

(iv) M is refinable and have the SIP.

(v) M is indecomposable.

Then M has the property (P;").

Proof. (i), (ii), (iii) and (iv) are all the same proof Theorem 2.18.

(v) Suppose H & M. If H = M, the proof is evidently. Assume H # M,so M = H + F and H n F & Rad,(F) where

M =F @ F,as M € DGRS.From (v), F = 0and F = M.Hence F > Hand H N F & Rad,(F), as required. O
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Proposition 5.12. Let M € Mod-R is refinable, then M € DGRS if and only if M is g-radical supplemented.
Proof. The necessity is evident. Now, if T & M, then3 B © M suchthat M =T + Band T N B © Rad,(B). Since M is

refinable, then 3 B ©® M such that M =T+ B and B - B. It follows TNnB=(TNB)NB - Rad,(M) N B =
Rady, (B’), according to Lemma 2.12(if), and hence M € DGRS. O

Corollary 5.13. Assume the next for a refinable M € Mod-R with Rad (M) <9° M.
(i) M is g-radical supplemented.

(ii) M is g-supplemented.

(iif) M € DGRS.

(iv) M € DGS.

(v) M/Rad, (M) is semisimple.

Then (i) & (ii) & (iii) & (iv) and (v) = (iv). Also (iv) = (v) if, M is distributive.
Proof. (i) < (iii) Follows from Proposition 5.12.

(ii) & (iv) Follows directly from Proposition 2.16.

(iii) < (iv) Follows directly from Proposition 5.3.

(iv) = (v) Follows directly from Theorem 2.19. O

Proposition 5.14. Assume the next for a projective M € Mod-R.
(i) M € DGRS.

(ii) M is g-semiperfect.

Then (ii) = (i); and if Rad, (M) <9 M then (i) = (ii).
Proof. Directly from Proposition 5.3 and Theorem 4.2. O

6. Main results

This part looks at the direct summands and decompositions of modules that have the property of @-g-radical
supplemented.

Theorem 6.1. Let {H,| t € (7 is finite)} be a family of relatively projective modules. Then H =@, H; € DGRS if
and only if H, € DGRS, forallt € t.

Proof. Corollary 5.8 implies the sufficiency. We will prove H; € DGRS. Suppose U & Hy,then M =U + K and U N
K © Rad,(K) for some B o® H. Since H = H; + B, so by [10, Lemma 4.47] 3 B, © B with H = H,®B, that gives
B=B,®H,NB). As HHNB®B, then UNn(H,NB)=UNB S (H,NB)N Rady(B) = Rad,(H, N B), form
Lemma 2.12(ii). Easily show H, = U + (H; n B) and H; N B ©® H,, as required. O

Proposition 6.2. Let H = H@®H, € Mod-R. Then H, € DGRS if and only if for each T/H, © H/H,, 3 B ©® H such
that B & H;, H =T + Band T N B © Rad,(H).

Proof. Assume H; € DGRS. Let T/H, © H/H,. As TN Hy < Hy, then H; =(TNH;)+B and TN B < Rad,(B)
for some B ® H;. Hence H=(TNH,)+B+H,=T+B and TNB © Rad,(H). Conversely, suppose U © H;.
Consider (U @ H,)/H, < H/H,. From the hypothesis, H = (U + B) @ H, and (U + H,) N B © Rad,(H) for some
B ©® H with B © H,. Thus H; = U + B, and by Lemma 2.12(i)) UNnB < B n Rad,(H) = Rady(B). Therefore, B is
a generalized radical supplement of U in H; and B ©® H;, hence H; € DGRS. 0O

Proposition 6.3. If M € DGRS with (D), then T € DGRS for each T ©® M.

Proof. Let T ©® M,and U © T.Since M € DGRS,M =U +HandUNH & Rady(H) for some H o® M.So,T=U+
(TNH). As M has (D;) with M =T + H, then TnH ©® M. From Lemma 2.12(ii), we deduce UNn (T N H) &
(T nH) N Rady(M) = Rad,(T N H), as required. O

For M € Mod-R is referred to as having the summand sum property, we write SSP, if for each U,V ©® M implies
U +V ® M. Thus, we deduce:
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Proposition 6.4. Let M € DGRS has the SIP, or SSP. Then T € DGRS, foreach T <® M.
Proof. Let M € DGRS. Assume M has the SIP, then it has (D;), Proposition 6.3 implies the result. If M has the SSP.
LetT ©® M, then M =T @ T for some T & M. To show M/T € DGRS. Let U ©® M, thenalso U + T ©® M, as M has

the SSP. Thus, M = (U + T) @ B for some B © M. Then% = (U+T) D (BTJTT). By Theorem 5.10(i), the proofis end. O

T
Proposition 6.5. Let M € DGRS whose any generalized radical supplement in M is a d.s., then T € DGRS, for each
T o%® M,

Proof. Suppose that T ©® M. Then M = T @ B for some B © M. We have M is a g-radical supplemented module, as
M € DGRS. 1t follows M/B = T is g-radical supplemented, from [9, Lemma 2.7]. Let U » T, U has a generalized
radical supplement V in T. To show that V ©® T. Notice that M=T@®B=U+B)+V and (U+B)nV &
WU+V)NB+V+B)NnU=W+B)nU > U.Hence U+B)NV < UNV S Rady(V). It follows that U + B has
a generalized radical supplement V in M, so by assumption, 3V & M with M = V @ V. Therefore T =V @ (T N V).0

Proposition 6.6. If M € Mod-R has property (P,"), then T € DGRS, for each T o® M.

Proof. Let T ® M, and B & T. Since M has (P,"), then 3 U,U < M such that U B and B N U < Rady(U) where
M=U®@U. Therefore T=U@ (TNU),ie, TNU S®T. Hence T =X + (T NU). Assume a € BN U, then a €
Rad,(M) and so aR -9 M, see [7, Lemma 5]. Lemma 2.12(i) implies that aR <9 T n U, and then a € Rad,(T n U).
Therefore BN (T NU) =B nU < Rad,(T nU),and so T N U is a generalized radical supplement of B inT. O

Using the two outcomes Theorem 5.11 and Proposition 6.6, we can conclude the following:
Corollary 6.7.1f M € Mod-R is m-projective, then M € DGRS if and only if T € DGRS, for each T ©® M.

Proposition 6.8. Let M € Mod-R, and T < M is (fully invariant or distributive) d.s. of M. Then M € DGRS if and only
if T € DGRS and M /T € DGRS.

Proof. =) From Theorem 5.10(iii), if T © M is fully invariant, then M /T € DGRS. Assume that T ©® M is any fully
invariant, and B © T. Because M € DGRS, then M =B+ A and BNA© Radg(A) for some decomposition M =
A®A. Thus T = B + (T N A). From [20, Lemma 2.1] T = (T n A)®(T N A), that means T N A ©® T. Lemma 2.12(ii)
implies that B n (T N A) © Rady(M) N (T N A) = Rady(T N A). Thus, T € DGRS. Similarly, when T is distributive.

<) Evidently, from Proposition 5.7. O

The following corollaries of proposition 6.8 directly follow.

Corollary 6.9. Assume M € Mod-R is weak duo or distributive, and let T ©® M. Then M € DGRS if and only if
T € DGRS and M/T € DGRS.

Corollary 6.10. Assume M € Mod-R is weak duo or distributive. Then M € DGRS if and only if T € DGRS, for each
T o® M.

Corollary 6.11. If M € DGRS, then M/Rad,(M) € DGRS. Moreover, Rad,(M) € DGRS whenever Rad, (M) o® M,

Proof. Theorem 5.10(iii) and Proposition 6.8 respectively come next. O

When M € Mod-R is weak duo or distributive, one can observe a finite decomposition M =@, M, € DGRS if
and only if M, € DGRS for t € {1,2, ..., m}. Additionally, an effort will be made to satisfy a specific instance that
requires that this feature is achieved for each category of modules, as is seen below.

Proposition 6.12. Let {H;};c, be a family of modules with H = @, H;. If H € Mod-R is duo, then H € DGRS if and
only if, for each t € 7, H, € DGRS.

Proof. Corollary 6.10 follows the necessity. Conversely, let U < H, then U N H; & H; for each t € 7. By assumption, 3
V; ©® H, such that H, = (U N H,) + V, and (U N H,) NV, = U NV,  Rad,(V;) for each t € 7. From [20, Lemma 2.1]
U=@®e; (UNH,). Let V = @V, it is easily to show Vo8 H. Thus, H=U+V and UNV =@, (UNH,) N
(Brer Vi) =Brer UNV) ©@ier Rady(Vy) = Rad,y (V) by Lemma 1.2, as required. O

Proposition 6.13. Assume H € DGRS, then H = H;®H, such that H; is semisimple and H, € Mod-R has essential
generalized radical.
Proof. According to [9, Proposition 2.13]. O
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Theorem 6.14. If M € Mod-R has (D3), then the next are coincide.

({) T € DGRS, foreach T -® M.

(i)) M € DGRS.

(iii)) M = M;@®M, where M, is semisimple and M, € DGRS with Rad,(M,) ©° M,.

(iv) M = M;@®M, where M, in DGRS and M, € Mod-R with Rad,(M;) = M,.

Proof. (ii) = (i) Directly from Proposition 6.3.

(i) = (iii) Directly from Proposition 6.13 and part (i).

(iii) = (ii) Directly from Proposition 5.7.

(i) = (iv) As M € DGRS and Rad,(M) - M, then 3 M;, M, > M such that M = M;®M,, Rad,(M) + M; = M and
Rady(M) N M; < Rady,(M,). It follows M; € DGRS, by (i). From Lemma 1.2, we deduce that M = M;@®Rad (M)
and then Rad,(M;) = M,.

(iv) = (ii) Directly from Propositions 5.2 and 5.7. O
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