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ARTICLEINFO ABSTRACT

In this paper, we introduce a new transformation , namely , triple g-transformation and
denote it as Tsge. This transformation consider as generalized to some types of triple

transformations. We defined it as the following form :
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1. Introduction:

The integral transformations are one of import methods for solving many of problems. Such that we can convert ordinary differential
equation to algebraic equation and then we back by inverse of this integral transformation, but the case partial differential equations we use the
integral transformation to convert partial differential equations to ordinary differential equations [5]. By using double integral transformation
we can convert partial differential equations of two independent variables to algebraic equations , thus we need to triple transformation to solve
partial differential equations with three independent variables. the triple integral transformation is has import applications [1,2]. This
transformation is distinguished by the generalities of the most known integral transformations and the possibility of finding new integral

transformations from it.

In [4], H.Jaferi presented general integral transformation and he called it g-transformation also he studied properties of g-transformation
and its applications in differential equations. By taking g-transformation with one parameter s, T3,-transformation is constructed. In this paper,

theorems and examples related with Ts,-transformation are presented.
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2.Triple g-Transformation:

2.1 Definition [4]:
g-transformation g(f(x)) for a piecewise function f(x) where x € [ 0,00 [ and |f(x)| < Me*® is defined by the following integral
g(f()) =p(s) | e f()dx =F,p(s) # 0 €))
such that the integral is convergent for some q(s), gis positive constant, and
p(s)M
fx))| <
o)l < 20

2.2 Definition [4]:

Double T,g,-transformation Ty, (f(x,y) for a piecewise function f(x,y) where x € [0, 0], y€ [0, co] and |f(x,y)| < Me*®*¥) is defind by
the follwoing integral:

Tysg(f%,)) = PL(S)P,(S) f f e~ f(y y)dxdy = p(s) f f e nOROY f(x y)dxdy = f  (2)
0 0 0 0

Where p(s) = P,(s)P,(s)

such that the integral is convergent for some q,(s),q,(s) are positive functions, and |lgsD(f(x, y)Il <
P,P,M
k-q1q @)

2.3 Remark:

Let f(x,y,2z) be a function of three variables then we use the following symbols in this paper:

E = p(s)f f e~ 1 ©x-a2)¥ f(x y, 7)dxdy
0 0

fs13 = p(S)f J- e hx-0:6)2 f(x v 7)dxdz
o Jo

Far=p(s) [ [ e iy, v
0 0
2.4 Definition:
Let f be a continuous function of three variables then the triple g-transformation
of f(x,y, z) is defined as following :
Tyog(x3,2) = p(s) [ [ [ eassarw £z, y,2) dudydz
0 0 0

Where x,y,z >0 and s is positive constant, and

f(x,y,2)

eax+by+cz

Forsome a,b,c €R

The inverse of Tsg - transform is defined as following :

f(x,y,z) = Lf“fim et X+ Ey+a: ()2 F (5) ds
2mi Joc—ico
2.5 Example:

1-Tagg (1) =p(s)f Jy Jy et @*-0Ey=0:0 (1)dx dy dz

1
—q1(s)

et x| @=02()y-a3()2 dy dz

=ps)f, [T

_PE) o o _gy(s)y-q3(s)z
q1(s) fo fo € dy dz

T (1) =—P®
asg (1) 41(5)22(5)q3(s)

2. T35g ( eax+by+c2] - p(S] fo’” J‘0°° fo‘” @ax+by+cz oq1X-q2y—a3z y dy dz

= p(s) fo"’ fo"’ fo‘” e~ (@12 g=(@2-b)y ¢=(4:-92 gy dy dz
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ax+by+c: _ p(s)
Tagg (™27 = (a1-2)(qz-b)(q3—c)

3 - Taqq (cosh (ax + by + cz)) = p(s) fooo fooo fow cosh (ax + by + cz) e"%1% e~93%dx dy dz
- ? f0°° f0°° f()m[ e(ax+by+cz) + ef(ax+by+cz)]efqleqzy7q3z dx dy dz

&[ 1 i 1
2 l@i—a)(az-b)(az—0) ' (a;+a)(gz+b)(qz+0)

_ P [(Q1+3)(QZ+b)(CI3+C)+(Cl1—a)(CIz—b)(Q3—C) ]
2 (ai-a2)(a3-b?)(a§-c?)

- &[quqz q3 + 2bcqq i+ Zacq2+zabq3]
2 (ai-a?)(a3-b2)(af—c?)

p(s)(d192 93 + bcgs+ acqz + abgs)
Tosg (cosh (@x+ by + c1)) = G )

4 ~Tyg, ( sinh( ax + by + cz )=p(s)f0oo fom fom cosh(ax + by + cz) e"91%e~%2Y =97 dx dydz

_Dp(s) (oo oo oo b —(ax+b; —q1X—Q2y—
_Tfo fo fo [e(aX+ y+ez) 4 e (ax+by+cz) | @=a1x-92y-%3Z dx dy dz

ol 1 1]
2 L(g1-a)(@z-b)(@3—c)  (q1+a)(qz+b)(qz+c)

IO [(ql+a>(q2+b>(q3+c)—(q1—a)(qz—b)(qg—c) ]
2 (a-a2)(a3-b?)(a3~c?)

- P(s) |291 92 ¢+ 2bqy g3+ 2aqgzqs+2ab C]
2 (af-a2)(a5-b?)(a3-c?)

p(s)(a192¢c+ bas g3+ agz qs + abg)

Tasg (smh(ax-+ by + ¢ )= sy o) (ai )

2.6 Proposition:
T, - transformation satisfies the linear property, i.e.
T3Sg( af(x,y,z) + bh(x,y,z)) = a\TSsg (fGyxz) + b T35g (hxy,2))
Where a,b € R
Proof:
Tssg (af(xy,z) + bh(xy,z)) =p(s) fwfm fw[a f(x,y,z) + bh(x,y,z)] e11*"92Y~%% dx dy dz
o Jo Jo
= ap(s) fom fom fom f(x,y,z)e"91¥792Y~%% dx dy dz + bp(s) fom fom fom h(x,y,z)e”%1X"42¥~4s%dx dy dz
= a Taeq (f(xy,2) ) + b Tss (h(xy,2))

2.7 Table of T34 4-transformation of selected functions

ID 0 Tas4(f(x,3,2)) = p(s) J J J 1 *-0Oy-4:62 £(x y, 7) dxdydz
0.0 0
PS)
1 K ,K constant _—
41(5)q2(s)qs(s)
. d4z43 = d0UT DY 43 T Y142
2 + by +
simlax s by en PO @ T @ T o+ 2
Y1Yz2Y3 7 bLy; 7 dbyz T diyy
3 + by +
cos (@xt byt e) PO @z a9 @ + 593 1 @

4 k.m.n PGJKE I 11t

vy (@1 () (42 (5)™ (a3 ()™

2.8 Proposition:

Let f(xy,2),xy,z €[ 0,0 ] be a function such that |f(x,y,z) | < p eX1**2y*5% and Ty, (f(xy,z) ) = F(s) exists, then
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Ty (f(x+a,y +b,z+0))

C
= P28 | T (f (u, v, W) TZSg‘gf fu,y,we BY dW) (J- ff v, w)e v dV)
+ Tgq FQb v, w)e 92Ve9W | dydw 2 Tysg (y,v, w)e a4 dli} ¥ Tsq fif(u, v, w)e dt¥e™%:W 1 dudw
+ Tsg fu,v,w)e %%V fdudv — p(s) [° f f(u,v,w)e” 1t 7%V &Y du dv dw (f(u, v, W)
0 Jo Jo

Proof:
Tieg (f(x+a,y+b,z+¢)) =p(s) J- f J- f(x+a,y+b,z+c)eW* 92Y"%2%dxdydz
o Jo Jo
letu=x+a,v=y+b,w=z+c
Tasg(fCu, v, w)) = p(S)f f f f(u,v, w)e D=2V e=aW=9) dydydw
c b Ja
= p(s) e2d1+baz+cds J- f J- f(u,v,w)e d1%e 92" e~BYWdydvdw
c b Jo
= p(s)erd+bazteas[ [ [ [ (y,y,w )e Nle 0V e B — [ [ [¥ f(1,p,w)e " e~%Y e~%W du dv dw]

o b oo
= p(s)33Q1+bQZ+CQ3 [f WYv,W )e AQ1Ue=q2V o~q3W _Wf J- J. f(u'\gﬁwge—;hue—‘hv e dwW
f f(u, v, w)e 014 e~92 ¢=0W Ju'dy dw + J. f J. fu,v,w)e" 914 e7%Y e~%BY du dv dw]
c 0 c 0 Jo

o o ¢ oo oo
= p(s)eddr+baz+cas U b £QLV, w)e d1le™ 2V e~B¥Wdu dv dw — ¢ o 0, v,w)ele %2V e~BYWdu dv dw
e v, w)e htle™®2V emBWdy dv dw 1 ‘ 0 f(u,v,w)e 9tVe™%2V e~ BWdu dv dw
- Fv,w)e 4t e792Y 79 qudvdw + ] ], 0L f(w v, w)e 9% e792V 793W dudv d
+ O f(u,v,w)e 8% =92 e~ W dudvdw — [° [° [°f (u, v, w)e %" e~92¥ ¢~V du dv dwv]
0 o Jo Yo

Tssq (f(x+a,y +b,z+0))

b
= a8 [T (F(u,v,w)) T gf fay )e asw dw) TZS?< [ s .W,Z)e-qzv dv

+ Tsg fQv,w)e 92Ve 9 TZSg (u,v,w)e™ 1" du -I-OTSg fu,v, W)Z‘qiue“h"" dudw
+ Tsg f(u,v,w)e 1t BV dudv p(s) 0 f f(u,v,w)e” 1 7%V &Y du dv dw (f(u, v,W)
0 Y0
00

0
= p(s) e?ditbazteds | [ [ (Hfe-diu g=02V e=®Wdu dv dw — fob Jo et em%Y e=%W du dv dw

= p(s) ea‘11+b‘12+cq3[f f f fe~1¥ =92V e~93Wdu dv dw — f f f fe 91U 7%V e~ BY du dv dw - foo fb fm fed1t g~V =W du
dv dw +fS f Jo fermt eV e W du dv dw - [7[° [Mfe Ut e RV e BWdudvdw + [T [ ¥ feThl 7V e 1Y du dv dw
+f f f e 1l ¢7%2V e~BW du dv dw - f f f e~ gm0 e~ BW du dv dw
[ Tysg () -Tosg (f €% fdw)] - Tysg (f, e™%" fdv)] + Tosg (f; f, e™9%~%" fdv dw)
— T,sg (foa e~ fdu) + T,sg (foc foa e~ %BY fdy dw )
+Tosg (Y [T e @9 fdudv) - p(s) [{ [0 7 Fe =929 fdu dvdw
3.The Convolution of T34 -transformation
3.1 Definition [3,6,7]:

Let f(x,y,2),h(x,y,2) be a function defined on R*, then the convolution of the functions f(x,y,z) and h(x,y,z) is given as following :

Tasg (Fr* h)(xy,2) = fox foy foz fx—uy—v,z—w) h(uv,w)dudvdw

3.2 Theorem :
Let f(x,y,2),h(x,y,z) be a function which defined on R* then Ts,-transformation of the convolution (fx+ h) ) is given as following:

Tasg (Fexx h) (xy,2) = == Tssq (f(%,y,2) - Tasg(h(tr,0))

p(S)
Proof:

Tssq (f(u,v,w) . Tagq (h(t1,0))

= [p(s) fooo fooo fow f(u,v,w)e 1l a0V e—q3wdudvdw]. [p(S) fooo fom fom h(t,r,0)e d1te92r e_q3°dtdrdo]

=G Sy f, S J Sy ) e h=a(in-aswo) f(y,v, wh(t, 1, 0) du dv dwdt dr do
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X=u+t - U=X-t , y=v+r o VYT , Z=W+0 — W=Z-0
= (p(s))zf J- J- f J- f e N1X~42y=ds% f(x —t,y —r,z — 0)h(t,r, 0)dx dy dzdt dr do
o Jo Jo Jo Jo Jo
= [ [ e e hiGs v dxdy dz
0 0 0
= P(s) Tagg((f ** h) (xy,2))
T358(f*** h )(X,y,Z) = $T3Sg(f(xl Y Z))'TSSg(h(xn Y Z))

3.3 Example:

5(35271)
(s3-s2+s-1)3

Find Tsgg( ), p(s)=s ,4:(s) = q2(s) = q3(s) =s

where s>0, s#1

we notethat s> —s?2+s—1=(s2+1)(s—1)

5(352—1)

(s3-s2+s-1)3

-1 _m-1 5(352—1)
T3sg ) - TSSg (s2+1)3(s—1)3 )

Also we can write that

_1, s(3s?-1) _mo1,1 _s°@3s-1) _m-1,1 s@s’-1) s
T3Sg((s3—sz+s—1)3) _T3Sg(s (52+1)3(s—1)3) _T355(s (s2+1)3 (s-1)3 )
But

. _ s(3s%-1)
T3sg (Sll’l(X+y+Z)) - (s2+1)3
S
And Ty(eXV+*) = -
Therefore

-1 5(352—1) s

Tisg m) = sin(x+y+z) ¥rreX+y+z

3.4 Example:

6(s%+1)
s10(s2-1)2 )

Find Tig
Such that p(s) =q(s) =s? , q,(s) =qs(s) =s

- 6(s+1) \ _ _q (1. 6(s?+1) \ _ o_ 1 6 s?+1
Tssg (510(52—1)2) = Tag (5_2 * 58(52—1)2) = Tsg ( = 5_8(52—1)2)

We note that :

s2+1
(s?-1)?

Tisg(x°) =%, Tygg(cosh(y +2)) =
Therefore

_ 6(s2+1)
T3slg (m = X3 *kk COSh(y+Z)

4. Applications of Tzg,-transformation
4.1 Proposition :

1- T3sg(ux) =q i —ug3(0,y,2)

2 'T3sg(uxx) = q%i — 41 Us23(0,y,2) — (Uy)s23(0,y,2)
3- Tugp(ul™) = I - 205 " (U025 (0,7, 2)

4- T3sg( Uy )=q; u_y - u513(x, 0,7)
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5 Tag(u™) = qFy — X5 g5~ () 515(x,0,2)
6- TSSg( U, ) =qQ3 u_z - ule(Xl Y, 0)

7- Tagg(u?) = a5, — X123 5771 (u)s12 (%, y ,0)

8'T35g( Uyyz ) = ‘h‘h%ﬁ - ‘h‘h(u)szs(x: Y, O) - ql(”z)slS(XJ O'Z) - (uyz)sz3(0r Y, Z)

Proof:
1-Togluy) = p(s) [ 7 [ ex-say—aa u, dxdydz
W=e™ ¥ - dw=-q,e 1¥dx
dv=u,dx - v=u
Tasg(uy ) =p(s) [ ;7 e792-95% [ue™0X|2 + g, [ ue 4% dx]dydz
=q, p(s) fom fom fom e~NX~42Y~43% y dx dy dz — p(s) fow fow e™9Y=932y(0,y, z)dydz
T3sg(ux) = % - m
2-Tag(u )= p(s) f, fy fy €997 95% u dxdydz
W=e 9* - dw=-q,e 9%dx
dv=u, dx - v=uy
Tosg( U ) = P(S) [y f” €929 [u,e ™02 + q; [° uy e”9% dx]dydz
= qup(s) f7 7 7 e e uy dxdy dz — p(s) [ 77 e 9 uy(0,y, 2)dydz

T3sg(ux) =0 u:x - (ux)523 Oy, Z)

Tasg(Uy) = 05 [A1 7 — Ugz3(0,¥,2)] — (U)523(0,¥,2)

Tasg () = 43 — 0 022 (0,.%,2) — (0)222(0,y,7)
3-Toeg@™) = Q7% - 203 " ) e0a(0,7,2)
We will proof by using mathematical induction

[) when n=1 we get that (3) is true by (1)

I1) suppose that (3) is true when n=k

Thatis :

Tasg(u”) = QfT - ZI5 71 ()25 0y, 2)

I11) let n=k+1 ,and let w:u)((k) s WX:u}((kH)

T3sg(u)(fk+1)) =Tagq(Wy ) =qu W — Wg3(0,y,2)

= [ 457 - ZI aF T ()23 (0,y, 2] - W23 (0,y,2)
= g5 - p 2Tl (0)a 0y, 2)
There of the factis true forall n € z*

There of the factis true forall n€ z*

4-Tyge(uy)=-Tagg(uy ) = p(s) [ Jf,” e™9* %% uy dy)dx dz
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W=e™ %Y — dw=-q,e %dy

dv=u,dy - v=u

Tosg(uy ) =p(s) Jy" Jy €799 [ue™® [P +qz [ ue ™ dy]dxde

=qz p(s) J, fy J, (e x-a2¥=9s2 y dx dy dz) - p ;" [, e™9*"%% u(x,0,2) dy dz
Tasg( Uy ) = Az Tagg (1) - Usr3(%,0,2)

u,

y u513(x, 0,z)

Tssg( Uy ) =4

5- We will proof by using mathematical induction
[) when m=1 we get that (5) is true by (4)
I1) suppose that (5) is true when m=k
Thatis :
Ty () = q5T, — T @4 (W) e13(x,0,2)

II1) When m=k+1 and let w:ug,k) ) wy:u§,k+1)

T3sg(u§zk+1)) =Tasg(Wy) =0, uEy - W

=q, [q‘é T, — Y gt W} (Uy)523(%,0,2)

= g, — i gyt m

Therefore (5) is true for all m € z*

6-Tosg( 0, ) = p(s) [ f, e 9x-%Y [[* e %% u, dz] dx dy

W=eB* - dw=-q;e B*dz
dv=u,dz - v=u
Tasg(uz) =p(s) Jy fy €79 [ue™®*(§ +q3 ;" we 9" dz] dxdy
=q:p(s)); J, Jy e Wz udx dy dz —p(s)f J, e u(x,y, 0)dxdy
Tssg(u; ) = q3 Tasg (W) - m
Toog(0,) =05 T — 051 (03, 0)

7- We will proof by using mathematical induction

1) when r=1 we get that (7) is true by

I1) suppose that (7) is true when r=k

That s :

Ty ) = Q5T — T 41 W) e1n (x,y ,0)

(k) ugk’rl)

1) let r=k+1 ,and letw=u, ', w,=

k = =
T3sg(u£ H)) = T3Sg(Wz) =q3U; — Ws12(%,y,0)

= a3 |5 T — i a1 (), 0050~ @ (3, 0)

_ k+1-1

= gk, — Z ghti-itt (uin))su(x'y,o)
i=0

Therefore (7) is true for all r € z*+
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8- Tasg(Uxyz ) = P(S) Jy 3 Jy Uxy, €71%792Y~93% dx dy dz

= p(s)foo

=q,p(s)

e 92y 2 [[y,, e NX]P 4 qlf u,, e 1¥dx] dydz
0

[ [ peraereardyds - @@
0 0

=)

o — o ——3

0 0o

= ) f e~ 052 [u, e=Y]S + g, f u, e Ydy] dxdz] — () e (0,7,2)
0

0 00 0

= 0140 (5) f f U, € N9 dxdydz — 4, (1) ar3 (% 0,7) — (ya)zs (0,7, 2)
= 1420(5)] f f e Y[y e~ 7]S + g, f ue%%dz] dxdy] — ¢, ()3 (% 0,2) — (y)ers 0.y, 2)
00

0

T3Sg( Uxyz ) = ‘h‘h‘hﬁ = 0192(Ws23(%,y, 0) — 1 (U;)513(%,0,2) — (uyz)523(0' Y, 2)
4.2 Example :
Solve the following equation
u, =1, u(0,yz) =1
Solution:
By taking T;q - transformation for the equation we get

T3sg( Uy ) = TSSg(l)

p
d1924s3

q1ﬁ “Ugp3 (0,y,2) =

We note that :

Uz (0,y,2) = pJ [ u(0,y,2)e™92Y-9% dydz = £

q2 43

Thus

= _p P

u - =
e d24d3 919293

= + = +1
q,1 = QPP § =p(2q1 )

19293 919293

We take T3‘51g - transformation for both sides , we get :

—1 (pCa1+1 )) " p p
u(xyz) =T. ( =T +
(xy2) =Tisg aaz a3 38 \g2qzqs = Q10203

p p
T3 <—> s1 ()
*8\q?q,0s ) **\q1 0,05

=x%0%20 + x1y02° =1 +x

4.3 Example :

Solve the following equation

U =Uyx , U (0y2z)=0 , u(0yz)=1

P=01 =92 = Q3 =S

Solution :

By taking T;,, - transformation for the equation we get

Tésg(uxx) = T35g(ux) -
7~ 41 Us23(0,y,2) — (U)523(0,¥,2) = q; U — Ugp3 (0,,2)

3. . (0vo) — P 2E _ P _ = __b
Usz3 (O' v Z) - qz2 93 thus au Rt qz2 93 Qi qz2 93

= = P = p
qiu—qu=q -q(q —Du=(q - 1)

1QZ‘13 _QZ% 9293
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! q293

= p

U=———
419293

We take T;Slg - transformation for both sides , we get :

—T-1 p —
u (X,y,Z) - Tgsg ((h qz Q3) =1
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