Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(1) 2023, pp Math. 127-149

SR ComPuter ¢
S g . . .
R~y 4%% Available online at www.qu.edu.ig/journalcm
S %
(S z
] JOCM 2 JOURNAL OF AL-QADISIYAH FOR COMPUTER SCIENCE AND MATHEMATICS

ISSN:2521-3504(online) ISSN:2074-0204(print)

University Of AL-Qadisiyah

Third-Order Differential Subordination and Superordination Results for Analytic
Univalent Functions Using Hadamard Product Operator

Huda Hayder Jasim?, Waggas Galib Atshan®*
Department of Mathematics, College of Education for Girls, University of Kufa, Najaf-Iraq. Email: hodah.almrzouk@uokufa.edu.iq

b Department of Mathematics, College of Science, University of Al-Qadisiyah, Diwaniyah-Iraq. Email: Waggas.galib@qu.edu.ig,
waggashnd@gmail.com.

ARTICLEINFO ABSTRACT

In this paper, we aim to obtain some results of third-order of differential subordination and
superordination with sandwich theorems for analytic univalent functions using the operator

(S,’;’ﬁy). Some new results has been introduced.

Article history:

Received: 13/01/2023
Rrevised form: 25/02/2023
Accepted: 27/02/2023
Available online: 31/03/2023

Keywords: MSC: 30C45

Analytic function, Differential
Subordination, Sandwich results,
Third-Order, Hadamard product

Operator.

https://doi.org/ 10.29304/jqcm.2023.15.1.1189

1. Introduction
Assume that H = H(U) be a class of functions which are analytic in the open unit disk U = {z:z € C and |z|] < 1}.

Let H[a,n] (ne€N={1,2,3,--}and a € C), be the subclass of H(U) and Hla,n]={f(z) =a+a,z"+
Qp41Z™t1 + -+ 3. We denote by A ¢ H(U) the subclass of H which are analytic functions in U, and have normalized

Taylor-Maclaurin series of the form:
f@) =7+ ) a2 zEV). (L.1)
n=2

Let f and g are analytic functions in the class H(U), f is said to be subordinate to g, written as
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f<ginUor f(z) < g(2), (zel),

if there exists a Schwarz function w € H,which is analytic in U with w(0) = 0 and |w(z)| < 1 (z € U), such that

@) =g(w(®),(z € V).

Additionally, if the function g is univalent in U, we get that (like[19]).

9@) < f(z) < g(0) = f(0) and g(U) < f(V).

Abd [28] introduced the following operator:

,6
SllJl,a,yf(Z) =z+ Z Bn,uanzn' (12)
n=2
where

1+b\° a+ny
=73

u

, beC\{0,—-1,-2,..},6,ueCzeUf €A).
13) (agy) - weend LS, uECZE fER)
It is easily verified from (1.2) the identity:

2(SE2,F @) = (1 + D)SES @) — bSES, £ @). (13)

The recent work by Ponnusamy and Juneja [20] introduced the concept of third-order differential subordination.
The recent work on differential subordination by some authors [4,8,12,16,15,17,19,21,23,24,25,26,27] drew
attention from many experts in this area. see ([1,2,3,5,6,7,9,10,11,13,14,18,22]).

In this work, we investigate suitable classes of admissible function associated with an operator [S;f_y), with certain

corollaries, several new findings on differential subordinations are made.
2. Preliminaries
The follow ing lemmas and definition are needing in the proofs of our results.

Definition (2.1) [4]: Let $:C* X U —» C and suppose the funct ion h(z) is univalent in U. If the function p(z) is
analytic in U and satisfies the following third-order differential subordination:

d((2),20'(2),2*p" (2),2°p"" (2);2) < h(z), (2.1)

thenp(z) is called a solution of the differential subordination (2.1). A univalent function q(z) is called a dominant of
the solutions of (2.1), ifp(z) < q(z) for allp(z) satistying (2.1). A dominant G(z) that satisfies §(z) < q(z) for all
dominants q(z) of (2.1) is said to be the best dominant.

Definition (2.2)[26]: Let ¢:C* X U » C and the function h(z) be analytic in U . If the function p(z) and
d(p(2),2p' (2),2*p" (2),73p""'(2);2), are univalent in U and satisfies the foll o wing third-order differential
superordination:

h(z) < d(p(2),zp'(2),2*p" (2),2°p"" (2); 2), (2.2)

then p(z) is called a solution of the differential superordination (2.2). An analytic function q(z) is called a
subordinant of the solutions of (2.2),if q(z) <p(z) for allp(z) satistying (2.2). A univalent subordinant §(z) that
satisfies the condition q(z) < G(z) for all subordinant q(z) of (2.2) is said to be the best subordinant.

Definition (2.3) [4]: LetQ be the set of all functions q that are analytic and univalent on the set U\E (q),where

E(q) ={§:$€aU: gilrflq(z) = o},
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andmin|q'(§)| = p > 0 foré € OU\E(q). Further, let the subclass of Q for which q(0) = a, be denoted by Q(a), with
Q(0) = Qo and Q(1) = Q; = {q € Q:q(0) = 1}.

The subordination methodology is applied to an appropriate classes of admissible functions.

The following class of admissible functions is given by Antonino and Miller [4].

Definition (2.4) [4]: Let) beasetinC andq € Q andn € N\{1}. The class of admissible functions ¥, [, q] consists of
those functions &: C* x U - C, which satisfy the next admissibility conditions:

o(r,s, te;z) & N

whenever

) o t £q"(©)
r=q@, s=kiq'®), Re<g+1>2”e<q'(s)“>

and

e §2q"" (&)
Re (;) > k%Re (W)

wherez € U,& € OU\E(q), andk = n.

Lemma (2.1) [4]: Letp € H[a,n], withn = 2, and q € Q(a) satisfy the next co nditions:

§q"(§) zp'(z)
Re( 7@ ) >0 ,and 7@ <k,

wherez, € U, € QU\E(q), andk =n.if N isasetinC, b € ¥, [Q,q] and

d((2),2p'(2),2*p" (2),2°p"" (2);2) € L,
then
p(z) < q(2), (z € U).

Definition (2.5) [26]: Let be aset inC,q € H[a,n] and q'(z) # 0 andn € N\{1}. The class of admissible functions
W', q] consists of those functions ¢ : C* x U — C that satisfy the follow ing admissibility conditions:

d(r,s,t,e; &) € N

whenever

r=q@ , s=4A Re<£+ 1)S1Re(zq”(z)+ 1)

and

e 1 79" (2)
Rel—)]<—R ,
e(s)_m2 e( q'(z)
wherez € U,§ € dU,and m = n = 2.

Lemma (2.2) [26]: Letq € H[a,n] withd € ¥, [0, q]. If
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d(p(2),2p' (2),2°p" (), 2%p"" (2); 2)

is univalent inU and p € Q(a) satistying the follo wing conditions:

zq"(z) zp'(z)
Re( q'(z) ) =0 | q'(z) =

wherez € U,§ € 0U,and m = n = 2, then

2 c {d(p@),zp'(2),2*p" (2),23p"" (2); 7):7 € U}

implies that

q(z) < p(2), (z € U).

The present paper utitizes the techniques on the third-order different ial subordination and superordinat ion
outcomes of Antonino and Miller [4] and others [8,12,15,16,17,21,23,25,27] and different conditions
(see[1,2,3,5,6,7,9,10,11,13,14,18,22]). Certain classes of admissible funct ions are investigated in this idea, some
properties of the third-order differential subordination and superordination for analytic functions in U related to the

operator( bay | (z)) are also mentioned.

3. Third-Order Differential Subordination Results:

In this part, we starting with a given set ) and function q, and we create asset of acceptable function so that (1.2) is
true, to achieve this, we cre ate the follow ing new class of admissible functions, which required to establish the crucial

third-o rder differential subordination theorems for the operator (S ,’f ) defined b y (1.2).

Definition (3.1): Let() be aset inC and q € QyNHy. The class {;[12, q] of admissible functions cons ists of those
functions : C* X U - C that satis fy the next admissibility conditions:

b, v,x,4;7) € 0,

whenever
~ &k’ () + bq(§)
1+ b)[x(1 +b) — 2bv] + b?*u £q"(2)
and

((y +3x)(1 + b)® + ub?(3 + 2b) + [3b% + 2(3b + D][b(v — ) + v)
Re
v(1+b)—bu

. (€20"(©)
> k“Re <7q’(f) ),

where 7 € U,& € OU\E(q) andk = 2.
Theorem (3.1): Letd € ¢;[42, q]. If the functions f € A andq € Q, satisfies the next condition:
4 8
e <s‘q (f)) o | f®
a@ ) q'(§)

<k (3.1)

and
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{D(SE2 F@. Sha f @), SLe 2 F @), Shar f @) 2):7 € U} € 4, 32)
then
uwé
Spay@ <q@@ (el
Proof. Let if we put
p(@) = Slﬁt.’tf.yf(Z)' (3.3) Then from equation (1.3) and (3.3), we
have
Spay (@) = a+n) (3.4)

By similar argument, we get

z’p"(z) + (1 + 2b)zp'(z) + b*p(2)

Shay F@ = 115y (35)
and
S = 2°p""(2) +3(b + 1)2°p" (@) + (3b* + 3b + D)zp'(3) + b*p(2) 36)
@ (1+b)3
we will now build a transformation from C* to C by
u(r,s te)=r, v(r,s te) = Lbr
(1+b)
x(r,s, t,e) = Lt (1(:—il;))sz+ bzr’ (3.7)
and
Gt e) = e+3(1+b)t +(§3fz)+3 3b+ 1)s+ b3r. 38)
Let
s+br t+(1+2b)s+b%r e+3(1+b)t+ (3b%+3b+ 1)s+ b3r
o(nste) =oluv,xy) = ¢ (“ 1+b) (A+b?z (1+Db)? )
3.9
by applying Lemma (2.1), Using equations (3.3) to (3.8), and from (3.9), we get
P(p@), 20" (2),2°p" (2),2°p"" (2);2) = O(Shm, f @), Skiny F (@), Shin s F @), Skiny f (2); ) (3.10)

Hence, (3.2) leads to

o(p(2),2p'(2),2°p" (2),2°p"" (2); 2) € Q.
we note that

t+1 _ (A +Db)[x(1 +b) - 2bv] +b*u
s h v(1+b)—bu '
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and

e (y+3x)(1+b)>+ub*(3+2b) + [3b* +2(3b + D][b(v — u) + v]
s v(1+b) — bu

Thus, we see that the admissibility condition in definition (3.1) for & € £;[1, q] is equivale nt to the admissibility
condition in definition (2.4) for ¢ € ¥,[0,q] as given withn = 2. Therefore, by using (3.1) and applying Lemma
(2.1), we get

8
Shay @ < q(@).
This comple tes the proof of theorem(3.1).0

The follow ing outcome is an extension of Theorem (3. 1), when the behavior ofq(z) on dU is not known.

Corollary (3.1): Let() c C and the function q be univalent inU withq(0) = 1. Letd € £;[0,q,] for somep € (0,1),
whereq,(z) = q(pz). Iff € A andq, satisfy the next conditions:

Re(f;;’(i:;)) S0 %’ <k, (2€Uk=2¢€caU\E(q,))
and
DSt F @, Shay F @, Sy F@), S f(2);7) € 9,
then

Sk f(@) <q(z)  (zEU).
Proof. Using Theorem (3.1), we can obtain
S f@) <4,z (ZEU).
The following subordination property makes this result obvious
q,(z) < q(z) (z € U).
This completes the proof of corollary(3.1).0

In particular case, Ifh(z) conformal mapping ofU onto (, such thatQ # C is a simply connected domain, then 2 =
h(U), and we define the class ¢;[h(U), q] is by ¢; [h, q].

The follows outcome are immediate consequence of Theorem (3. 1), and corollary (3.1), respectively.

Theorem (3.2): Letd € ¢; [h,q]. Iff € A and q € Q, satisly the next conditions:

£q" () SE @)
Re( peS) )z 0, ToHE k, (3.11)
and
(L2 (2, SIS F (@), SIS 2 (2, Sta (2 2) < h(2), (3.12)

then
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S f@) < q@) (z € U).

Corollary (3.2): Let2 ¢ C and the function q be univalentinU with q(0) = 1. Letd € ¢; [2,q,] forsomep € (0, 1),
where q,(z) = q(pz). Iff € A andq, satisfy the next conditions:

f%’(f))
Re( q;)(f) =0 ,

Shay 7| _
w® |~

(z€eUk= 2,¢€ dU\E(q,)),
and
S(Shay [ @, Shiar F (), Shay f @, Skiay f(2;2) < h(@),
then
Sk f(z)<q(z)  (zE€U).
The best dominant of the differential subo rdination (3.12), is given by the follow ing result.

Theorem (3.3): Let the functionh, be univalentinU and letd: C* x U — C and ¢ defined by (3.9). Assume that the
differ ential equation:

©(q(2),2q'(2),2*q" (2),722q"" (2); 7) = h(z) (3.13)

has a solution q(z) with q(0) = 1, which satisfy condition (3.1). Iff € A satisfies the condition (3.12) and if
O(SL2 F @), SEE (2, S12 2 F @), SE2 F(2); 7)),
is analytic in U, then
SE2f@) <qz)  (zEU)
and q(z) is the best dominant.

Proof. By using Theorem (3.1), we deuced q is a dominant of (3.12). Since q satisfies (3.13), it is also a solution of
(3.12) and therefore, q will be dominated by all dominants. Hence q is the best dominant. This completes the proof
of Theorem(3.3).0

With respect to Definition (3.1), and in the particular case q (z) = Mz, M > 0, the class of admissible funct ions
¢;[02, q] represented by €;[02, M], is written as follows.

Definition (3.2): Let) beasetinCandM > 0. The class of admissible functions £ [, M] consists of those functio ns
$: C* x U - Csuch that

k+b L+[@2b+ 1)k+b2]Mei9\
Me®, Me®, 5 ,
b ( ((1 + b)) 1+b) ¢,

N +3(1+b)L + [(3b* + (3b + 1) + b3|Me™®
\ (1+b)3 '

(3.14)

wheneverz € U,
Re(Le ) > (k — 1)kM,

and
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Re(Ne™®)> 0 VOER; k=2
Corollary (3.3): Let b € £;[,M]. Iff € A satisfies the next conditions:

SE2 @) < kM, (z € Uik = 2, M > 0),

and
S(Shayf @), by F@), S, (@), Shia, (2 2) € 0,
then

IShayf@] < M.
In this special case, if 2 = q(U) = {w: |w| < M}, then the class{;[2, M] is represented by £; [M].
Corollary (3.4): Let b € {;[M]. Iff € A satisfies the next conditions:
ISt f@)] < kM, (z€U;k = 2;M > 0),
and
|(SE2 £ @), SEE T F @), SEE 2 F @), 122 f (20 2)| < M,
then

IS£8 @] < M.

Corollary (3.5): Letk = 2,and M > 0.Iff € A satisfies the next conditions:
IShay f@ < kM,

and
M
uwo6-1 uwé
|Sb,a,y f(z) - Sb’a,yf(z)| < b‘}'—l'
then
ISte fF@] < M.

Proof Letb(u, v, x,4;7) = v —uand 2 = h(U) where

h(z) = M >0),

A
b+1|

According to Corollary (3.3), we shall present that & € €[, M], that is, the admissibility condition (3.14) is satisfied.
This follow s re adily since it is seen that

N (G 1)Me'®
|¢(’”~’V:x"y~ Z)l - (1 + b)

M
=
[1+ b|

wheneverz € U,0 € R and k > 2. The required result follows from corollary (3.5) proofis complete.0

Definition (3.3): Let) beasetinC,q € Q; N Hy. The class of admissible functions £} 1[1, q ] consists of those functions
$: C* x U - C that satisfy the next admissibility conditions:
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b, v, x,4;2) € 0,

whenever
‘o kEq'©) + (1 +Db)q(©)
= %) - (1+b) ’
(1+b)[x — 2v + u] §q"(©)
Re( =) >2k3€e(q,(f) +1)
and

((1 +b) (g —u)+3(1+b)2+b)(w—x)+ (Bb?+12b + 11) (v — u) > (52 q" (&)
Re > k’Re

(v —u)
wherez € U,§ € 0U/E(q),and k = 2.
Theorem (3.4): Let & € 1[0, q]. Ifthe functions f € A andq € Q, satisfy the next conditions:

£q" (&) Spiay [ @
Re (m) 2 0 ) S )

zq'($)
and
SES F(@) SLe f(@) Sheyif@ SE ()
{d)( ba};f b,a,yzf ) b,a,yzf ) b,a,yzf .7 ):z7 culc _Q,

then

Stayf (@)

”VT <q() Gz eU).
Proof. Let it we put

i (z)
p(z) = S/ @
Z

Then from equation (1.3) and (3.17), we have

y,& 1 1

Spay f(2) _zp'(2) +2p(2)

V4 (1+b)
By similar argument, we get
,0 " I
Shay f @ _72p" (@) + (2b +3)zp'@) + (1 +b)*p(@)
V4 (1+b)?
and
z'fofff(z) z°p""(z) + 3(b + 2)z°p" (z) + (3b* + 9b + 7)zp'(z) + (1 + b)3P(Z)
z (1+b)?

We will now build a transformation from C* to C by

o )

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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s+(1+b)
u(r,st,e)=r, wv(ste)= ﬁ,
t+ (2b+3)s+ (1 +b)?r
x(r,s,t,e) = £ D)2 ) (3.21)
and
_e+3(b+2)t+(3b*+9b+7)s+ (1+b)°r
y(r,ste) = DL . (3.22)
Let
( s+ +b) t+@b+3)s+ (1+b)?r
;
_ N " (1+b) (1+b)? ’
onste) =l v,xyin) = bl L 50y o) L (367 4 9b 4+ 7)s 4+ (1 + byer | (3:23)
\ (1+b)° 2 /
By applying Lemma (2.1), Using equations (3.17) to (3.20), and from (3.23), we get
Sta f@) Sie f(@) S f@) Shay’f(@)
o(p(2),2p'(2),2°p" (2),2°p"" (2); 2) = <l>< b'“'yz , b‘“'yz , b'“'yz , ”'“'VZ 7). (3.24)

Hence, clearly (3.16) becomes

0P (2),2p'(2),2*p" (2),7°p"" (2); 7) € Q.

Note that

t+1=(1+b)[x—24r+u]
s (v —u)

and

e 1+b)(y—uw)+31+b)2+b)(uw—x)+ (3b2+12b+ 11)(vr —u)
s (r —u) '

Thus, we see that the admissibility condition in definition (3.3) for & € ¥;,[0,q] is equivalent to the admissibility
condition in definition (2.4) for p € ¥,[0,q] as given withn = 2. Therefore, by using (3.15) and applying Lemma
(2.1), weget

Shayf @)
a0 4

This co mpletes the proof of theo rem(3.4).0

In particular case, Ifh(z) confo rmal mapping ofU onto 0, such that () #+ C is a simply connected domain, then 2 =
h(U), and we define the class¢; ; [h(U),q] is by £}, [h, q].

The follows outcome are immediate consequence of Theorem (3. 4).
Theorem (3.5): Letb € £;1[0,q]. Iff € A andq € Q, satisly the next conditions:

£q" () sk (@)
Re <—q,(€) ) >0,

W <k (3.25)
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and
Shiayf @ Shay F@) Shay'f@) Spoy'f @)
<1>< bar/ () Sy JE) Soay 1O Soay O ) (326)
V4 4 7 4
then
Spayf @)
—b’“‘yz <q@) (z € U).

with respect to Definition (3.3), and in the particular case q (z) = Mz, M > 0, the class of admissible functions
?;1[12, q] represented by {; 1 [12, M], is written as follows.

Definition (3.4): Let2 beasetinC andM > 0. The class ofadmissible functions¥; [, M] consists of thos e functions
¢: C* x U - C such that

(M o K+ @ +Db)Me® L+ ((2b+3)K + (1+b)?)Me® \l
¢ 30}

’ (1+b) ’ (1 + b)? (3.27)
N +3(b +2)L + ((3b% +9b + 7)K + (1 + b)*)Me'® '
\ (1+b)? 7
whe never
7€U, Re(Le ™) > (k — 1)kM,
and

Re(Ne ) > 0 VO ER; k > 2.

Corollary (3.6): Let b € ¢ 1[0, M]. Ifthe function f € A satisfies the next conditions:

S £(z)
b,a,yz < kM, (zeU;k=2:M>0)
and
Stiarf @ Shiay 1@ Shay'f@ Sy f@ \
, ) , 4 ,
Z Z z Z
then
SEOF ()
bay 7 oy,
4

In this special case, if ) = q(U) = {w: |w| < M}, then the class{; [, M] is represented by ¢; [M].

Corollary (3.7) : Let b € ¢; 1[0, M]. Ifthe function f € A satisfies the next conditions:

SEO N ()
b.a'}’f < kM (zeU;k=2:M>0)

7

and
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,6 ,6— ,6— ,6—

Shiayf @ Shiay f@) Shay'f@ Spiay'f @

(1) ] ] ] ; Z < Ml
7 7 7 7

then

SE F@)

7

<M.

Definition (3.5): Let 2 be a set inC and q € Q1 N Hy. The class ¢;,[12, q] of admissible functions consists of those
functions ¢: C* x U - C, which satisfy the next admissibility conditions:

b, v,x,4;7) € 0,

whenever
_ 1 (ke @+ A +b)(q©)
v ATy 4® '
Re <(1 + b)[vx + 2u? — 3wzr]) > k Re (fq”({) N 1)'
v —u q'§)
and

Re[vx(y —2)A1+b)?—-vA+b)(x—v) A1 —-v—x2+3u)—3vbh+Dx—v)v—u) + 2 —u)
+3u(l+b)(r —w) + (r —w)?(1+ b)((1 + b)(v — 5u) — 3) + u?(v —w)(1 + b)?| (v — w)™?
fZCI'"(f)>
q® )

wherez € U, £ € OU\E(q) andk = 2.

> k? Re(

Theorem (3.6): Letd € £;,[0,q]. If the functions f € A and q € Q, satisfy the next conditions:

" SH:6_2
Re <fq, (f)) >0, (:T'V—JC(Z)‘ <k (3.28)
q'($) Sy F@q' ()
and
Su,é—l Su,B—Z Su,8—3 Su,8—4
{ ( b f(z)’ b'lfs'flf(Z)' b'gfgfzf(Z), b'f;’Lf(Z):z):z . U} o (3.29)
Sha S @ Sy @ Sk @) Shay f (@)
then
Shay f(@)
——— < q(2), (z e U).
S fw
Proof. Let it, we put
Shay £
() =—F—. 3.30
PETSR @ (339

From equation (1.3) and (3.30), we have
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Spay f@ 1 [2p'@+A+b)p*@D] A

= = , 3.31
SEif)  A+D) @ 4D S
By a similar argument, we get
SEf(z) B
Z?sz - ! (3:32)
and
SESM@ 1
l;'a'fsf = [B+B™1(C+A™'D — A72C?)], (3.33)
where
72p" () +2p’ (2) ' @) '
7' (2) Ll (2L) 1 +b)w'@)
B = @ + (1 +b)p(z) + prtren
piz —=+ (1+b)p(2)
p(2)
211 ’ 12 2
7°p" (z) + 7p'(z) <zp (z))
C= - + 1+ b)zp'(z
@ ey ) TATDW@
and
2 3
2°p""(z) +32%p" (2) + zp'(z)  3z*(p'(2)) + 3z°p" (@)p'(2) zp'(z) . ,
D= @) > + + (1 +b)zp"(2) + (1 + b)zp' (2).
p(2) (r(@) p(2)

we WI]] now bLII/da Z‘I‘anSfOI”matIOH from (C to C b[’
I’L‘)sltle r, U‘IS)tle 1 ! )

t

—+;—(§)z+(1+b)s _F

s
s te)=——|-+ @ +b)r+- = ) 3.34
x(r,s, t,e) 1+br+( +b)r+ T (L1 15 ( )
p
and
1
y(r,s te)= m[F +F YL+ E*H-E21%)], (3.35)
where
2
L=;+——(—) +(+b)s
and
H=S4342 3(5)2 35t+2(5)3+(1+b)(+t)
rr'r re r s '
Let

p(r,ste)=dlu,v,xy)=
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E F 1 -1 -1 272

¢<r'1+b'1+b'1+b[F+F (L+E'H—E L)]). (3.36)
by applying Lemma (2.1), Using equations (3.30) to (3.33), and from (3.36), we get
o 0(2),2p"(2),2°p" (2),2°p"" (2);2) =

(sgfg;lf(z) SEERF@) SEL () SEe @) ) 337)
) — ) — ) — 574 . .
S F@) SO f(2) Ska @) Sk (z)

Hence, clearly(3.29) becomes

o(p(2),2p'(2),2°p" (2),2%p"" (2);2) € 2.

we note that

t (1 + b)[xv + 2u? — 3vu]
—41=
s (v —u)

and
e
-= [vx(y - 2)A1+b)?—-v@A+DbD)(x—v)A—-—v—2+3u)—3vbh+ 1D —v)(vr—-—u)+2(r—u)
+3u(l+b)(r —w) + (v —w)?(11 + b)((1 + b)(v — 5u) — 3)
+u? (v —w)(1 +b)?]| (v —uw)™.
Thus, we see that the admissibility condition in definition (3.5) for d € ¢;,[{2, q] is equivalent to the admissibility
condition in definition (2.4) forp € ¥,[1,q] as given withn = 2. Therefore, by using (3.30) and applying Lemma
(2.1), we get
Shay @ _
Sy @)

b,ay

q(2).

This completes the proof of theore m(3.6).0
In particular case, Ifh(z) conformal mapping ofU onto (), such that # C is a simply connected domain, then Q) =

h(U), and we define the class ¢; ,[h(U), q] is by €;;[h, q].
The follows outcome are immediate consequence of Theorem (3. 6).

Theorem (3.7): Letd € £;,[0,q]. Iff € A and q € Q, satisly the conditions (3.29) and

wo—4

<Slgf§;1f(z) SES2F () SEERF() SESH () _Z> < h(@D),

0 4 06— 4 60— 4 60— 4
Sua f@ Sk @) Sk @) She f (@)

then
51’:.5.)_/1] (2)
— <

@, GeU).
S fw

4. Third-Order Differential Superordination Results

This part analyz es the third-order differential superordination properties.
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Definition (4.1): Let2 be asetinC and q € Qu N Hy with q'(z) # 0 . The class of admissible functions ¢;[(, q]
consists of those functions d: C* x U — C, that satisfy the follow ing admissibility conditions:

dlu, v, 2,4;8) €0,

whenever
- 0@ _ zq'(z) + mbq(z)
w= a2 T m@+b)
(1 +b)[x(1 + b) — 2bv] + b?u 1 zq" (z)
Re( v(1+b)—bu ) = <E) Re( q'(z) +1>
and

((y +3x)(1 + b)® + ub?(3+ 2b) + [3b%2 +2(Bb + D][b(v —u) + v])
Re
v(1+b)—bu

1 2 2 011
> (_) Re <z a (z)),
m q'(z)
wherez € U,§ € U andm = 2.

Theorem (4.1): Let & € £/[0,q]. Iff € A with Sl’f,‘a‘s‘yf(z) € Qg and ifq € Hy with q'(z) # 0, satisfying the following

conditions:

" ,0—1
and the function
O(SEL F @, SELLF (@), SEE 2 F (), 13 f (2); 2)
Is univalent in U,then
0 c{d(SLS F@,Sha f @), SL0 2 F (), e f(2):2): 2. € U}, (4.2)

implies that

q@) < Ste f@, @EeU).

Proof. Let the functionp(z) be defined by (3.3) and ¢ given by (3.9). Since ¢ € ¢;[2,q]. From (3.10) and (4.2), we
have

2 c{d(p@),2p'(2),2°p" (2),2°p""(2);2):7 € U}.

From (3.9), we note this the admissibility condition in Definition (4.1) for ¢ € ¢;[0,q] is equivalent to the
admissibility in Definition (2.5) for ¢ € W,[Q,q] withn = 2. Hence ¢ € ¥;[Q2,q] and by using (4.2) and applying
Lemma (2.2), we get

q@) < Sa,f (@) zZ € U).

This completes the proof of theore m(4.1).0
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In particular case, Ifh(z) conformal mapping ofU onto Q, such that ) # C is a simply connected domain, then Q =
h(U), and we define the class ¢;[h(U), q] is by ¢; [h, q].

The follows outcome are immediate conseque nce of Theorem (4.1).

Theorem (4.2): Let & € {j[h,q] and let h analytic inU. If f € A, and Sf,‘_’iy € Qq, and if q € Hy with q'(z) + 0,
satisfying the conditions (4.1) and the function

(L2 F @), L2 (@), SES P F (@), SEL F(2);2)
Is univalent in U, then
h(2) < &(SEL (), Sto F @), SE 2 F(2), SE2- 2 f (2); 2) (4.3)
implies that

@) <Ste f@), ().

Theorem (4.1) and (4.2) can only be used to get subordinant for the third-order differential superordination of the
form (4.2) or (4.3). The next theorem gives the existence of the best subo rdinant of (4.3) for suitable ¢.

Theorem (4.3): Let the functionh, univalentinU,and let :C* X U » C and ¢ be defined by (3.9). Assume that the
following differential equation:

0 (q(2),29'(2),22q" (2),23q"" (2);2) = h(z) (4.4)

has a solution q(z) € Qq. If the functions f € A, and Sl’f‘ 'f_y € Qy and if q € Hy with q'(z) # 0, which satisfy the

following conditions (4.1) and the function
D(Shayf @, Shiay F@,Shay f @), Shiay f @; 7)
is analytic in U, then
h@) < O(Shayf @, Shay' f@), Shiay f @), Shiay f @i2)
implies that

q@) < Sk f@,  @eU).
and q(z) is the best subor dinant.

Proof From Theorem (4.1) and (4.2), we see that q is a subordinant of (4.3). Since q satisfies (4.4), it is also a
solution of (4.3) and therefore, q will be subordinant by all subordinants. Hence q is the best subor dinant.

theorem proofis complete.0]

Definition (4.2): Let() be a set inC and q € Hy withq'(z) # 0. The class of admissible function{; [0, q] consists of
those functions d: C* x U — C, that satisfy the next admissibility conditions:

dlu,v,x,4;,8) €N,
whenever

_2q'(§) + m(1+ b)q(z)
v= m(1 + b) ’

u = q(2),
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Re <(1 +b)[x —2v + u]) 1 (zq”(z) N 1)

wv—u) Zﬁﬁe q'(z)

and

Re ((1 +b) (g —u)+3(1+b)2+b)(uw—x)+ (Bb%2+12b + 11)(v — u) ) > (1)2 Re (zzq”’(z)>,

(v —u) m q'(z)

wherez € U,§ € U ,and m = 2.
Stay’ F@
Theorem (4.4): Letd € ¢} 1[0, q]. If the function f € A and% € Qiand ifq € Hywithq'(z) # 0, satistying the

following conditions:

ué—-1
Sb,zx,y f(2) <
zq'(z)

(4.5)

§97 ()
fRe< G ) =0,

and the function

¢<$%ﬂ@$$fﬂ@5£fﬂ@5%fﬂﬂi>
Z ) Z ) Z ) Z ) )

Is univalentin U, then

Su,é‘ 7 Su,6—1 z Su,S—Z 7 Su,6—3 z
QC{¢<b%f({lmzf({lwzf({,mzf(% el we

implies that

il
ﬂ@<i%§9, € U).

Proof. Letp(z) given by (3.17) and ¢ given by (3.23). Since € ¢; 1[0, q], from (3.24)and (4.6), we have

2 c{o(2),2p'(2),2°p" (2),72°p"" (2); 2): 7 € U}

From (3.21) and (3.22), we note this the admissibility condition in definition (4.1) for ¢ € £} ,[0, q] is equivalent to
the admissibility in definition (2.4) for o € ¥, [0, q] withn = 2. Hence ¢ € ¥,[, q] and by using (4.5) and applying
Lemma (2, 2), we get

spe
M@<i%§9, (z € ).

This completes the proof of theore m(4.4).0

In particular case, Ifh(z) conformal mapping ofU onto , such that) # Cis a simply connected domain, then () =
h(U), and we define the class ¢} ;[h(U), q] is by ¢} 1 [h, q].

The follows outcome are immediate consequence of Theorem (4.4).

Theorem (4.5): Letd € ¢} 1[h, q] and h be an analytic function inU. If the functions f € A, withq € H, and q'(z) #
0, satistying the next conditions (4.5) and the function
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,6 ,6— ,6— ,6—

(b(s;fa,yf(z) Sty £ @ Shay F@ Spay f@ >

) ) ’ ; Z
Z 7 7 7

Is univalentinU, then

Shay/ @ Spay' f@ Spiy’f@) Spiay'f @)
h(z) < <1>< 'a'yz , 'a‘yz , ‘“‘YZ , ‘“'VZ iz ),
implies that
Sk (@)
q(z) <=,  (z€U).

7

Definition (4.3): Let(2 be a set in C and q € Hy with q'(z) # 0. The class of admissible functions ¢;,[0, q] consists of
those functions §: C* X U - C, that sat isfy the next admissibility conditions:

(l)(/bL, v, XY, E) € -Qx

whene ver
e, oL [H@+mO+D@)
L 1 +b) ma(z) '
Re ((1 + b)[vx + 2u% — 3/mr]> S 1 Re <zq”(z) N 1)'
v —u m q'(z)
and

Re [vx(y —2)1+b)P —v@+b)(x—v)1—-v—x2+3u) —3v@A+b)(x—v)(v—u) +2(v—u)
+3u(l+b)(v —u) + (v —w)*(1 +b)((1 + b)(v —5u) = 3) + u?(v —w)(1 + b)?| (v —w)?

=) =)

wherez € U, £ € 0U and m > 2.

wo—1
Theorem (4.6): Let € £j,[0,q]. Iff €A and ?ﬁ’iff(&; € Qq, and if q € Hy with q'(z) #+ 0, satistying the next

b,ay 2
conditions:

" Sﬂv5_1 (Z)
Re <M) >0, M”“V—f <m 4.7)
q'() Sho f@)q' ()

and the function

<55§,;1f(z> SE2E() S f(2) Séff.?‘f(z)_Z)
SKS F@) SE (@) Ste @) St f @)

Is univalent in U, then

e { (slﬁ‘,ﬁ,;lf(z) K22 f@) SEa @) Sha @) >:e U} ws)

) —_ ) — ) — ) Z
Sie F @) SES @) SEa P @) Sha U F (@)
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implies that

SE @)

() < er L2
NN TN

(z € U).

Proof. Letp(z) given by (3.30) and ¢ given by (3.36). Since ¢ € £} ,[0,q], from (3.37) and (4.8) we have

2 c{ow(),2p' (2),2*p" (2),7°p"" (2); 2):7 € U}.

From (3.34) and (3.35), we note this the admissibility condition in Definition (4.3) for & € £;,[, q] is equivalent to
the admissibility in Definition (2.4) for ¢ € ¥,[£2,q] withn = 2. Hence ¢ € ¥,[0,q), and by using (4.7) and applying
Lemma (2.2), we get

ué 1
b f(2)
q(2) < fsy— (z € V).
This complet es the proof of theorem(4.6).0
;1.6 1
7)
Theorem (4.7): Let € £} ,[0,q). If the function f € A ana’L;(() € Qq, and ifq € Hywith q'(z) # 0, satisfying the
bay Z

next conditions (4.7) and the function

(Sz‘;f;lf(z) Skef @) She @) Sk f@) )
Sy f@)  SEet (@) Sie tf @) Sha f @)

Is univalentin U, then

b < o har T @ Sty S Sha f@ Sty 1@
gHsd f(2) ' gHb= 1f(z):sﬂ,s—2f(z) GHo- 3f(Z)
bay bay bay bty

implies that

;LS 1
bay f( )
q(z) < 755;5#(2) (z € U).

5. Sandwich Results
we arrive at the next sandwich Theorem by combining Theorems (3.2) and (4.2).

Theorem (5.1): Leth, and q, are analytic functions in U, and leth, be an univalent inU, and q, € Q, withq,(0) =
q2(0) = 1 and $ € ¢j[hy, q,] N ¢}[hy, qq]. If the function f € A with Sl’fa f(z) € Qo N Hy and the function

S, f@. ey F@,Shey f @, Shiay* f ;7).
is univalent in U, and if the conditions (3.1) and (4.1) are satisfied, then

ha (@) < &(She, (@), Sk, F(2), She 2 f(2), Sk, F(2):2) < ho ()
implies that

0@ <She f@) < (), (e (5.1)
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If on the other hand, we arrive at the next sandwich theorem by combining Theorems (3.5) and (4.5).

Theorem (5.2): Lethy and q, are analytic functions in U, and leth, be an univalent inU, and q, € Q, with q,(0) =

shS
q2(0) = 1and d € £;[hy, q,] N ¢} 1[hy, q1]. If the function f € A With%ﬂ@ € Q4 N H, and the function

,6 ,6— ,6— 86—

o Sarf @ Shay'f@ Sy f@ Syay’f @

) ) ) ; Z )
7 7 7 7

is univalent in U, and if the conditions (3.15) and (4.5) are satisfied, then

SI F(@) SESMf(2) SEOPF(2) SEC P (2)
hl(z) < (b( b ‘Yf )y b 24 f 1] b 24 f 1] b 24 f ;Z) < hZ(Z)
Z Z Z
implies that
S0 (@)
@@ <2 2 q,(), ZEU). (5.2)

we arrive at the next sandwich Theorem by combining Theorems (3.6) and (4.6).

Theorem (5.3): Leth, and q, are analytic functions inU, and leth, be an univalent inU, and q, € Q1 withq,(0) =

Loy f@

s
q2(0) = 1 and & € ¢j,[hy, q;] N £}, [hy, q1]. Ifthe function f € A with o

bay

€ Q4 N H; and the function

,6— ,6— ,6— ,6—
(si,‘,a,ylf(z) SE i f @) Sk f(@) s;,fa,/‘f(z)_z>
ko f@) SES @) Sk f @) SES @) )

is univalent in U, and if the conditions (3.28) and (4.7) are satisfied, then

SESTF() SESF@) SELf(2) K (2)
hl(Z) < Cl) u‘é* ’ u,5—1 ] H:6_2 1] H,5—3 IZ < hZ(Z)
Spayf @) Sy, (@) Sy, f(@) Sy, f(2)
implies that
SEO1f(7)
0@ <=F——<q,@, (el (5.3)
sy f(@)
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