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1. Introduction:

The concept of soft set has been initiated by
Molodtsov D. [1] in 1999. After that in 2011,
Shabir and Naz [3] came up with an idea of soft
topological spaces. Later Janaki C. [8] , Nazmul S.
[4] , Bedre O. and Demir I. [6] , Peyghan E. and
others [7] , and Reddy B. and Sayyed J. [9] ,
studied on soft topological spaces . Also In 2012,
sujoy D.[2], introduced soft real sets and soft
real numbers and theier properties.

In 2013, Sujoy D. and Smanta S. [13] , were
introduced the concept of soft linear spaces , soft
linear functional . The concept of soft balanced
and soft absorbing sets was first introduced by
Sanjay R. and Samanta T. [10], in 2015. Also,
Irfan D. [11] in 2013 , were introduced the
concept soft convex set and give some properties
of this set. Later, Chiney S. and Smanta S. [12] in
2015, introduced the notation of vector soft
topology and studied some of its basic properties
and some facets of the system of soft nbhds of the
soft zero element of linear soft topology are
established. Also, Chiney S. and Smanta S. [15]
in 2016 , were introduced a new notations
namely soft semi norms and soft Minkowski's
functionals on a soft linear space over a soft scaler
fileds.Finally , Suioy D. and Samanta S. were
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introduced the concept of soft pseudo metric
spaces.

2. Terminologies:

We introduced some elementary concept
which we need in our work. In this section, we
give basic definitions of soft sets and necessary
their ~ operations.  Also we will introduced
necessary notations introduced in soft topological
space such as soft T;-space , soft Hausdorff space
and soft continuous mapping also, we introduced
some results about soft convergence of soft net
and investigated the relations between these
concepts. In this section we will call that every
soft element in a soft topological space of the term
the soft point and the set of all soft points over a
universe set X is denoted by Sp(X).

Definition (2.1) [1]:

LetX be a universe set and E be a set of
parameter , A < E. A pair (F, A) is called a soft
set over X with respct to A, where F is a
mapping given by F:A-PX) ,(F,A) =
{F(e) € P(X), Ve € A}.



Journal of AL-Qadisiyah for computer science and mathematics
Vol.9 No.l Year 2017

Remark (2.2) [2]:

i. F(e), Ve € A may be arbitrary set , may be
empty set.

ii. The soft set can be represented by two ways:

o (F,A)={F(e;)) EP(X), Ve, EA,i€I}.

* By ordered pairs; (F,A) = { (e;, F(e;)): Ve; € 4,
F(e)) EP(X),i€l}.

iii. S(X) denote to set of all soft sets over a
universe set X.

Definition (2.3) [3]:

A soft (F,A)in S(X) is called a soft element
and denoted by PFf={(e,F(e))}ife€A,
F(e) #@and F(e') = @ forall e’ € A\{e}.

i. P¥ is a soft element of (F,A) will be denoted
by PX € (F,A) ,ifx e F(e) Ve € A.

ii. SE(X) denote to set of all soft elements of a
soft set (F, A) over a universe set X.

iii. A soft set (F, A) is called soft point if there is
exactly one e € A such that F(e) = {x} for some
x €Xand F(e') =@ forall e’ € A\{e}, denoted
by (F,4) = {(e,{x}}.

iv. A soft set (F, A) is called a singleton soft set ,
if thereise € A, thenF(e) = {x} and F(e') =@
forall e’ € A\{e}, denoted by (F,A) = {(e, {xD}.

Definition (2.4) [3]:

i. A soft set (F,A) over X is said to be a null soft
set, denoted by @, if Ve € A, then F(e) = @.

ii. A soft set(F,A) over X is said to be the
absolute soft set, denoted by X, if Ve€ A,
then F(e) = X.

Definition (2.5)[3]:

The soft complement of a soft set (F, A) over
, denoted by (F,A)¢ defined by (F,A)¢ = (F¢,A)
, Where F€ is a mapping given by F¢:A - P(X) ,
F¢(e) = X\F(e) ,Ve € A.
ie (F,A={(e,X\F(e)):Ve€eA}. It is clear
that:
i p°=X.
ii. X¢=9.
iii. If PX¥€(F,A), thenP* ¢ (F,A)° ie.
x & F(e)forsomee € A.
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Definition (2.6)[3]:

Let (F,A) and (G, B) be two soft sets over X,
then:
i. (F,A)is a soft subset of (G, B) and denoted by
(F,A) € (G,B) ,if:
*ACB.
*F(e) S G(e) ,VeeEA.
It is clear that:
1. @ is a soft subset of any soft set (F, 4).
2. Any soft set (F, A) is a soft subset of X.
ii. (F,A) , (G,B) are soft equal denoted
by (F,A) = (G, B) if (F,A) € (6,B) and
(G,B) € (F,A). iii. The soft difference of (F, A)
and (G,A) , denoted by (H,A) = (F, A\(G, A) is
defined as H(e) = F(e)\G(e) , Ve EA.
iv. The union (F,A) and (G,B) s the soft
set (G,B) , where C=AUB, Ve€A, we
have
(H,C) = (F,A)U(G, B) such that:

F(e) , ife€A\B
H(e)={ G(e) , if e€ B\A
F(e)UG(e) ,if e € ANB

v. The intersection of (F,A) and (G, B) is the soft
set (H,C) = (F,A)N(G,B) , where ¢ = ANB and
VeeC , we write (H,C) = (F,A)N(G,B) with
H(e) = F(e)NG(e).

Definition (2.7)[2]:

Let R be the set of all real numbers and
P(R) be the collection of all non-empty bounded
subset of R and A be a set of parameters. A
mapping F:A - P(R) , then (F,A)is called a
soft real set. If a soft real set is a singleton
soft set it will be called a soft real number. We use
notations 7, § , £ etc. to denot soft real numbers.
For example 0 and 1 are soft real numbers , where
0(e)=0 and I(e) =1, Ve €A denote zero
soft , unity soft respectively .The set of all soft real
numbers is denoted by R(A) and the set of all non-
negative soft real numbers by R(A)" .
For two soft real numbers 7, §, then:

i #Z5i0f fle) < 8(e) ; 7§ if
S(e),Ve€A.
ii. 7= 5if 7(e) = 3() ;75> 5§if
5(e),vVe€EA.

f(e) <

7(e) >
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Remark (2.8)[2]:

For two soft real numbers 7, §, then:

i FF5=(er,F(e) F (e F(er) =
(es+ey,F(ey) + F(ey)).

ii. According to these operations above know the
soft real intervals.

iii. The inverse of any soft real # denoted by #~1
and defined as 771(e) =[F(e)]™!, Ve€A.
iv. A soft set (F,A) in R(A), is called soft
bounded , if there are two soft real numbers i ,
fisuch that m < # < 7 for any# € (F,A). A
soft set which is not soft bounded is called soft
unbounded set.

Definition (2.9)[4]:

Let < be a soft ordering of a soft set (F,A)
over a universe , let (G,A) € (F, A):
i. For € A, P¥ is a soft lower bound of (G, A) in
the soft ordered (F,A,<) , if P* X P) for all
P) € (G,A).
ii. For e € A, P is called soft infimum (for short
inf) of (G,A)in (F,A,<) (or the greatest soft
lower bound) if it is the greatest soft point of the
set of all soft lower bounds of (G,4) in (F,4,<).
iii. For e€ A, P¥ is a soft upper bound of
(G, A) in the soft ordered (F,A,<) , if Y X P¥
forall B € (G, A).
iv. For e € A, P is called soft supremum ( for
short s@p ) of (G,A) in (F,A,<) (or the least soft
upper bound) if it is the least soft point of the set
of all soft upper bounds of (G,A) in (F,A,<).
Remark (2.10)[4]:
i. When a soft infimum of (G,A) in (F,A,<) isa
soft point of (G,A) , then it is called soft
minimum (for short min) .
ii. When the soft supremum of (G, A) in (F,A,<)
is a soft point of (G,A) , then it is called soft
maximum ( for short max ) .
iii. For e € A, PF is called a soft maximal point of
(G,A)in (F,A,X) , if there is no Py € (G,4)
such that ¥ X P)and P* # P .
Definition (2.11) [5]:

Let 7 be the collection of soft sets over X, then
7 is said to be a soft topology on X, if :
i.0,X €¢.
ii. If (F,A), €t for all a€A , then
Usea(F, A), E 7.
iii.  If (F,A),,(F,A), €%, then
(F,A), N (F,A),E%.
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The triple (X,%,A) is called a soft topological
space, the members of 7 is called soft open sets.
The complements of the members of Tis called
soft closed sets. If (X,%,A) be a soft topological
space over X and (F, A) be a soft set over X , then;
e The soft closure of (F,A) ( for short (F,A) ) is
the intersection of all soft closed sets
containing (F, A).
e A soft point PX¥ € (F,A)is said to be a soft
interior point of (F,A), if there is a soft open set
(G, A) such that P* € (G,A) € (F,A) . The soft
set (F, A) which contains all soft interior points is
called soft interior set and it is denoted by (F, A)°.
e A soft set (F,A)is said to be a soft
neighborhood ( soft nbhd ) of a soft point P¥ in
set of all soft points over X [ Sp(X) ] if there is a
soft open set (G,A) such that
P¥ € (G,A) € (F,A) set. The soft nbhd system of
P, denoted by Vpx is the collection of all soft
nbhds of PJF.
Definition (2.12)[5]:

Let (F,A) be a soft set of (X,7,4) ,
P € Sp(X) , then PX € (F,A)if and only if
(F,DN(G,A) # @ , for all soft open set (G, A) of
(X,1,A) soft contain P*.

Definition (2.13)[5],[6]:

i. Let (F,A) be a soft set over X and Y be a non-
empty set of X, then a soft set (F,A) over
Y denoted by (F,A) = YN(F,A)is defined as
follows F'(e) =YNF(e) , Ve € A. In other
words F'(e) = YNF(e)

ii. (F,A), (G,A) are said to be soft disjoint , if
(F,ANG,A) =0 .

iii. A non-null soft sets (F,A), (G, A) are said to
be soft separated of X iff (F,A)N(G,A) =0 ,
(F,AN(G,A) =3 and (F,AN(G,A) =0 .

iv. Two soft closed (soft open) sets (F,A), (G,A)
are soft separated if and only if they are soft
disjoint.

v. (X,7,4) is soft Hausdorff space if for
all ¥, PY € Sp(X) with PX # P , there are two
soft disjoint soft open sets (F,A),(G,A)
in(X, %, A) with P* € (F,A) and P} € (G, A).
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i. (X,%,4) is soft Hausdorff if and only if
A(X) = {(P¥,PX): BX € Sp(X)} is soft closed.
ii. (X, %, A) is soft T,-space if and only if {P}} is
soft closed for every PX € Sp(X).

iii. Every soft Hausdorff space is soft T;-space

Jbut the converse is not true.

Definition (2.15)[7]:

Let (F,A) , (G,A) be two soft sets over a
universes X, Y respectively. A soft mapping
fi(X,%,A) 3 (Y,iy,A)is called soft
continuous at P¥ € Sp(X), if for each soft nbhd
(F,A) of P’ , there is soft nbhd (G,A) of
f(P¥) such that f((F,A)) € (G,A4). If f is soft
continuous mapping at P}, then it is called soft
continuous.

Theorem (2.16)[7]:

The following statements are equivalent for
any soft mappin f: (X, £y, A) = (Y, %y, 4) :
i. f is soft continuous .
ii. f71((G, A)) is soft open set over X for each soft
open set (G, A) over Y.
iii. f71((G,A)) is soft closed set over X for
each soft closed set (G, A) over Y.

Definition (2.17)[8]:

A soft mapping f: (X, %x,A) = (Y, %y, A) is
called soft homeomorphism, if f is soft bijective,
and both f and f~* are soft continuous mapping.

Definition (2.18)[9]:

A soft net in a set Sp(X) is a soft mapping
Py# D 3 Sp(X), D is directed set and F(ey) =
Xq , (X4) qep 1S @ net in a universe set X and
(eq) qep be anetin A. The soft net P* (d) is

denoted by (P;') gep-

Definition (2.19) [9]:

i. (Pe’;d) qep 1S said to be soft convergence to
PX ,if (P;") qep is eventually in each soft nbhd
of PY and denoted by (Pe’;d S Pf) . The soft point
P¥ is called a limit soft point of (P,%) 4ep

ii. f: (X,%x,A) > (Y,%y,A) be a soft mapping
and , (P, 4ep be asoft net in (X, %y ,A) , then

{f (PeH}aep isasoftnetin (¥, 7y ,A).
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Theorem (2.14)[6]:

iii. P* € (F,A) if and only if there is a soft net
(P") qep in (F,A) such that P,* = PX .
iv. A soft mapping f: (X ,%y,A) 3 (Y, %y ,A) is
soft continuous at P if and only if , whenever a
soft net (P gep In(X,%x,A) and Po? 3 P,
then f(PH) > f(RY)in (Y, Ty, A).
Definition (2.20) [10]:

A soft set (F, A) over a linear space X is said
to be:

i Soft convex, if
AF,ADFA-DF,AEF,A , for all 1€
[0,1].

ii. Soft balanced if «a(F,4A)€ (F,A) Vac
K with|a| < 1. If |a|=1 , then a(F,A) =
(F,A). iii. Soft absorbing , if

Ugso a(F,A) = X.

iv. Soft symmetric if (F,A) = —(F,A), —F(e) =
{-x:x€eF(e)}. If PXE(F,A), then—P'E€
(F,A).

Theorem (2.21) [11]:

i If (F,A) and (G,A) are two soft convex (soft
balanced) , then a,(F,A)¥F a,(G,A)
and (F,A)N(G,A) is soft convex (soft balanced)
foralla;,a, € K.

ii If (F,A) and (G, A) are two soft balanced , then
(F,A)U(G, A) is soft balanced.

Definition (2.22) [11]:

LetX be a linear spaceoverK , A be a
parameter set , then X with the soft topology  is
said to be linear soft topology on X . A triple
(X,7,A) is called soft topological linear space ( for
short STLS ) , if the mappings:

i. :SL(X) XSL(X) > SL(X) which is defined
as F(P*, PY) = PXFF,.

ii.7: K x SL(X) > SL(X) definedas *(1,PF) =
17PF are soft continuous , for all
P*,PY € SL(X)and forall 1 € K.

Theorem (2.23) [12]:

Let (X,7,A) be STLS over K. For given
xo EXand 0 # k,a €K, then:
i. A soft translation ; T, :SL(X) > SL(X),
defined by T, (P*) = x,FP;
ii. A soft multiplication; Mz:SL(X) > SL(X),
defined by Mp(P*)=kP¥ , are soft
homeomorphism.



Journal of AL-Qadisiyah for computer science and mathematics
Vol.9 No.l Year 2017

Forgivenx, e Xand 0 =t € K, if (F,A) be
a soft open set of STL(X), then:
e (x,+F,A)is a soft open (soft nbhd) of
(X,7,A).
e (tF,A) is asoft open (soft nbhd) of (X, £, 4).
e |f (F,A)be a soft nbhd of B¥ , then (—x +
F,A) is a soft nbhd of P?.

Definition (2.24)[12]:

A collection Bpg of soft nbhds of P}in
STLS (X,7,A)is called soft local base of PF if
for any soft nbhd (G,A) of PF , there is
(F,A) E By such that (F,A4) € (G, A).

Itis clear that ina STLS (X, %, A):
i. B,y be a soft local base at PO if (F,A)E Bpo

then (—F,A) € Bpo -

ii. If Bpg be a soft local base at P?, then Bpg =
{(x+F,A):(F,A)EB
base at PY.

iii. If Bpg be a soft local base at P, then Btpg =

{(tF,A):(F,A) € Bpg} is a soft local base at Pt*.

iv. For any soft nbhd (F, A) of P;? , there is a soft
nbhd (G,4) of P2 with (G,A) E (F,A).
v. For any soft nbhd (F,A) of P2, F(e) =
Fle)e = n(G,A)éBpg[F(e) +G(e)],Ve€EA.

Theorem (2.25)[12]:

Let (X,%,A) bea STLS over K, then:
i. Every soft nbhd of P/ contains a soft balanced
nbhd of P?.
ii. Every soft convex nbhd of P contains a soft
convex nbhd of P?.
iii. Every soft nbhd of P? is soft symmetric.
iv. For every soft nbhd (G, A) of P? , there is a
soft symmetric ( which is soft nbhd of B?) (F, A)
such that (F,A)¥(F,A) € (G,A) .
v. For every soft nbhds (F,A) and (G, A) of P?,
the following is true
(F,A)¥(G,A) € (F,A)F(F,A).

x € X} is a soft local

0 ;
Pe

Theorem (2.26):

For any soft set (F,4) ina STLS SL(X) and
forany P¥ € (F,A), there is a soft net (Pe’;d) deb
in (F,A) with P;* > P (Soft partially ordered
by reverse soft inclusion ) .

Proof: For any soft nbhd (G,4) of P? and by
theorem (2.23.i), then P F(G, A) is a soft nbhd of
PX.
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Since PX € (F,A) , s0 PXE(G,ANF,A) =0 .
Let P,* be any soft points  of
PXF(G,A)N(F, A). Hence (P,%) 4ep is a soft net
in (F,A) suchthat P,;* = P. Indeed, for each
soft nbhd (G, A) of
P°, we have P;=Pr € (G,A) and s0
P =P = P along Bpo.
Theorem (2.27):

A soft closed , soft balanced and soft nbhds of
P? forms a soft local base of P? ina STLS SL(X)

Proof: Let (F, A) be a soft nbhd of P?, by theorem
(2.25.iv) , there is a soft nbhd (G,A) of PP such
that (G,A)¥(G,A) € (F,A). Also , by theorem
(2.25.1) , there is a soft balanced set (F,A) which
is a soft nbhd of P?, with (H,A) € (F, 4), thus
(H,A)¥(H,A) € (F,A). Then by definition
(2.24.iv), implies that
(H,A) € (H,A)¥(H,A) € (F,A) where (H,A)
is a soft nbhd of P? . We claim that (H,A) isa
soft balanced , let PX € (H,A) and let, a € K,
with |a| < 1 . By theorem (2.26) , there is a soft
net (P qep in (H,A) such that P;* 3P .
Then aP,® = Py, but aP,* € (H,A) and it
is a soft balanced nbhd , so aP¥ € (H,A). It
follows that (H, A) is a soft balanced as claimed.

Theorem (2.28):

A STLS SL(X) is soft Hausdorff space if and
only if {P*} is soft closed set for all P* € SL(X).
Proof: Of course , if SL(X)is a soft Hausdorff ,
by Theorem (2.14. iii) , we obtained the result.
Conversely, since f:SL(X) X SL(X) 3 SL(X)
defined as f(P¥,R’)=Pr=P) be a soft
continuous mapping for all P*,PY € SL(X) and
{P%} be a soft closed. By theorem (2.16.iii) ,
FL({P}) is soft closed set in SL(X) X SL(X).
But fHAPPY) = ((PX PX):PX ESL(X) } =
A(X), then by theorem (2.14.i) completes the
proof .
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Corollary (2.29):
A STLS SL(X) is soft Hausdorff if and only if
it is a soft separated space.

Proof: Clearly, if SL(X) be a soft Hausorff , by
definition (2.13.iv) we get the required.
For converse, let P*,PY € SL(X) with P¥ # P) ,
put P? = P*=PY  sothat PZ # P? . Now, if {P?}
be a soft closed , then SL(X)\{P?} is a soft open
set which is soft nbhd of P2. A soft continuity of
an
addition at P? this means there two soft nbhds
(F,A),(G,4A) of P2 with
(F,A)¥(G,A) € SLX)\{P?}.
Since (G,A) be a soft nbhd of P?, by theorem
(2.25.iii) , so is (=G, A) , then by theorem (2.23.i)
PF¥(—G,A) is a soft nbhd of PZ. For any
PY € PZ¥(—G,A) has the form PY = PZ=p} ,
where P* € (G,A), and so P? = PYFP*, since
(P?} € (F,A)¥(G,A) , we must have
{P*} & (F,A). Thus
(F,A)NP?F(—G,A) =@ by soft translation we
have [ P)F(F,AINRFPFF(-G,A)) =0 |,
implies that [PXF(F, D)]N[PYF(—G,A)] =D .
i. e. [PXF(F,A],[P)F(—G,A)]are soft disjoint
nbhds of P¥ and P respectively, this complete
proof.
Corollary (2.30):

A STLS SL(X) is soft separated space if and
only if {P*} is soft closed set for all P € SL(X).

Proof: By using theorem (2.28) and corollary
(2.29).

3. The Soft Topologies Induced By
Seminorms:

In this section we introduced the important
concept is called soft seminorm on a soft linear
space over a soft scalar field and we give some
results on about this concept. Also, we study a
new type of a soft topology by using a soft
seminors denoted by a soft topology which
induced by the family of soft seminorms.

Definition (3.1)[13],[14]:

Let X , ¥ be two SLSs over K.
i. A soft mapping A: SL(X) = SL(Y) is said to be
a soft linear, if A(&PF¥EP)) = aA(P¥) +
SA(PX);VPr,PYESLX),va,6eK.
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ii. A soft linear functional is a soft linear
A:SL(X) = K(A), it follows that the difference
between a soft linear mapping and a soft linear
functional is that in the case of soft linear
functional , the range K(4).

Definition (3.2) :

Let SL(X) be a SLS over K. A soft mapping
A:SL(X) 3 K(A) is called a soft convex
functional on SL(X), if:

i. A(PX) >0 ; VP¥ESL(X) , (soft positive).
ii. A(PF¥R)) < A(PHFAPRY) ;
vV PX, P} € SL(X) , (soft sub-additive).

iii. A(@P) = @A(PX) ; VPF ESL(X),VaER(
soft homogeneous).

Example (3.3)

Let SL(R™ be a SLS over R with the
parameter set N. Define A: SL(R™) = R(4) by

APPY) =3Eo|P!| . VP ESL(R™), where
PX = (P*, P2, ..,P,") , n€N , then Ais soft
convex functional.

Definition (3.4)
Let SL(X) be a SLS over K. A soft
mapping @: SL(X) X SL(X) > R(A) is called a

soft Hermitian functional , if
satisfying vV P¥, P, PZ € SL(X) ,V & € R, then:
i @(Pex:{'Pey'Pez) = (ﬁ(Pex: Pez)—T'gb(Pey: Pez)

; @(Pex' Pey:FPez) = @(Pex' Pey)—T'@(Pex: Pez) .

ii. g(arr,P))=a@gPs Ry ; @(Pr,ap))=
ap(Py,p)) .

iii. (P, P)) = @(P),P¥) ;V P*,P) ESL(X).

Remark (3.5)
If @:SL(X)XSL(X) 3 R(A) be a soft
Hermitian functional , then:
i.¢ (PF¥P), PFFP)) =
PR POYFP(P P )P PX)FP(PPY)
= @(Pex' Pex)
+2¢(P*, P))¥¢(PY,RY).

ii. For any a soft linear functional
®: SL(X) 3 R(A) defined by ®(P¥) = @(P*, BY)
,V PX € SL(X).

Then & is called a soft linear functional
associated with @.
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iii. For any PX,PY € SL(X) a Caushy-Schwarz
soft inequality

|3(Px,P2)| 2 Y@ [BE) .

iv. For any P, P) € SL(X) a Minkowski's soft
inequality

HEEnFE(R) 2 YBEN T i/qb?(Pey) .

Definition (3.6) [15]:

A soft seminorm on SL(X) over K is a soft
mapping p: SL(X) 3 R(A) having the following:
i. p(P¥) =0 ; Vv PX € SL(X), (soft positive).

i B(PFFP)) < B(P)FP(R) ;
v PX,PY € SL(X), (soft sub-additive).

iii. p(aPX) = |&@|p(PX) , VPF ESL(X),a €K (
soft homogeneous).

Remark (3.7) [15]:

Let p be a soft seminorm on a soft linear
space SL(X) over K, then:
i. If P¥ = P2, then p(PY¥) = 0.
ii. |6(P)=B(R)| S B(PF — P) :
v P¥,P) € SL(X).

Example (3.8):

Let SL(X) be a SLS over K.
i. A soft non-negative soft Hermitian functional,
which defined in definition (3.4) , then a soft
mapping p:SL(X) = R(A4) , which is defined by
p(PX) = 2[@(PF, PX) is soft seminorm.
ii. A soft mapping SL(X) > R(A4) with P*¥ 30,
Vv P¥ € SL(X), is soft seminorm.
iii. Every soft norm ||*||: SL(X) 3 R(A4) is soft
seminorm. The converse is not true in general , as
the example in paragraph (ii) above.

Remark (3.9) :

A soft seminorm on a SLSs is related to a
special kind of a soft convex functional. But the
converse is not true as the following example
shows:

A soft mapping P:SL(X) > R(A) with
P¥ 3 |P¥| , V P¥ E SL(X), p is soft seminorm ,
but it is not soft convex functional.
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Theorem (3.10)[15]: (Decomposition
theorem)

Every soft seminorm p on a SLS SL(X) with
a parameter set A satisfies the following condition:
ForxeX and e € A, {[p(P¥)](e):F(e) = x}is
singleton set. Then each soft seminorm p can be
decomposed into a family {p.:e € A} of
seminorms on a linear space X, wherep,: X —
Ris defined by: For xeX , Pe(x) =
[A(PX)](e) with P* € SL(X) such that F(e) = x.

Remark (3.11) [15]:

From the condition above and the soft
seminorms axioms gives the seminorms condition
of p,.

Thus , every soft seminorms gives a parameterized
family of seminorms.

Theorem (3.12) [15]:

Every parameterized family of seminorms
{pe:e € A} on a linear space X can be considered
as soft seminorms on a SLS SL(X).

Theorem (3.13) [15]:

If p: SL(X) > R be a soft seminorm on a SLS
SL(X) over K, then:
i.kerp = {P*:p(P¥) =0} is soft linear
subspace of SL(X).
ii. A soft set (F,A) = {Pr:p(P¥) < 1}is soft
convex , soft balanced and soft absorbing.

Remark (3.14):

Let P ={p,;a€l} Dbe a family of soft
seminorms on a SLS SL(X) over K, consider the
soft set  (F,A)(P, Py ,Prye-v Dn; 7) =
{(PXFESL(X): p; (PF=P°)Z 7}, forall i=
1,2,...,n, where
P ESL(X), #S 0 and is a finite collection of
soft semi norms in . Notice that:

i.(F, AP, Py, oo PnsT) =

PYoF (F,A) B, By, Basoer B s )

ii. (F'A)(Pexo!ﬁl !ﬁZ 4 '"!ﬁn;f) = {Pex é SL(X:) :
p;(PF=P)°) Z #} is soft convex , soft balanced
and soft absorbing set.
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Theorem (3.15):

Let P ={p,:a €1} be a family of soft
seminorms on a SLS SL(X) over K . For
PX € SL(X) the collection of all soft sets
(F,A)(P¥, Py, ., P ;7) , 750 . Let ¥p be the
collection of all soft sets over X consisting of @
together with all those soft sets (H,A) € SL(X)
such that for any PX€ (H,A) , there is
(F,A)(P¥, Dy, s Dy T) such that
(F,AY(PX, Py, ...Pn;7) € (H,A). Then £, is a
soft topology on SL(X) compatible with the soft
linear space SL(X) over K.

Proof:

Evidently X € ¥, , and it is clear that the soft
union of any family soft sets of 7, is also a soft
member of Tp. We shall that
if (G,A), (H,A) € %p then (G,AN(H,A) € Tp. If
(G,A)N(H,A) = @ , there is no more to be done ,
so suppose that PX € (G,A)N(H,A) . Then
PX € (G,A) , P*€(H,A), and so there is
(FvA)(Pex' ﬁflvﬂ ""ﬁn~; 7:) )
(W'A)(Pex' pll ) '"'p’m ; §)
(FvA)(Pex'ﬁl ’ ""ﬁn ’7:) g (G:A)
and W, A) (P, p',,....p", ;§) € (H,A).
Put (M, A)(PF, Py ... PnsD'ys s P ,; £) With
t =mm{+5}

such that

(M, AP, By s B By 1 ooy 3 ) € (FLAVPE By s oo, B s OO (W, A (PP e

€ (G,AN(H,A) . It follows that 7, is soft
topology on SL(X).

Remark (3.16):

A soft topology %5 on a SLS SL(X) over K is
said to be a soft topology induced by the family of
soft seminorms P = {p,: a € I}.

Theorem (3.17):

For a SLS SL(X) over K . A soft seminorm
induces a soft pseudo metric onSL(X) , as
following d,(P¥,P)) =
p(PX=P)),v P¥,P) E SL(X).

Proof: Clear.

Theorem (3.18):

The soft topology £» on a SLS SL(X) over
K is SLT determined by the family P = {f,:a €
1} of a soft seminorms.

Proof: Sufficient to show that a soft vector soft
addition and soft scalar multiplication are soft
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continuous with respect to this soft topology.
Suppose ) (P PYYY = (PX, P
inSL(X) X SL(X). We want to show that
PAFP) = PIFPR).

Let (F,A)(PXFP), Py, P2 ., Pn;7) be a soft

basic  soft nbhd of PX¥P) Since
PAFP)* = PRI,
then there is d=>d, such that

(P4, P2 € (F, A) (PE, By By B 55) X (F,A) (BB By e B3 5

whenever d >d,. For any i =12,...,n and
d 2 do 1
implies

ﬁi(PeX:FPeyz(Pe);d:FPe};d)) g ﬁi(Pexzpej;d):':ﬁi(Pey:PeJ;d)

S0 P ¥R € (F,A)(PXFPY, Py s Doy oo s P s T).
Thus we get the required.
that  (£4, Py = (£,PF)

Now,  suppose s

inK X SL(X) .

Let (F,A)( 7 P¥, Py ,Pq, -, Dy 7) be a soft basic
soft nbhd of £ *P*. For any €S>0 and6 S0 ,
there is d=d, such that

((a, P") E{F EK: 7=t < &} X (F, A)(PF, Py, B2y s P )

. Hence for all
we

i=12,..,n andd=>d,,
have

pi(t “PF=ta7 P ") S pi(E * PF=Eq. B)FPi(Ea 7 PF=E4 " P
0,85 < |f -

Eal "D (PO FIEal * B (PF =P, ) R €7 p(PX) +
(IE|1F&)8 < # ; if we choose € S0 such that
Evp;(PX) < % and then &S 0such
that (|£|F8)78 < <.

Thus  &,7 Pt € (F, A)(E PSPy, Bas voes s ),
whenever d >d,. We have ;7P * = 7P,

Theorem (3.19):

Let SL(X) be a SLS over K and P =
{Porax €I} be a family of soft seminorms
onSL(X). Then %5 is the coarsest soft topology
on SL(X) with each p, is soft continuous.
Proof: To show that each p, is a soft continuous ,

let § S0 and suppose that (Pe’;d) aep be a soft

net in SL(X) with P, *  PX. Then there d, such
that P, € (F,A)(PF,Pa; 6) whenever d > d,, .
Hence by remark (3.7.ii) , we have [p,(P¥)—
Pa(Pe)| £ P (PF=P;) £ 5, it follows that
Dq 1S soft continuous.
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Theorem (3.20):

Let P ={p,:a €I} be a family of soft
seminorms on a SLS SL(X) over K . For
PX ESL(X) a soft sets (F,A)(PY, Py, ..., Pns ),
constitute of a soft local base at P¥ for soft
topology 7, compatible with the soft linear space
SL(X).

Proof: Put

B = {(H,A)(PX, Py , ., P ; 7): 7 S 0} and

(F,A)(PX ,Py, o, P ;T) € Npx such  that

PZE (Ii',A)gPe", D1 Pn s T)

Let 8§35 0,p,(PX=PH)Z#,Vi=12,...,n,

such that § < #=p;(PZ=PX). Suppose that
(H,A)(P¥, Py, ., Pn;8) € B. For any

Pey € (H,A)(P7, Py, s Pn s S)

with p; (P =P?) < &, by definition (3.2.iii) , we

have
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It follows that p;(PX=P%) =p,(P*) =+ for
some i €I and so certainly §;(P¥) S 0 and we
see that P = {P,:ax €1} is soft separating
family of seminorms on SL(X).
Theorem (3.23):

Let P ={p,:a €I} be a soft separating
family of soft seminorms on a SLS SL(X) over K

Associated to each p, € P and each 7i € N

the soft set  (F,A)(PF, Dy, e, Dy ) =
P py(PF) 22,
Let B be the collection of all finite soft
intersection of a soft sets of form
(F, A) (P, By, wr Dy 7).
Then B is soft local base at P? , each members are
soft convex , soft balanced.
Proof: For every soft nbhd (H,A) of P® can be
expressed as the form
(H,4) = N 23(F, A) (B, By, ., B ).

P(PY=P) 2 p(P)=P?)FB;(PZ=PX) 2 5Fp,(pz=px)Thep by theorem (3.20) , B is soft local base at

. PY € (F,A)(PY, Py, ) Pn; ). i€
(H, AP, Py, Dn;8) E (F,AFF Py -e
Dn; 7).
Definition (3.21):

A family P = {p;:i € I} of soft seminorms on
a SLS SL(X) over K is called soft separated, if
for each P? # P¥ € SL(X), there is i € I such that
ﬁi(Pex) Ea 6

Theorem (3.22):

Let P ={p,:a €I} be a family of soft
seminorms on a SLS SL(X) over K. A
STLS (X,Tp,A) is soft Hausdorff if and only if
P = {p,: a € I} is soft separating family.

Proof: Suppose that P = {p,:a € I} be a soft
separating family , let P*,PY € SL(X) with
PX # PY. Then there is some ps € P such that
P (PX=PY)=750.

The  soft  sets  (F,A)(PFP.3)  and
(F,A)(P],Po;3) are soft disjoint nbhds of
PX, P) respectively, so that SL(X)is soft
Hausdorff.

Conversely , if SL(X) be a soft Hausdorff , then
by definition (2.13.iv) and theorem (2.14.iii) , we
have the soft set {P*} is soft closed for
PXESLKX) .

For P2 + PX € SL(X), then there is a soft nbhd
(H,A) (P2, P1, Dz ..., Pn; ) Of P2 is not containing
PY. In particular, there isp; e P,i=12,...,n
and # S 0 with PX & (H, A)(P2, By, Py v P 7).

PY. Also by remark (3.14.ii) , each members of B
is soft convex , soft balanced.

Theorem (3.24):
A soft net (P,") qep ina SLS SL(X) with

the soft topology %5 is soft converging to P?
inSL(X)

if and only if p(P,*) = P’ for each p, € P =
{Parax € 13.
Proof: Assume that P, = P in SL(X) by soft
continuity of f, € P, then p (P ") = P (P =
P2, Conversely, suppose the condition is holds,
let py, Py, ..., P € P and # S 0. Then there is d,
such that  py(P,.") <7, whenever d>d, |,
fori=1,2,..,n . Hence
Pyd € (H,A)(P?, 1, Doy o, P ™), Whenever
d>d,, forevery (H,A)(P?,p1, Dz -, P ) bE
a soft nbhd of P? . It follows the result is obtain.

Remark (3.25):

The soft converge of a soft net (Pe’;d) deb
to P is not necessarily implied by the soft
convergent of p((—1)"P}) > p(P)) foreachp €
P.

Indeed, for any P* # P? and any pEP, as
n — oo, but is not true that ((—1)"P}*) = PF , if
(X,Tp ,A) is soft separated.
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4. The relationship between soft
seminorms and soft Minkwski's
functional

Definition (4.1):

Let (X,%,A) be a STLS over K and (F, A) be
a soft set over X, then (F,A) is said to be a soft
bounded set ,if for every soft nbhd (G,A) of P?
there is 7 S 0 such that (F, A) € 7(G, A).
Example (4.2):
i. For every soft set of SL(R) with the soft usual
topology 7, is soft bounded.
ii. Every finite soft set of a STLS (X,7,A) is soft
bounded.
Proposition (4.3):

Let (X,%,4) be a STLS over K and let
(F,A), (G, A) be two soft sets over X, then:
i. If (F, A) be a soft bounded and (G, A4) € (F,A4),
then (G, A) is soft bounded.
ii. If (F, A) be a soft bounded , then @(F, A) is soft
bounded for all @ € K.
iii. If (F, A) be a soft bounded, then (F, A) is soft
bounded.
iv. If (F,A) and (G, A) be two soft bounded , then
(F,DHN(G,A) : (F,A)U(G, A) and
(F, A)¥(G, A)are soft bounded.
Proof:
i. Since (F,A) be a soft bounded , there is 7 S 0
such that (F,A) € #(H,A) for every soft nbhd
(H,A) of P?. Since (G,A) € (F,A), we have
(G,A) € 7(H,A). We easily get that (G, A) is soft
bounded.
ii. If @=0, this follows immediately from the
observation that every finite soft set is soft
bounded.
If @+ 0, let (H,A) be a soft nbhd of P°. By
theorem (2.25.i) , there is a soft balanced nbhd
(W, A) of
PY such that (W,A) € (H,A). Since (F,A) be
a soft bounded, by (i) above sthere is # S 0 such
that (F,A) € y(W,A).Put# = y|@| = # S0,
since (W,A4) soft balanced and & < |@| =
aw,A) € |a|(w,A) =
7a(w,4) € 7lalw, A).
(F,4) SyW,A) =
@(F,A) Eya(W,A) € ylal(w,A) = 7#(W, A).
ie. F(W,A) EFH, A = &(F,A) EFH,A),
proving &(F, A) is soft bounded.
iii. Let (H,A) be a soft nbhd of PCin SL(X) ,
there is a soft nbhd (W, 4) of P2, by definition
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(2.24.iv), implies that (W,A) € (H,4).
Since(F, A) be a soft bounded, there is 7 S 0 with
(F,A) EyW,A).

By definition (2.24.v), we have
(F,A) SyW,A) =7(W,A) € y(H,A). We end
up we have reached

that (F, A) is soft bounded.

iv. (F,A)N(G,A) produced directly from (i). let
(H,A) be a soft nbhd of P?, then by theorem
(2.25.1) there is a soft balanced (W, A) which is a
soft nbhd of P? such that (W,A) € (H, A).

Since (F,A),(G,A) are soft bounded , then there
are 7,,7, S 0such that (F,A) € 7,(W,A) and
(G,A) E7,(W,A). Take 7 S max {j;,7.}-
Since (W,A) be a soft balanced , by theorem
(2.21.ii) :
then (F,A)U(G,A) E7(W,A) E ¥(H, A) ,
therefore (F, A)U(G, A) is soft bounded.

Now , let (H,A) be a soft nbhd of P2, then by
theorem (2.25.iv) there is a soft symmetric which
is soft nbhd (W,4A) of P? with
W,AFW,A) € (H,A). By theorem (2.25.i) ,
there a soft balanced nbhd (U, A) of P? such that
(U,A) € (W,A). Since (F,A),(G,A) are soft
bounded , there are 7,,7, S0 such that
(F,A) €9,(U,A) and (G,A) € 7,(U,A). Take
7 S max {y, ,7,}. Since (U, A) be a soft balanced

, then
71U, AF7,(U,4) € 7[(U,AFW,A)] € 7[(W,A)FW, )] E7(H,A4)
, thus
(F,A)¥(G, A) is soft bounded.
Theorem (4.4):

Let SL(X)be a STLS over K . For any

P # PX € SL(X), then a soft set (F,A)=
(AP*:7 € N}is not soft bounded.

Proof: Since P¥ = P2, there is a soft nbhd (G, A)
of P° such that PX¢&(G,A). Hence
AiP¥ & 7i(G,4), for allAi€N i.e.
(F,A) € (G, A).

Definition (4.5):

For a SLS SL(X) and SL(Y) over K . A soft
linear mapping A: SL(X) = SL(Y) is said to be a
soft bounded, if A((F,A)) is soft bounded set in
SL(Y) for every soft bounded set (F,A) in SL(X) .
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Example (4.6):

i. For soft identity linear
A:SL(X) = SL(X) is soft bounded.
ii. A soft linear mapping A:SL(R) = SL(R) ,
defined by A(#) = 27, for every 7 €& SL(R) is
soft bounded.

iii. A soft linear mapping A:SL(X) = SL(Y),
defined by A(PX) = P? , for every P € SL(X) is
soft bounded.

mapping

Definition (4.7)[15]:

For any soft convex , soft absorbing set (H, A)
ina SLS SL(X) over K. A soft convex functional
mapping Ay a): SL(X) 3 R(A)  defined by
Ay (PF) = inf{ii S 0: P¥ € 7(H,A)} called a
soft Minkowski's functional associated with
(H,4).

Now, we wil put condition to requirement to
the relationship between soft seminorms and soft
Minkowski's functionals.

Theorem (4.7)[15]:

Let SL(X) be a SLS over K
p:SL(X) > R(A) be a soft seminorm, then:
i. If (H,A) be a soft convex , soft absorbing and
any 7 S 6, /I(H’A)(f_l Pex) = f_lj(H‘A)( Pex).

ii. If (H,A) = {P¥ ESL(X):p(P¥) 21} , then
/T(H,A)(Pex) = ﬁ( Pex)-

and

Theorem (4.8)[15]:

Let SL(X) be a SLS over K and Az, be a
soft Minkowski's functional associated with a soft
convex , soft absorbing set (F,A). V#S0 ,
(w,A) =7(G,A)

, (W,A) = {Pexi/i'(F'A)(Pex) < f} and
G,4) = {Pex:A(F,A)(Pex) <1},

Remark (4.9):

i. A soft seminors is a special case of a soft
Minkowski's functional.

ii. The soft Minkowski's functional associated to a
soft balanced , soft convex and soft absorbing set,
ina SLS is a soft seminorm.

33

Noori. F / Kholod. M

Example (4.10):

Let SL(X) be a SLS over K and
p:SL(X) > R be a soft linear functional. Fix
§30, let (H,A) the soft set given by (H,A) =
(PX ESL(R): (P 2 33,

Define Ay 4y: SL(X) = R(A)

by Aga(PF) = inf{# S 0: P¥ € (H,A)}.

Then Ay 4y is another instance of a soft
Minkowski's functional. It is clear that the proof
is produced directly apply of theorem (4.7.ii).
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