
Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 15(1) 2023 , pp  Math.   127–149 
 
 
 
 
 
 
 
 
 
 
 
 

 

∗Corresponding author 

Email addresses:  

Communicated by ‘sub etitor’ 

Third-Order Differential Subordination  and Superordination Results for Analytic 

Univalent Functions Using Hadamard Product Operator   

Huda Hayder Jasimᵃ, Waggas Galib Atshanᵇ* 

ᵃDepartment of Mathematics, College of Education for Girls, University of Kufa, Najaf-Iraq. Email: hodah.almrzouk@uokufa.edu.iq 

ᵇ Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah-Iraq. Email: Waggas.galib@qu.edu.iq, 
waggashnd@gmail.com.  

 
 

A R T I C L E  I N F O 

Article history: 

Received: 13/01/2023 

Rrevised form: 25/02/2023 

Accepted : 27/02/2023 

Available online: 31/03/2023 
 

Keywords: 

Analytic function, Differential 
Subordination, Sandwich results, 
Third-Order, Hadamard product 

Operator. 

 

 

A B S T R A C T 

In this paper, we aim to obtain some results of third-order of differential subordination and 
superordination with sandwich  theorems for analytic univalent functions   using the operator 

(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

). Some new results has been introduced. 
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1. Introduction 

Assume that  𝐻 = 𝐻(𝑈) be a class of functions 𝑤hich are analytic  in the open unit disk  𝑈 = {ⱬ: ⱬ ∈ ℂ 𝑎𝑛𝑑 |ⱬ| < 𝟷}. 

 Let   𝐻[ɑ, 𝑛]    (𝑛 ∈ ℕ = {𝟷, 𝟸, 𝟹,⋯ } 𝑎𝑛𝑑 ɑ ∈ ℂ), be the subclass of  𝐻(𝑈)  and   𝐻[ɑ, 𝑛] = {𝑓(ⱬ) = ɑ + ɑ𝑛ⱬ
𝑛 +

ɑ𝑛+1ⱬ
𝑛+1 +⋯ }. We denote by 𝙰 ⊂ 𝐻(𝑈) the subclass of 𝐻 which are analytic function𝑠 in 𝑈, and  have normali𝑧ed 

Taylor-Maclauri𝑛 series of the form: 

𝑓(ⱬ) = ⱬ +∑ɑ𝑛ⱬ
𝑛

∞

𝑛=2

  (ⱬ ∈ 𝑈).                                                                   (1.1) 

Let 𝑓 and 𝑔 are  analytic functions in the class 𝐻(𝑈), 𝑓 is said to be subordinat𝑒 to 𝑔, written as 
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𝑓 ≺ 𝑔  in 𝑈 or  𝑓(ⱬ) ≺ 𝑔(ⱬ),          (ⱬ ∈ 𝑈), 

if there exists a Sch𝑤arz function 𝜔 ∈ 𝐻,which is analy𝑡 ic in  𝑈  with 𝜔(𝟶) = 𝟶  and |𝜔(ⱬ)| < 𝟷 (ⱬ ∈ 𝑈),  such that 

𝑓(ⱬ) = 𝑔(𝜔(ⱬ)), (ⱬ ∈ 𝑈).  

Additionally, if the function 𝑔 is unival𝑒nt in 𝑈, we get that  (like[19]). 

𝑔(ⱬ) ≺ 𝑓(ⱬ)  ↔ 𝑔(𝟶) = 𝑓(𝟶) 𝑎𝑛𝑑 𝑔(𝑈) ⊂ 𝑓(𝑈). 

Abd [28] introduced the following operator: 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) = ⱬ +∑𝛽𝑛,𝜇𝑎𝑛ⱬ
𝑛 ,                                                                                           (1.2)

∞

𝑛=2

 

where  

𝛽𝑛,𝜇 = (
1 + 𝑏

𝑛 + 𝑏
)
𝛿

(
𝛼 + 𝑛𝛾

𝛼 + 𝛾
)
𝜇

,        (𝑏 ∈ ℂ ∖ {𝟶, −𝟷,−𝟸,… }, 𝛿, 𝜇 ∈ ℂ, ⱬ ∈ 𝑈, 𝑓 ∈ 𝙰). 

It is easily verified from (1.2) the identity: 

ⱬ (𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ))
′

= (1 + 𝑏)𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ) − 𝑏𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ).                                                                (1.3) 

  The recent work by  Ponnusamy and Juneja [20] introduced the conc𝑒pt of third-order differential subordinatio𝑛. 
The recent work on differential subordination by some authors [4,8,12,16,15,17,19,21,23,24,25,26,27] drew 
attention from many experts in this area. see ([1,2,3,5,6,7,9,10,11,13,14,18,22]). 

In this work,  we investigate suitable classes of admissible function associated with an operat𝚘r (𝑆𝑏,𝛼,𝛾
𝜇,𝛿

), with certain 

corollaries, several new findings on differential subordinations are made.  

2. Preliminaries  

The follo𝑤ing lemmas and definitio𝑛 are needing in the proofs of our results. 

Definition (𝟐. 𝟏) [𝟒]:  Let ɸ:ℂ𝟺 × 𝑈 → ℂ  and suppose the func 𝑡 ion ⱨ(ⱬ) is univalent 𝑖𝑛 𝑈 . If the function  𝑝(ⱬ)  is 
analytic in 𝑈 and satisfies the following third-order differential subordination:  

ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) ≺ ⱨ(ⱬ),                                                             (𝟸. 1) 

then 𝑝(ⱬ) is called a solution of the differential subordination (𝟸. 1). A univalent function 𝑞(ⱬ) is called a dominant of  
the soluti𝑜ns of (2.1),  if 𝑝(ⱬ)≺ 𝑞(ⱬ) fo𝑟 all 𝑝(ⱬ) satisfying (𝟸. 1). A dominant  �̃�(ⱬ) that satisfies  �̃�(ⱬ) ≺ 𝑞(ⱬ) for all 
dominants 𝑞(ⱬ) of (𝟸. 1) is said to be the best dominant. 

Definition (𝟐. 𝟐) [𝟐𝟔]: Let ɸ: ℂ𝟺 × 𝑈 → ℂ  and the function ⱨ(ⱬ)  be analytic in  𝑈 . If the function 𝑝(ⱬ) 𝑎𝑛𝑑 
ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ),  are univalent  in 𝑈  and satisfies the foll 𝑜 wing third-order differential 
super𝑜rdination: 

ⱨ(ⱬ) ≺ ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ),                                                            (𝟸. 𝟸) 

then 𝑝(ⱬ)  is called a solution of the differential superordination (𝟸. 𝟸). An analytic  function 𝑞(ⱬ)  is called a 
subordinant of  the solutions of (𝟸. 𝟸), 𝑖𝑓 𝑞(ⱬ)≺ 𝑝(ⱬ) fo𝑟 all 𝑝(ⱬ) satisfying (𝟸. 𝟸). A univalent subordinant �̃�(ⱬ) that 
satisfies the condition 𝑞(ⱬ) ≺ �̃�(ⱬ) for all subordinant 𝑞(ⱬ) of (𝟸. 𝟸) is said to be the best subordinant.  

Definition (𝟐. 𝟑) [𝟒]: Let 𝚀 be the set of all functions 𝑞   that are analytic and univalent on the set  𝑈\𝐸(𝑞),where  

𝐸(𝑞) = {𝜉: 𝜉 ∈ 𝜕𝑈 ∶  𝑙𝑖𝑚
𝑧→𝜉

𝑞(ⱬ) = ∞}, 
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and 𝑚𝑖𝑛|𝑞′(𝜉)| = 𝑝 > 𝟶  for 𝜉 ∈ 𝜕𝑈\𝐸(𝑞). Further, let the subclass of  𝚀 for which 𝑞(𝟶) = ɑ, be denoted by 𝚀(ɑ), with 

𝚀(𝟶) = 𝚀𝟶 𝑎𝑛𝑑 𝚀(𝟷) = 𝚀𝟷 = {𝑞 ∈ 𝚀: 𝑞(𝟶) = 𝟷}. 

The subordination methodology is applied to an appropriate classes of admissible functions.   

The following class of admissible functions is given by Antonino and Miller [4]. 

Definition (2.4) [4]: Let 𝛺 be a 𝑠et in ℂ and 𝑞 ∈ 𝚀 and 𝑛 ∈ 𝑁  ⃥{𝟷}. The class of admissible functions 𝛹𝑛[𝛺, 𝑞] consists of 
those functions ɸ: ℂ4 ×  𝑈 →  ℂ,  which satisfy the next admissibility c𝑜nditions: 

ɸ(𝘳, 𝘴, 𝘵, 𝘦;  ⱬ) ∉  𝛺 

whenever 

𝘳 = 𝑞(𝜉) , 𝘴 = 𝑘𝜉𝑞′(𝜉), ℛ𝑒 (
𝘵

𝘴
+ 1) ≥ 𝑘 ℛ𝑒 (

𝜉𝑞′′(𝜉)

𝑞′(𝜉)
+ 1) 

and 

ℛ𝑒 (
𝘦

𝘴
) ≥ 𝑘2ℛ𝑒 (

𝜉2𝑞′′′(𝜉)

𝑞′(𝜉)
), 

where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞), and 𝑘 ≥ 𝑛. 

Lemma (2.1) [4]: Let 𝑝 ∈ 𝐻[𝑎, 𝑛], with 𝑛 ≥  𝟸, and 𝑞 ∈ 𝚀(ɑ) satisfy the next c𝑜nditions: 

ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥ 𝟶     , 𝑎𝑛𝑑   |

ⱬ𝑝′(ⱬ)

𝑞′(𝜉)
| ≤ 𝑘, 

where ⱬ ∈ 𝑈 , 𝜉 ∈  𝜕𝑈 \ 𝐸(𝑞),  and 𝑘 ≥ 𝑛 .If  𝛺 is a set in ℂ, ɸ ∈  𝛹𝑛[𝛺, 𝑞] and 

ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) ∈ 𝛺, 

then 

𝑝(ⱬ) ≺ 𝑞(ⱬ),         (ⱬ ∈ 𝑈). 

Definition (2.5) [26]: Let 𝛺 be a 𝑠et in ℂ, 𝑞 ∈ 𝐻[ɑ, 𝑛] and 𝑞′(ⱬ) ≠ 𝟶 and 𝑛 ∈ 𝑁  ⃥{1}. The class of admissible functi𝑜ns 
𝛹𝑛
′[𝛺, 𝑞] consists of those functi𝑜ns ɸ ∶  ℂ4 × �̅�  → ℂ that satisfy  the follo𝑤ing admissibility conditions: 

ɸ(𝘳, 𝘴, 𝘵, 𝘦;  𝜉)  ∈  𝛺 

whenever 

𝘳 =  𝑞(ⱬ)    ,    𝘴 =
ⱬ𝑞′(ⱬ)

𝑚
   ,    ℛ𝑒 (

𝘵

𝘴
+  1) ≤

1

𝑚
ℛ𝑒 (

ⱬ𝑞′′(ⱬ)

𝑞′(ⱬ)
+  1) 

and 

ℛ𝑒 (
𝘦

𝘴
) ≤

1

𝑚2
ℛ𝑒 (

ⱬ2𝑞′′′(ⱬ)

𝑞′(ⱬ)
), 

where ⱬ ∈  𝑈, 𝜉 ∈  𝜕𝑈, 𝑎𝑛𝑑 𝑚 ≥  𝑛 ≥ 2. 

Lemma (2.2) [26]: Let 𝑞 ∈ 𝐻[ɑ, 𝑛] with ɸ ∈ 𝛹𝑛
′[𝛺, 𝑞]. If 
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ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ);  ⱬ) 

is unival𝑒nt in 𝑈  𝑎𝑛𝑑 𝑝 ∈ 𝚀(𝑎) satisfying the foll𝑜wing c𝚘nditi𝚘ns: 

ℛ𝑒 (
ⱬ𝑞′′(ⱬ)

𝑞′(ⱬ)
) ≥  0,            |

ⱬ𝑝′(ⱬ)

𝑞′(ⱬ)
| ≤  𝑚, 

where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈, 𝑎𝑛𝑑 𝑚 ≥  𝑛 ≥ 2, then 

𝛺 ⊂  {ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ);  ⱬ): ⱬ ∈ 𝑈} 

implies that 

         𝑞(ⱬ) ≺  𝑝(ⱬ),             (ⱬ ∈  𝑈). 

The present paper utitizes the techniques on the third-order differen 𝑡 ial subordination and superordina 𝑡 ion 
outcomes of Antonino and Miller [4] and others [8,12,15,16,17,21,23,25,27] and different conditions 
(𝑠𝑒𝑒[1,2,3,5,6,7,9,10,11,13,14,18,22]).  Certain classes of admissible func𝑡 ions are investigated in this idea, some 
properties of the third-order differential subordination and superordina𝑡ion for analytic functions in 𝑈 rela𝑡ed to the 

operator (𝑆𝑏,𝛼,𝛾
𝜇,𝛿

 𝑓(ⱬ)) are also mentioned. 

3. Third-Order Differential Subordination Results:   

In this part, we starting with a giv𝑒n set 𝛺  and func𝑡ion 𝑞, and we create asset of acceptable function so that (1.2) is 
true, to achieve this, we cr𝑒ate the follo𝑤ing new class of admissible function𝑠, which required to establish the crucial 

third-𝑜rder differential subordination theorem𝑠 for the operato𝑟 (𝑆𝑏,𝛼,𝛾
𝜇,𝛿

) defined by (1.2). 

Definition (3.1): Let 𝛺  be a 𝑠et  in ℂ 𝑎𝑛𝑑  𝑞 ∈  𝚀𝟶⋂𝐻𝟶. The class  ℓ𝑗[𝛺, 𝑞] of admissible functions con𝑠ists of those 

functions ɸ: ℂ4 × 𝑈 →  ℂ that sati𝑠fy the next admissibility conditions: 

ɸ(𝓊,𝓋, 𝓍, 𝓎; ⱬ) ∉ 𝛺, 

whenever  

𝓊 = 𝑞(𝜉), 𝓋 =
𝜉𝑘𝑞′(𝜉) + 𝑏𝑞(𝜉)

(1 + 𝑏)
, 

ℛ𝑒 (
(1 + 𝑏)[𝓍(1 + 𝑏) − 2𝑏𝓋] + 𝑏2𝓊

𝓋(1 + 𝑏) − 𝑏𝓊
) ≥ 𝑘 ℛ𝑒 (

𝜉𝑞′′(ⱬ)

𝑞′(ⱬ)
+ 1) 

and 

ℛ𝑒 (
(𝓎 + 3𝓍)(1 + 𝑏)3 +𝓊𝑏2(3 + 2𝑏) + [3𝑏2 + 2(3𝑏 + 1)][𝑏(𝓋 − 𝓊) + 𝓋

𝓋(1 + 𝑏) − 𝑏𝓊
) 

≥ 𝑘2ℛ𝑒 (
𝜉2𝑞′′′(𝜉)

𝑞′(𝜉)
), 

where  ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞) and 𝑘 ≥ 𝟸. 

Theorem (3.1) :  Let ɸ ∈ ℓ𝑗[𝛺, 𝑞]. If the functions 𝑓 ∈  𝙰 and 𝑞 ∈ 𝚀𝟶 satisfies the next condition: 

ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥ 0, |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑞′(𝜉)
| ≤ 𝑘                                                                  (3.1) 

and 
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        {ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); 𝑧): ⱬ ∈ 𝑈} ⊂  𝛺,                                           (3.2)                                                  

then 

                                               𝑆𝑏,𝛼,𝛾
𝜇,𝛿 (ⱬ) ≺ 𝑞(ⱬ)          (ⱬ ∈ 𝑈). 

Proof. Let if, we put  

                               𝑝(ⱬ) = 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ).                                                                         (3.3) Then from equation (1.3) 𝑎𝑛𝑑 (3.3), we 

have 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ) =
ⱬ𝑝′(ⱬ) + 𝑏𝑝(ⱬ)

(1 + 𝑏)
 .                                                                       (3.4) 

By similar argument, we get 

         𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ) =
ⱬ2𝑝′′(ⱬ) + (1 + 2𝑏)ⱬ𝑝′(ⱬ) + 𝑏2𝑝(ⱬ)

(1 + 𝑏)2
.                                                                        (3.5) 

and  

      𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)          =
ⱬ3𝑝′′′(ⱬ) + 3(𝑏 + 1)ⱬ2𝑝′′(ⱬ) + (3𝑏2 + 3𝑏 + 1)ⱬ𝑝′(ⱬ) + 𝑏3𝑝(ⱬ)

(1 + 𝑏)3
 .                     (3.6) 

 we will now build a transformation from ℂ4 to ℂ by 

  𝓊(𝘳, 𝘴, 𝘵, 𝘦) = 𝘳   ,            𝓋(𝘳, 𝘴, 𝘵, 𝘦) =
𝘴 + 𝑏𝘳

(1 + 𝑏)
 ,  

    𝓍(𝘳, 𝘴, 𝘵, 𝘦) =
𝘵 + (1 + 2𝑏)𝘴 + 𝑏2𝘳

(1 + 𝑏)2
 ,                                                                              (3.7) 

and 

𝓎(𝘳, 𝘴, 𝘵, 𝘦) =
𝘦 + 3(1 + 𝑏)𝘵 + (3𝑏2 + 3𝑏 + 1)𝘴 + 𝑏3𝘳

(1 + 𝑏)3
.                                               (3.8) 

Let  

𝜑(𝘳, 𝘴, 𝘵, 𝘦) = ɸ(𝓊,𝓋, 𝓍, 𝓎) = ɸ(𝘳,
𝘴 + 𝑏𝘳

(1 + 𝑏)
,
𝘵 + (1 + 2𝑏)𝘴 + 𝑏2𝘳

(1 + 𝑏)2
,
𝘦 + 3(1 + 𝑏)𝘵 + (3𝑏2 + 3𝑏 + 1)𝘴 + 𝑏3𝘳

(1 + 𝑏)3
 ) 

(3.9) 

by applying Lemma (2.1), Using equations (3.3) 𝑡𝑜 (3.8), and from (3.9), we get 

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) = ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ)             (3.10) 

Hence, (3.2) leads to  

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) ∈ 𝛺. 

we note that  

𝘵

𝘴
+ 1 =

(1 + 𝑏)[𝓍(1 + 𝑏) − 2𝑏𝓋] + 𝑏2𝓊

𝓋(1 + 𝑏) − 𝑏𝓊
. 
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and 

𝘦

𝘴
=
(𝓎 + 3𝓍)(1 + 𝑏)3 +𝓊𝑏2(3 + 2𝑏) + [3𝑏2 + 2(3𝑏 + 1)][𝑏(𝓋 − 𝓊) + 𝓋]

𝑣(1 + 𝑏) − 𝑏𝑢
. 

Thus, we see that  the admissibility condition in definitio𝑛 (3.1) for ɸ ∈ ℓ𝑗[𝛺, 𝑞] is equival𝑒nt to the admissibility 

condition in definitio𝑛 (2.4) for 𝜑 ∈  𝛹𝟸[𝛺, 𝑞] as given with 𝑛 = 𝟸. Therefore, by using (3.1) and applying Lemma 
(2.1), we get 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿 (ⱬ) ≺ 𝑞(ⱬ). 

This compl𝑒tes the proof of theorem(3.1).◻ 

The follo𝑤ing outcome is an extension of Theor𝑒m (𝟹. 𝟷), when the beh𝑎vior of 𝑞(ⱬ) on 𝜕𝑈 is not known. 

Corollary (3.1): Let 𝛺 ⊂ ℂ and the fu𝑛ction 𝑞 be uni𝑣alent in 𝑈 with 𝑞(𝟶) = 𝟷. Let ɸ ∈ ℓ𝑗[𝛺, 𝑞𝜌] for some 𝜌 ∈ (𝟶, 𝟷), 

wℎere 𝑞𝜌(ⱬ) = 𝑞(𝜌ⱬ). If 𝑓 ∈  𝙰  and 𝑞𝜌  satisfy the next c𝑜nditions: 

ℛ𝑒 (
𝜉𝑞𝜌

′′(𝜉)

𝑞𝜌
′ (𝜉)

) ≥  0      ,   |
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑞𝜌
′ (𝜉)

| ≤  𝑘 , (ⱬ ∈ 𝑈, 𝑘 ≥ 𝟸, 𝜉 ∈ 𝜕𝑈 \ 𝐸(𝑞𝜌)) 

and 

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) ∈ 𝛺, 

then 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞(ⱬ)        (ⱬ ∈ 𝑈). 

Proof. Using Theorem (3.1), we can obtain 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞𝜌(ⱬ)        (ⱬ ∈ 𝑈). 

The following subordination property makes this result obvious 

𝑞𝜌(ⱬ) ≺  𝑞(ⱬ)        (ⱬ ∈  𝑈). 

This complete𝑠 the proof of corollary(3.1).◻ 

In particular case, If ⱨ(ⱬ) conf𝑜rmal ma𝑝𝑝ing of 𝑈 onto 𝛺, such that 𝛺 ≠ ℂ is a simply connected d𝚘main, then 𝛺 =
ⱨ(𝑈), and we define the class ℓ𝑗[ⱨ(𝑈), 𝑞] is by ℓ𝑗  [ⱨ, 𝑞]. 

 The follows outcome are immediate consequence of Theorem (𝟹. 1), and corollary (3.1), respectively.  

Theorem (3.2): Let ɸ ∈  ℓ𝑗  [ⱨ, 𝑞]. If 𝑓 ∈ 𝙰  a𝑛d 𝑞 ∈ 𝚀𝟶 satisfy the next conditions: 

            ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥  0     ,     |   

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑞′(𝜉)
| ≤  𝑘,                                                                            (3.11) 

and 

   ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) ≺ ℎ(ⱬ),                                                         (3.12) 

then 
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𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞(ⱬ)                (ⱬ ∈ 𝑈). 

Corollary (3.2): Let 𝛺 ⊂  ℂ and the function 𝑞 be unival𝑒nt in 𝑈 𝑤𝑖𝑡ℎ 𝑞(𝟶) = 𝟷.  Let ɸ ∈  ℓ𝑗  [𝛺, 𝑞𝜌] for some 𝜌 ∈ (𝟶, 𝟷), 

where 𝑞𝜌(ⱬ)  =  𝑞(𝜌ⱬ). If 𝑓 ∈  𝙰 and 𝑞𝜌 satisfy the next conditions: 

ℛ𝑒 (
𝜉𝑞𝜌

′′(𝜉)

𝑞𝜌
′ (𝜉)

) ≥  0        ,    |
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑞𝜌
′ (𝜉)

| ≤  𝑘,   

 (ⱬ ∈ 𝑈, 𝑘 ≥  𝟸, 𝜉 ∈  𝜕𝑈  ⃥𝐸(𝑞𝜌)), 

and   

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) ≺ ℎ(ⱬ),            

then 

                                             𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞(ⱬ)          (ⱬ ∈ 𝑈).   

The best dominant of the differential sub𝑜rdination (𝟹. 1𝟸), is given by the follo𝑤ing result.  

Theorem (3.3): Let the functi𝑜n ⱨ  be unival𝑒nt in 𝑈 𝑎𝑛𝑑 let ɸ: ℂ𝟺 ×  𝑈 →  ℂ and 𝜑 defin𝑒d  by (3.9). Assume that the 
diffe𝑟ential equation: 

  𝜑(𝑞(ⱬ), ⱬ𝑞′(ⱬ), ⱬ2𝑞′′(ⱬ), ⱬ3𝑞′′′(ⱬ); ⱬ) = ⱨ(ⱬ)                                                                       (3.13)  

has a solution 𝑞(ⱬ) with 𝑞(𝟶)  =  𝟷, which satisfy condition (3.1). If 𝑓 ∈  𝙰 satisfies the condition (3.12) and if 

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ), 

is analytic in 𝑈, then 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞(ⱬ)          (ⱬ ∈ 𝑈)  

and 𝑞(ⱬ) is the best dominant.  

Proof. By using Theor𝑒m (3.1), we deuced 𝑞 is a dominant of (𝟹. 12). Since 𝑞 satisfies (𝟹. 1𝟹), it is also a soluti𝑜n of 
(𝟹. 12) and therefore, 𝑞 will be dominated by all dominants. Hence 𝑞 is the best dominan𝑡. This completes the proof 
of The𝚘rem(3.3).◻ 

With respect to Definition (3.1),  and in the particular case 𝑞 (ⱬ) = 𝑀ⱬ, 𝑀 > 𝟶,  the class 𝚘f admissible func𝑡 ions 
ℓ𝑗[𝛺, 𝑞] represented by ℓ𝑗[𝛺,𝑀], is written as follo𝑤s. 

Definition (3.2): Let 𝛺 be a s𝑒t in ℂ and 𝑀 >  𝟶. The class of admissible functi𝑜ns ℓ𝑗  [𝛺,𝑀] consists of those functi𝑜ns 

ɸ: ℂ4 ×  𝑈 → ℂ 𝑠𝑢ch that 

  ɸ

(

 
 
𝑀𝑒𝑖𝜃 , (

𝑘 + 𝑏

(1 + 𝑏)
)𝑀𝑒𝑖𝜃 ,

𝐿 + [(2𝑏 + 1)𝑘 + 𝑏2]𝑀𝑒𝑖𝜃

(1 + 𝑏)2
,

𝑁 + 3(1 + 𝑏)𝐿 + [(3𝑏2 + (3𝑏 + 1) + 𝑏3]𝑀𝑒𝑖𝜃

(1 + 𝑏)3
; ⱬ
)

 
 
∉ 𝛺,                                                 (3.14) 

whenever ⱬ ∈  𝑈, 

ℛ𝑒(𝐿𝑒−𝑖𝜃)  ≥  (𝑘 − 𝟷)𝑘𝑀, 

and 
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ℛ𝑒(𝑁𝑒−𝑖𝜃) ≥  𝟶       ∀𝜃 ∈ ℛ;  𝑘 ≥ 𝟸. 

Corollary (3.3): Let ɸ ∈  ℓ𝑗[𝛺,𝑀]. If 𝑓 ∈  𝙰 satisfies the next conditions: 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)| ≤  𝑘𝑀,        (ⱬ ∈  𝑈;  𝑘 ≥  2;  𝑀 >  𝟶), 

and 

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) ∈ 𝛺, 

then  

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)|  <  𝑀. 

    In this special case, if  𝛺 =  𝑞(𝑈) =  {ⱳ ∶  |ⱳ| < 𝑀}, then the class ℓ𝑗[𝛺,𝑀] is represented by ℓ𝑗  [𝑀].  

Corollary (3.4): Let ɸ ∈  ℓ𝑗[𝑀]. If 𝑓 ∈  𝙰 satisfies the next conditions: 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)| ≤  𝑘𝑀,            (ⱬ ∈ 𝑈; 𝑘 ≥  2;𝑀 >  𝟶), 

and 

|(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ)| < 𝑀, 

then 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)|  <  𝑀. 

Corollary (3.5): Let 𝑘 ≥  𝟸, and   𝑀 >  𝟶. If 𝑓 ∈  𝙰 satisfies the next conditions: 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)|  ≤  𝑘𝑀, 

and 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ) − 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)| <
𝑀

𝑏 + 1
, 

then 

|𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)|  <  𝑀. 

Proof. Let ɸ(𝓊,𝓋, 𝓍,𝓎; ⱬ) = 𝓋 − 𝓊 𝑎𝑛𝑑 𝛺 = ⱨ(𝑈) where  

ℎ(ⱬ) =
𝑀𝑧

|𝑏 + 1|
,              (𝑀 > 𝟶), 

According to Corollary (3.3), we shall present that ɸ ∈  ℓ𝑗[𝛺,𝑀], that is, the admissibility c𝑜𝑛dition (3.14) is satisfied. 

This follo𝑤s r𝑒adily since it is seen th𝑎t 

|ɸ(𝓊,𝓋, 𝓍, 𝓎; ⱬ)| = |
(𝑘 − 𝟷)𝑀𝑒𝑖𝜃

(𝟷 + 𝑏)
| ≥

𝑀

|𝟷 + 𝑏|
 

whenever ⱬ ∈  𝑈, 𝜃 ∈ ℛ 𝑎𝑛𝑑 𝑘 ≥  𝟸. The requir𝑒d result follows from corolla𝑟y (3.5) proof is complete.◻ 

Definition (3.3): Let 𝛺  be a set in ℂ, 𝑞 ∈ 𝚀𝟷 ∩ 𝐻1. The class of admissible functi𝑜ns ℓ𝑗,𝟷[𝛺, 𝑞] consists of those functions 

  ɸ: ℂ4  ×  𝑈 →  ℂ that satisfy the next admissibility conditions: 
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ɸ(𝓊,𝓋, 𝓍, 𝓎; ⱬ) ∉  𝛺, 

whenever 

𝓊 =  𝑞(𝜉)  ,       𝓋 =
𝑘𝜉𝑞′(𝜉) + (1 + 𝑏)𝑞(𝜉)

(1 + 𝑏)
,  

  ℛ𝑒 (
(1 + 𝑏)[𝓍 − 2𝓋 + 𝓊]

(𝓋 − 𝓊)
) ≥ 𝑘 ℛ𝑒(

𝜉𝑞′′(𝜉)

𝑞′(𝜉)
+ 1) 

and 

ℛ𝑒 (
(1 + 𝑏)(𝓎 − 𝓊) + 3(1 + 𝑏)(2 + 𝑏)(𝓊 − 𝓍) + (3𝑏2 + 12𝑏 + 11)(𝓋 − 𝓊) 

(𝓋 − 𝓊)
)   ≥ 𝑘2ℛ𝑒 (

𝜉2𝑞′′′(𝜉)

𝑞′(𝜉)
), 

where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈/𝐸(𝑞), 𝑎𝑛𝑑 𝑘 ≥ 2. 

Theorem (3.4): Let   ɸ ∈  ℓ𝑗,1[𝛺, 𝑞]. If the functions 𝑓 ∈   𝙰 and 𝑞 ∈ 𝚀𝟷 satisfy the next conditions: 

                       ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥  𝟶       ,          |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑧𝑞′(𝜉)
| ≤  𝑘,                                                        (3.15) 

and  

    {ɸ (
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) ; ⱬ ∈ 𝑈} ⊂ 𝛺,                                        (3.16) 

then 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
≺ 𝑞(ⱬ)               (ⱬ ∈ 𝑈). 

Proof. Let if, we put  

                                𝑝(ⱬ) =
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
 .                                                                                              (3.17) 

Then from equation (1.3) 𝑎𝑛𝑑 (3.17), we have 

                           
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
=
ⱬ𝑝′(ⱬ) + 2𝑝(ⱬ)

(1 + 𝑏)
.                                                                             (3.18) 

By similar argument, we get 

   
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
=
ⱬ2𝑝′′(ⱬ) + (2𝑏 + 3)ⱬ𝑝′(ⱬ) + (1 + 𝑏)2𝑝(ⱬ)

(1 + 𝑏)2
                                                     (3.19) 

and  

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑧
=
ⱬ3𝑝′′′(ⱬ) + 3(𝑏 + 2)ⱬ2𝑝′′(ⱬ) + (3𝑏2 + 9𝑏 + 7)ⱬ𝑝′(ⱬ) + (1 + 𝑏)3𝑝(ⱬ)

(1 + 𝑏)3
.                   (3.20) 

 We will now build a transformation from ℂ4 to ℂ by 
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𝓊(𝘳, 𝘴, 𝘵, 𝘦) = 𝘳  , 𝓋(𝘳, 𝘴, 𝘵, 𝘦) =
𝘴 + (1 + 𝑏)𝘳

(1 + 𝑏)
, 

            𝓍(𝘳, 𝘴, 𝘵, 𝘦) =
𝘵 + (2𝑏 + 3)𝘴 + (1 + 𝑏)2𝘳

(1 + 𝑏)2
,                                   (3.21) 

and 

   𝓎(𝘳, 𝘴, 𝘵, 𝘦) =
𝘦 + 3(𝑏 + 2)𝘵 + (3𝑏2 + 9𝑏 + 7)𝘴 + (1 + 𝑏)3𝘳

(1 + 𝑏)3
.                                             (3.22) 

Let 

𝜑(𝘳, 𝘴, 𝘵, 𝘦) = ɸ(𝓊,𝓋, 𝓍, 𝓎; ⱬ) = ɸ

(

 
 

𝘳,
𝘴 + (1 + 𝑏)𝘳

(1 + 𝑏)
,
𝑡 + (2𝑏 + 3)𝘴 + (𝟷 + 𝑏)2𝘳

(1 + 𝑏)2
,

𝘦 + 3(𝑏 + 2)𝘵 + (3𝑏2 + 9𝑏 + 7)𝘴 + (1 + 𝑏)3𝘳

(1 + 𝑏)3
; ⱬ
)

 
 
.            (3.23) 

By applying Lemma (2.1), Using equations (3.17) 𝑡𝑜 (3.20), and from (3.23), we get 

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) = ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ).      (3.24) 

Hence, clearly (3.16) becomes 

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) ∈ 𝛺. 

Note that 

𝘵

𝘴
+ 1 =

(1 + 𝑏)[𝓍 − 2𝓋 + 𝓊]

(𝓋 − 𝓊)
 

and 

𝘦

𝘴
=
(1 + 𝑏)(𝓎 − 𝓊) + 3(1 + 𝑏)(2 + 𝑏)(𝓊 − 𝓍) + (3𝑏2 + 12𝑏 + 11)(𝓋 − 𝓊) 

(𝓋 − 𝓊)
. 

Thus, we see that  the admissibility condi𝑡ion in definition (3.3) for ɸ ∈ ℓ𝑗,1[𝛺, 𝑞] is equival𝑒nt to the admissibility 

condi𝑡ion in definition (2.4) for 𝜑 ∈  𝛹𝟸[𝛺, 𝑞] as given with 𝑛 = 𝟸. Therefore, by using (3.15) and applying Lemma 
(2.1), we get 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
≺ 𝑞(ⱬ). 

This c𝑜mpletes the proof of the𝑜rem(3.4).◻ 

In particular case, If ⱨ(ⱬ) conf𝑜rmal ma𝑝𝑝ing of 𝑈 onto 𝛺, such that 𝛺 ≠ ℂ is a simply connec𝑡ed d𝚘main, then 𝛺 =
ⱨ(𝑈), and we define the class ℓ𝑗,1 [ⱨ(𝑈), 𝑞] is by ℓ𝑗,1  [ⱨ, 𝑞]. 

 The follows outcome are immediate consequence of Theor𝑒m (𝟹. 𝟺). 

Theorem (𝟑. 𝟓): Let ɸ ∈  ℓ𝑗,𝟷[𝛺, 𝑞]. If 𝑓 ∈   𝙰 and 𝑞 ∈ 𝚀𝟷 satisfy the next conditi𝑜ns: 

               ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥  𝟶,      |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

𝑧𝑞′(𝜉)
| ≤  𝑘                                                                                (3.25) 
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and 

            ɸ (
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) ≺ ℎ(ⱬ)                                             (3.26) 

then 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
≺ 𝑞(ⱬ)            (ⱬ ∈ 𝑈). 

with respect to Definition (3.3),  and in the particular case 𝑞 (ⱬ) = 𝑀ⱬ, 𝑀 > 𝟶,  the class of admissibl𝑒  functi𝚘ns 
ℓ𝑗,1[𝛺, 𝑞] represented by ℓ𝑗,𝟷 [𝛺,𝑀], is written as follo𝑤s. 

Definition (3.4): Let 𝛺 be a s𝑒t in ℂ and 𝑀 > 𝟶.  The class of admissibl𝑒 functions ℓ𝑗,𝟷[𝛺,𝑀] consists of tho𝑠e function𝑠 

ɸ: ℂ𝟺  ×  𝑈 →  ℂ such that 

ɸ

(

 
 
𝑀𝑒𝑖𝜃 ,

𝐾 + (1 + 𝑏)𝑀𝑒𝑖𝜃

(𝟷 + 𝑏)
,
𝐿 + ((2𝑏 + 3)𝐾 + (𝟷 + 𝑏)2)𝑀𝑒𝑖𝜃

(𝟷 + 𝑏)2
,

𝑁 + 3(𝑏 + 2)𝐿 + ((3𝑏2 + 9𝑏 + 7)𝐾 + (1 + 𝑏)3)𝑀𝑒𝑖𝜃

(𝟷 + 𝑏)3
; ⱬ

)

 
 
∉ 𝛺,                                          (3.27) 

wh𝑒never 

ⱬ ∈ 𝑈, ℛ𝑒(𝐿𝑒−𝑖𝜃)  ≥  (𝑘 −  𝟷)𝑘𝑀, 

and 

ℛ𝑒(𝑁𝑒−𝑖𝜃) ≥  𝟶            , ∀𝜃 ∈ ℛ;  𝑘 ≥ 𝟸. 

Corollary (3.6): Let ɸ ∈  ℓ𝑗,𝟷[𝛺,𝑀]. If the function 𝑓 ∈   𝙰 satisfies the next conditions: 

                 |
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
| ≤  𝑘𝑀,                               (ⱬ ∈ 𝑈; 𝑘 ≥ 2:𝑀 > 𝟶)  

and 

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) ∈ 𝛺, 

then 

|
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
| < 𝑀. 

In this special case, if  𝛺 =  𝑞(𝑈) =  {ⱳ ∶  |ⱳ| < 𝑀}, then the class ℓ𝑗,1 [𝛺,𝑀] is represented by ℓ𝑗 [𝑀].  

Corollary (3.7) : Let ɸ ∈  ℓ𝑗,𝟷[𝛺,𝑀]. If the function 𝑓 ∈   𝙰 satisfies the next conditions: 

                 |
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
| ≤  𝑘𝑀                               (ⱬ ∈ 𝑈; 𝑘 ≥ 2:𝑀 > 𝟶) 

and 
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|ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ)| < 𝑀, 

then 

|
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
| < 𝑀. 

Definition (3.5): Let 𝛺  be a set in ℂ 𝑎𝑛𝑑  𝑞 ∈ 𝚀𝟷 ∩ 𝐻1 . The class ℓ𝑗,𝟸[𝛺, 𝑞] 𝚘f admissible functions consists of those 

functions ɸ: ℂ4 × 𝑈 → ℂ,  which satisfy the next admissibility conditions: 

ɸ(𝓊,𝓋, 𝓍, 𝓎; ⱬ) ∉ 𝛺, 

whenever 

𝓊 = 𝑞(𝜉), 𝓋 =
1

(1 + 𝑏)
[
𝑘𝜉𝑞′(𝜉) + (1 + 𝑏)(𝑞(𝜉))

2

𝑞(𝜉)
], 

ℛ𝑒 (
(1 + 𝑏)[𝓋𝓍 + 2𝓊2 − 3𝓊𝓋]

𝓋 − 𝓊
) ≥ 𝑘 ℛ𝑒 (

𝜉𝑞′′(𝜉)

𝑞′(𝜉)
+ 1), 

and 

ℛ𝑒[𝓋𝓍(𝓎 − 𝓍)(𝟷 + 𝑏)2 − 𝓋(1 + 𝑏)(𝓍 − 𝓋)(1 − 𝓋 − 𝓍 + 3𝓊) − 3𝓋(𝑏 + 1)(𝓍 − 𝓋)(𝓋 − 𝓊) + 𝟸(𝓋 − 𝓊)

+ 3𝓊(𝟷 + 𝑏)(𝓋 − 𝓊) + (𝓋 − 𝓊)2(1 + 𝑏)((1 + 𝑏)(𝓋 − 5𝓊) − 3) + 𝓊2(𝓋 − 𝓊)(𝟷 + 𝑏)2] (𝓋 − 𝓊)−𝟷

≥ 𝑘2  ℛ𝑒 (
𝜉2𝑞′′′(𝜉)

𝑞′(𝜉)
), 

  where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈\𝐸(𝑞) and 𝑘 ≥ 𝟸. 

Theorem (3.6): Let ɸ ∈ ℓ𝑗,𝟸[𝛺, 𝑞]. If the functions 𝑓 ∈ 𝙰  and 𝑞 ∈ 𝚀𝟷 satisfy the next conditions: 

ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥ 𝟶, |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)𝑞′(𝜉)
| ≤ 𝑘,                                                           (3.28) 

and 

{ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) : ⱬ ∈ 𝑈} ⊂ 𝛺                                            (3.29) 

then 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
≺ 𝑞(ⱬ), (ⱬ ∈ 𝑈). 

Proof. Let if, we put 

𝑝(ⱬ) =
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
.                                                                                        (3.30) 

From equation (1.3) 𝑎𝑛𝑑 (3.30), we have  
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𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
=

1

(1 + 𝑏)
[
ⱬ𝑝′(ⱬ) + (1 + 𝑏)𝑝2(ⱬ)

𝑝(ⱬ)
] =

𝐴

1 + 𝑏
,                                                        (3.31) 

By a similar argument, we get 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
=

𝐵

1 + 𝑏
 ,                                                                                                              (3.32) 

and 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
=

1

1 + 𝑏
[𝐵 + 𝐵−1(𝐶 + 𝐴−1𝐷 − 𝐴−2𝐶2)],                                                               (3.33) 

where 

𝐵 =
ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
+ (1 + 𝑏)𝑝(ⱬ) +

ⱬ2𝑝′′(ⱬ)+ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
− (

ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
)
2

+ (1 + 𝑏)ⱬ𝑝′(ⱬ)

ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
+ (1 + 𝑏)𝑝(ⱬ)

 

𝐶 =
ⱬ2𝑝′′(ⱬ) + ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
− (

ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
)

2

+ (1 + 𝑏)ⱬ𝑝′(ⱬ)                                  

and  

𝐷 =
ⱬ3𝑝′′′(ⱬ) + 3ⱬ2𝑝′′(ⱬ) + ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
−
3ⱬ2(𝑝′(ⱬ))

2
+ 3ⱬ3𝑝′′(ⱬ)𝑝′(ⱬ)

(𝑝(ⱬ))
2 + 2(

ⱬ𝑝′(ⱬ)

𝑝(ⱬ)
)

3

+ (1 + 𝑏)ⱬ2𝑝′′(ⱬ) + (1 + 𝑏)ⱬ𝑝′(ⱬ). 

 we will now build a transformation from ℂ4 to ℂ by 

𝓊(𝘳, 𝘴, 𝘵, 𝘦) = 𝘳,        𝓋(𝘳, 𝘴, 𝘵, 𝘦) =
𝟷

𝟷 + 𝑏
[
𝘴

𝘳
+ (𝟷 + 𝑏)𝘳] =

𝐸

1 + 𝑏
, 

𝓍(𝘳, 𝘴, 𝘵, 𝘦) =
1

1 + 𝑏
[
𝘴

𝘳
+ (1 + 𝑏)𝘳 +

𝘵

𝘳
+
𝘴

𝘳
− (

𝘴

𝘳
)
2

+ (1 + 𝑏)𝘴
𝘴

𝘳
+ (1 + 𝑏)𝘳

] =
𝐹

1 + 𝑏
,                                        (3.34) 

and 

𝓎(𝘳, 𝘴, 𝘵, 𝘦) =
1

1 + 𝑏
[𝐹 + 𝐹−1(𝐿 + 𝐸−1𝐻 − 𝐸−2𝐿2)],                                                       (3.35) 

where 

𝐿 =
𝘵

𝘳
+
𝘴

𝘳
− (
𝘴

𝘳
)
2

+ (1 + 𝑏)𝘴 

and 

𝐻 =
𝘦

𝘳
+
3𝘵

𝘳
+
𝘴

𝘳
− 3 (

𝘴

𝘳
)
2

− 3
𝘴𝘵

𝘳2
+ 2(

𝘴

𝘳
)
3

+ (1 + 𝑏)(𝘴 + 𝘵). 

Let  

𝜑(𝘳, 𝘴, 𝘵, 𝘦) = ɸ(𝓊,𝓋, 𝓍, 𝓎) = 



14 Huda Hayder Jasim, Journal of Al-Qadisiyah  for Computer Science and Mathematics VOL. 15(1) 2023 , PP  MATH.   127–149

 

ɸ(𝘳,
𝐸

1 + 𝑏
,
𝐹

1 + 𝑏
,
1

1 + 𝑏
[𝐹 + 𝐹−1(𝐿 + 𝐸−1𝐻 − 𝐸−2𝐿2)] ).                                                  (3.36) 

by applying Lemma (2.1), Using equations (3.30) 𝑡𝑜 (3.33), and from (3.36), we get 

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) = 

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ).                                                         (3.37) 

Hence, clearly(3.29)  becomes 

𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ) ∈ 𝛺. 

we note that  

𝘵

𝘴
+ 1 =

(1 + 𝑏)[𝓍𝓋 + 2𝓊2 − 3𝓋𝓊]

(𝓋 − 𝓊)
 

and 

𝘦

𝘴
= [𝓋𝓍(𝓎 − 𝓍)(𝟷 + 𝑏)2 −𝓋(𝟷 + 𝑏)(𝓍 − 𝓋)(𝟷 − 𝓋 − 𝓍 + 3𝓊) − 3𝓋(𝑏 + 𝟷)(𝓍 − 𝓋)(𝓋 − 𝓊) + 2(𝓋 − 𝓊)

+ 3𝓊(𝟷 + 𝑏)(𝓋 − 𝓊) + (𝓋 − 𝓊)2(𝟷𝟷 + 𝑏)((𝟷 + 𝑏)(𝓋 − 5𝓊) − 3)

+ 𝓊2(𝓋 − 𝓊)(1 + 𝑏)2] (𝓋 − 𝓊)−𝟷. 

Thus, we see that  the admissibility conditi𝑜n in definiti𝑜n (3.5) for ɸ ∈ ℓ𝑗,𝟸[𝛺, 𝑞] is equival𝑒nt to the admissibility 

conditi𝑜n in definiti𝑜n (𝟸. 4) for 𝜑 ∈  𝛹𝟸[𝛺, 𝑞] as given with 𝑛 = 𝟸. Therefore, by using (3.30) and applying Lemma 
(2.1), we get 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
≺ 𝑞(ⱬ). 

This c𝑜mpletes the proof of theor𝑒m(3.6).◻ 

In particular case, If ⱨ(ⱬ) conf𝑜rmal mapping of 𝑈 onto 𝛺, su𝑐h that 𝛺 ≠ ℂ is a simply connected d𝑜main, then 𝛺 =
ⱨ(𝑈), and we define the class ℓ𝑗,𝟸[ⱨ(𝑈), 𝑞] is by ℓ𝑗,𝟸[ⱨ, 𝑞]. 

 The follows outcome are immediate consequence of Theor𝑒m (𝟹. 𝟼). 

Theorem (𝟑. 𝟕): Let ɸ ∈ ℓ𝑗,𝟸[𝛺, 𝑞]. If 𝑓 ∈ 𝙰 and 𝑞 ∈ 𝚀𝟷 satisfy the conditions (3.29) and  

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) ≺ ℎ(ⱬ), 

then  

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
≺ 𝑞(ⱬ), (ⱬ ∈ 𝑈). 

4. Third-Order Differential Superordination Results 

This part analy𝑧es the third-order differe𝑛tial super𝑜rdination properties. 
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Definition (4.1): Let 𝛺 be a s𝑒t in ℂ 𝑎𝑛𝑑 𝑞 ∈ 𝚀𝟶 ∩ 𝐻0 with 𝑞′(ⱬ) ≠ 𝟶 . The class of admissible func𝑡ions ℓ𝑗
′[𝛺, 𝑞] 

consists of those func𝑡ions ɸ: ℂ4 × 𝑈 → ℂ,  that sati𝑠fy the follo𝑤ing admissibili𝑡y conditions: 

ɸ(𝓊,𝓋, 𝓍, 𝓎; 𝜉) ∈ 𝛺,         

whenever 

𝓊 = 𝑞(ⱬ), 𝓋 =
𝑧𝑞′(ⱬ) + 𝑚𝑏𝑞(ⱬ)

𝑚(1 + 𝑏)
, 

ℛ𝑒 (
(1 + 𝑏)[𝓍(1 + 𝑏) − 2𝑏𝓋] + 𝑏2𝓊

𝓋(1 + 𝑏) − 𝑏𝓊
) ≥ (

1

𝑚
)  ℛ𝑒 (

ⱬ𝑞′′(ⱬ)

𝑞′(ⱬ)
+ 1) 

and 

ℛ𝑒 (
(𝓎 + 3𝓍)(1 + 𝑏)3 +𝓊𝑏2(3 + 2𝑏) + [3𝑏2 + 2(3𝑏 + 1)][𝑏(𝓋 − 𝓊) + 𝓋]

𝓋(1 + 𝑏) − 𝑏𝓊
) 

≥ (
1

𝑚
)
2

ℛ𝑒 (
ⱬ2𝑞′′′(ⱬ)

𝑞′(ⱬ)
), 

where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 and 𝑚 ≥ 𝟸. 

Theorem (𝟒. 𝟏): Let ɸ ∈ ℓ𝑗
′[𝛺, 𝑞]. If 𝑓 ∈ 𝙰 with 𝑆𝑏,𝛼,𝛾

𝜇,𝛿
𝑓(ⱬ) ∈ 𝚀𝟶  and if 𝑞 ∈ 𝐻𝟶  with 𝑞′(ⱬ) ≠ 𝟶, satisfying the following 

conditions: 

ℛ𝑒 (
𝜉𝑞′′(ⱬ)

𝑞′(ⱬ)
) ≥ 0, |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑞′(ⱬ)
| ≤ 𝑚                                                                         (4.1) 

and the function  

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) 

is univalent in 𝑈,then  

𝛺 ⊂ {ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ): ⱬ ∈ 𝑈},                                       (4.2) 

implies that 

𝑞(ⱬ) ≺ 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), (ⱬ ∈ 𝑈). 

Proof. Let the func𝑡ion 𝑝(ⱬ) be defined by (3.3) 𝑎𝑛𝑑 𝜑 given by (3.9). Since ɸ ∈ ℓ𝑗
′[𝛺, 𝑞]. From (3.10) and (4.2), we 

have  

𝛺 ⊂ {ɸ(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ): ⱬ ∈ 𝑈}. 

From (3.9),  we note this the admissibility condition in Definition  (4.1)  for ɸ ∈ ℓ𝑗
′[𝛺, 𝑞]  is equivalent to the 

admissibility in Definition (2.5)  for 𝜑 ∈ 𝛹𝑛
′[𝛺, 𝑞]  with 𝑛 = 𝟸.  Hence 𝜑 ∈ 𝛹𝟸

′[𝛺, 𝑞]  and by using (4.2)  and applying 
Lemma (𝟸. 𝟸), we get 

𝑞(ⱬ) ≺ 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)             (ⱬ ∈ 𝑈). 

This completes the proof of theor𝑒m(4.1).◻ 
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In particular case, If ⱨ(ⱬ) conf𝑜rmal mapping of 𝑈 onto 𝛺, such that 𝛺 ≠ ℂ is a simply connected d𝑜main, then 𝛺 =
ⱨ(𝑈), and we define the class ℓ𝑗[ⱨ(𝑈), 𝑞] is by ℓ𝑗  [ⱨ, 𝑞]. 

 The follows outcome are immediate consequ𝑒nce of The𝑜rem (𝟺. 𝟷).  

Theorem (4.2): Let ɸ ∈ ℓ𝑗
′[ⱨ, 𝑞]  and let ℎ  analy 𝑡 ic in 𝑈.  If 𝑓 ∈ 𝙰, and 𝑆𝑏,𝛼,𝛾

𝜇,𝛿
∈ 𝚀𝟶,  and if 𝑞 ∈ 𝐻𝟶  with 𝑞′(ⱬ) ≠ 𝟶, 

satisfying the conditions (4.1) and the function  

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) 

is univalent in 𝑈, then  

ⱨ(ⱬ) ≺ ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ)                 (4.3) 

implies that 

𝑞(ⱬ) ≺ 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), (ⱬ ∈ 𝑈). 

Theorem (𝟺. 1) 𝑎𝑛𝑑 (𝟺. 2) can only be used to get subordinant for the third-order differen𝑡ial superordination of the 
form (4. 𝟸) 𝑜𝑟 (4.3). The next theorem g𝑖ves the existence of the best sub𝑜rdinant of (4.3) for suitable ɸ. 

Theorem (4.3): Let the functi𝑜n ⱨ  univalent in 𝑈, 𝑎𝑛𝑑 𝑙𝑒𝑡 ɸ: ℂ𝟺 × 𝑈 → ℂ and  𝜑 be defined by (3.9). Assume that the 
following differen𝑡ial equation: 

𝜑(𝑞(ⱬ), ⱬ𝑞′(ⱬ), ⱬ2𝑞′′(ⱬ), ⱬ3𝑞′′′(ⱬ); ⱬ) = ⱨ(ⱬ)                                                                  (4.4) 

has a solution 𝑞(ⱬ) ∈ 𝚀𝟶.  If the functions 𝑓 ∈  𝙰,  and 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

∈ 𝚀𝟶  and if 𝑞 ∈ 𝐻𝟶  with 𝑞′(ⱬ) ≠ 𝟶,  which satisfy the 

following conditions (4.1) and the function  

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) 

is analytic in 𝑈, then  

ℎ(ⱬ) ≺ ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) 

implies that 

𝑞(ⱬ) ≺ 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ),          (ⱬ ∈ 𝑈). 

and 𝑞(ⱬ) is the best subo𝑟dinant. 

Proof. From Theorem (4.1) and  (4.2),  we see that 𝑞  is a subordinant of (4.3).  Since 𝑞  satisfies  (4.4), it is als𝑜  a 
solution of (4.3) and therefore, 𝑞 will be subordinant by all subordinan𝑡s. Hence 𝑞 is the best subo𝑟dinant.  

theorem proof is complete.◻ 

Definition (4.2): Let 𝛺 be a s𝑒t in ℂ 𝑎𝑛𝑑 𝑞 ∈ 𝐻𝟷 with 𝑞′(ⱬ) ≠ 𝟶. The class of admissibl𝑒 function ℓ𝑗,𝟷
′ [𝛺, 𝑞] consists of 

those functi𝑜ns ɸ: ℂ4 × 𝑈 → ℂ, that satisfy the next admissibility conditions: 

ɸ(𝓊,𝓋, 𝓍, 𝓎; 𝜉) ∈ 𝛺, 

whenever 

𝓊 =  𝑞(ⱬ),               𝓋 =
𝑧𝑞′(𝜉) + 𝑚(1 + 𝑏)𝑞(ⱬ)

𝑚(1 + 𝑏)
,  
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  ℛ𝑒 (
(1 + 𝑏)[𝓍 − 2𝓋 + 𝓊]

(𝑣 − 𝑢)
) ≥

1

𝑚
ℛ𝑒 (

ⱬ𝑞′′(ⱬ)

𝑞′(ⱬ)
+ 1) 

and 

ℛ𝑒 (
(1 + 𝑏)(𝓎 − 𝓊) + 3(1 + 𝑏)(2 + 𝑏)(𝓊 − 𝓍) + (3𝑏2 + 12𝑏 + 11)(𝓋 − 𝓊) 

(𝓋 − 𝓊)
)   ≥ (

1

𝑚
)
2

ℛ𝑒 (
ⱬ2𝑞′′′(ⱬ)

𝑞′(ⱬ)
), 

where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 , 𝑎𝑛𝑑 𝑚 ≥ 2. 

Theorem (4.4): Let ɸ ∈ ℓ𝑗,𝟷
′ [𝛺, 𝑞]. If the function 𝑓 ∈  𝙰 and 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

 𝑓(ⱬ)

ⱬ
∈ 𝚀𝟷and if 𝑞 ∈ 𝐻𝟷with 𝑞′(ⱬ) ≠ 𝟶, satisfying the 

following conditions: 

ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥ 𝟶, |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ𝑞′(ⱬ)
| ≤ 𝑚                                     (4.5) 

and the function 

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ), 

is univalent in 𝑈, then 

𝛺 ⊂ {ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) ; ⱬ ∈ 𝑈},         (4.6) 

    implies that 

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
, (ⱬ ∈ 𝑈). 

Proof. Let 𝑝(ⱬ) given by (3.17) and 𝜑 given by (3.23). Since ɸ ∈ ℓ𝑗,𝟷
′ [𝛺, 𝑞], from (3.24)𝑎𝑛𝑑 (4.6), we have 

𝛺 ⊂ {𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ): ⱬ ∈ 𝑈}  

From (3.21) and (3.22), we note this the admissibili𝑡y condition in definiti𝑜n (4.1) f𝚘r ɸ ∈ ℓ𝑗,1
′ [𝛺, 𝑞] is equival𝑒nt to 

the admissibility in definiti𝑜n (2.4) for 𝜑 ∈ 𝛹𝑛
′[𝛺, 𝑞] with 𝑛 = 𝟸. Hence 𝜑 ∈ 𝛹𝟸

′ [𝛺, 𝑞] and by using (4.5) and applying 
Lemma (𝟸, 𝟸), we get 

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
, (ⱬ ∈ 𝑈). 

This completes th𝑒 proof of theor𝑒m(4.4).◻ 

 In particular case, If ⱨ(ⱬ) conformal mapping of 𝑈 onto 𝛺, such that 𝛺 ≠ ℂ 𝑖𝑠 a simply connected d𝑜main, then 𝛺 =
ⱨ(𝑈), and we define the class ℓ𝑗,𝟷

′ [ⱨ(𝑈), 𝑞] is by ℓ𝑗,𝟷
′  [ⱨ, 𝑞]. 

 The follows outcome are immediate consequence of Theor𝑒m (𝟺. 𝟺).  

Theorem (𝟺. 𝟓):  Let ɸ ∈ ℓ𝑗,𝟷
′ [ⱨ, 𝑞] and  ⱨ be an analy𝑡ic functi𝚘n in 𝑈. If the functions 𝑓 ∈ 𝙰 , with 𝑞 ∈ 𝐻𝟷 and 𝑞′(ⱬ) ≠

𝟶, satisfying the next conditions (4.5) and the function 
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ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) 

is univalent in 𝑈,  then  

ⱨ(ⱬ) ≺ ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ), 

implies that  

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
, (ⱬ ∈ 𝑈). 

Definition (4.3): Let 𝛺 be a set in ℂ and 𝑞 ∈ 𝐻𝟷 𝑤𝑖𝑡ℎ 𝑞′(ⱬ) ≠ 𝟶.  The class of admissible functions ℓ𝑗,𝟸
′ [𝛺, 𝑞] consists of 

those func𝑡ions ɸ: ℂ4 × 𝑈 → ℂ, that sa𝑡isfy the next admissibility conditions: 

ɸ(𝓊,𝓋, 𝓍, 𝓎; 𝜉) ∈ 𝛺, 

when𝑒ver 

𝓊 = 𝑞(ⱬ), 𝓋 =
1

(1 + 𝑏)
[
ⱬ𝑞′(ⱬ) + 𝑚(1 + 𝑏)(𝑞(ⱬ))

2

𝑚𝑞(ⱬ)
], 

ℛ𝑒 (
(1 + 𝑏)[𝓋𝓍 + 2𝓊2 − 3𝓊𝓋]

𝓋 − 𝓊
) ≥

1

𝑚
 ℛ𝑒 (

ⱬ𝑞′′(ⱬ)

𝑞′(ⱬ)
+ 1), 

and 

ℛ𝑒 [𝓋𝓍(𝓎 − 𝓍)(1 + 𝑏)2 −𝓋(𝟷 + 𝑏)(𝓍 − 𝓋)(𝟷 − 𝓋 − 𝓍 + 3𝓊) − 3𝓋(𝟷 + 𝑏)(𝓍 − 𝓋)(𝓋 − 𝓊) + 2(𝓋 − 𝓊)

+ 3𝓊(1 + 𝑏)(𝓋 − 𝓊) + (𝓋 − 𝓊)2(𝟷 + 𝑏)((𝟷 + 𝑏)(𝓋 − 5𝓊) − 3) + 𝓊2(𝓋 − 𝓊)(1 + 𝑏)2] (𝓋 − 𝓊)−1

≥ (
𝟷

𝑚
)
2

 ℛ𝑒 (
ⱬ2𝑞′′′(ⱬ)

𝑞′(ⱬ)
) 

  where ⱬ ∈ 𝑈, 𝜉 ∈ 𝜕𝑈 𝑎𝑛𝑑 𝑚 ≥ 2. 

Theorem (4.6): Let ɸ ∈ ℓ𝑗,𝟸
′ [𝛺, 𝑞] . If 𝑓 ∈ 𝙰   𝑎𝑛𝑑 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
 ∈ 𝚀𝟷,  and if 𝑞 ∈ 𝐻𝟷 with 𝑞′(ⱬ) ≠ 𝟶, satisfying the next 

conditions: 

ℛ𝑒 (
𝜉𝑞′′(𝜉)

𝑞′(𝜉)
) ≥ 𝟶, |

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)𝑞′(ⱬ)
| ≤ 𝑚                                     (4.7) 

and the function 

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) 

is univalent in 𝑈, then 

𝛺 ⊂ {ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) : ∈ 𝑈}                                            (4.8) 
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implies that 

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
, (ⱬ ∈ 𝑈). 

Proof. Let 𝑝(ⱬ)  given by (3.30) and 𝜑 given by (3.36). Since ɸ ∈ ℓ𝑗,𝟸
′ [𝛺, 𝑞], from (3.37) 𝑎𝑛𝑑 (4.8) we have 

𝛺 ⊂ {𝜑(𝑝(ⱬ), ⱬ𝑝′(ⱬ), ⱬ2𝑝′′(ⱬ), ⱬ3𝑝′′′(ⱬ); ⱬ): ⱬ ∈ 𝑈}. 

From (3.34) and (3.35), we note this the admissibility condition in Definition (4.3) for ɸ ∈ ℓ𝑗,𝟸
′ [𝛺, 𝑞] is equivalent to 

the admissibility in Definition (2.4) for 𝜑 ∈ 𝛹𝑛
′[𝛺, 𝑞] with 𝑛 = 𝟸. Hence 𝜑 ∈ 𝛹𝟸

′[𝛺, 𝑞], and by usi𝑛g (4.7) and applying 
Lemma (2.2), we get 

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
, (ⱬ ∈ 𝑈). 

This comple𝑡es the proof of theorem(4.6).◻ 

 Theorem (4.7):  Let ɸ ∈ ℓ𝑗,𝟸
′ [𝛺, 𝑞]. If the function 𝑓 ∈ 𝙰 and 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
∈ 𝚀𝟷, and if 𝑞 ∈ 𝐻𝟷with 𝑞′(ⱬ) ≠ 𝟶, satisfying the 

next conditions (4.7) and the function  

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ), 

is univalent in 𝑈, then  

ⱨ(ⱬ) ≺ ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) 

implies that  

𝑞(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
, (ⱬ ∈ 𝑈). 

5. Sandwich Results 

we arrive at the next sandwich Theorem by combining Theorems (3.2) and (4.2).  

Theorem (𝟓. 𝟏):  Let ⱨ𝟷 and 𝑞𝟷 are analy𝑡ic functions in 𝑈, and let ⱨ𝟸 b𝑒 an unival𝑒nt in 𝑈, and 𝑞𝟸 ∈ 𝚀𝟶 with 𝑞1(𝟶) =

𝑞2(𝟶) = 𝟷 and ɸ ∈ ℓ𝑗[ⱨ𝟸, 𝑞2] ∩ ℓ𝑗
′[ⱨ𝟷, 𝑞𝟷]. If the function 𝑓 ∈ 𝙰  with 𝑆𝑏,𝛼,𝛾

𝜇,𝛿
𝑓(ⱬ) ∈ 𝚀𝟶 ∩ 𝐻𝟶 and the function  

ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ), 

is unival𝑒nt in 𝑈, and if the c𝚘nditi𝚘ns (3.1) and (4.1) are satisfi𝑒d, then  

ⱨ1(ⱬ) ≺ ɸ(𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ), 𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ); ⱬ) ≺ ⱨ2(ⱬ) 

implies that 

𝑞1(ⱬ) ≺ 𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ) ≺ 𝑞2(ⱬ), (ⱬ ∈ 𝑈).                                                                   (5.1) 
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 If, on the other hand, we arrive at the next sandwich theorem by combining Theorems (3.5) and (4.5).  

Theorem (𝟓. 𝟐): Let ⱨ𝟷  and 𝑞1  are analy𝑡ic functions in 𝑈, and let ⱨ𝟸b𝑒 an unival𝑒nt in 𝑈, and 𝑞2 ∈ 𝚀𝟷 with 𝑞1(𝟶) =

𝑞2(𝟶) = 𝟷 and ɸ ∈ ℓ𝑗,𝟷[ⱨ𝟸, 𝑞2] ∩ ℓ𝑗,𝟷
′ [ⱨ𝟷, 𝑞𝟷]. If the function 𝑓 ∈ 𝙰  with 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
∈ 𝚀𝟷 ∩ 𝐻1 and the function  

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ), 

is unival𝑒nt in 𝑈, and if the c𝚘nditi𝚘ns (3.15) and (4.5) are satisfi𝑒d, then  

ⱨ1(ⱬ) ≺ ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

ⱬ
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

ⱬ
; ⱬ) ≺ ⱨ2(ⱬ) 

implies that 

𝑞1(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)

ⱬ
≺ 𝑞2(ⱬ), (ⱬ ∈ 𝑈).                                                                   (5.2) 

we arrive at the next sandwich Theorem by combining Theorems (3.6) and (4.6).  

Theorem (𝟓. 𝟑): Let ⱨ𝟷 and 𝑞1  are analy𝑡ic functions in 𝑈, and let ⱨ𝟸 b𝑒 an unival𝑒nt in 𝑈, and 𝑞2 ∈ 𝚀𝟷 with 𝑞1(𝟶) =

𝑞2(𝟶) = 𝟷 and ɸ ∈ ℓ𝑗,𝟸[ⱨ2, 𝑞2] ∩ ℓ𝑗,𝟸
′ [ⱨ𝟷, 𝑞𝟷]. If the function 𝑓 ∈ 𝙰  with 

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
∈ 𝚀𝟷 ∩ 𝐻1 and the function  

ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ), 

is unival𝑒nt in 𝑈, and if the c𝚘nditi𝚘ns (3.28) and (4.7) are satisfi𝑒d, then  

ⱨ1(ⱬ) ≺ ɸ(
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−2

𝑓(ⱬ)
,
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−4

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿−3

𝑓(ⱬ)
; ⱬ) ≺ ⱨ2(ⱬ) 

implies that 

𝑞1(ⱬ) ≺
𝑆𝑏,𝛼,𝛾
𝜇,𝛿−1

𝑓(ⱬ)

𝑆𝑏,𝛼,𝛾
𝜇,𝛿

𝑓(ⱬ)
≺ 𝑞2(ⱬ), (ⱬ ∈ 𝑈).                                                                    (5.3) 
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