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1- Introduction:

In general, it is known that the idea of statistical convergence for sequences of real numbers was
introduced by H. Fast [2] and H. Steinhaus [11] and based on the asymptotic density of the AN group and the idea
was presented independently in the same year 1951. The generalizations and general applications of this idea were
investigated by various authors. Within this generalizations the convergence was generalized statistic on sequences
in metric spaces (see, for example,[11]). Kosinak introduced and studied statistical convergence in Unitary Spaces
Some applications were made to the theory of selection principles, and function spaces.excess spaces. After
introducing Fast [2], it was a very fast investigation of [6,5], the concept of statistics convergence has been studied
in probabilistic standard space and in intuitive fuzziness Normative areas, respectively, and also Maddox [8]
presented the statistical convergence in locally convex areas.

The natural density of a set K of positive integers is defined by [2]:
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§(K) = lim Hl{k < n:keK}|,

where |{k < n: keK}| denotes the number of elements of K not exceeding
n. It is clear that for a finite set K, we have 8(K) = 0

If {ay} is a sequence such that ay, Satisfies property P for all k except a set of natural density zero, then we say that
a, satisfies P for "almost all k ", and we abbreviate this by "a.a. k."

If 8 is any density, we define §, the upper density associated with 8§, by:
8(A)=1—-8(N\ A).
For any set of natural numbers A [3]

2-Preliminaries

We will recall some definitions, theorems, and properties from previous studies in statistical convergence.

2.1 Definition [2]: The sequence {a} of real number is statistically convergent to the number # provided that for
each& > 0,

1
lim Hl{k <n |ak —j'l = g}l =0,
n—-oo
(ie)|lay — Fl <€ a.a. k.
In this case, we write a; S—C> 7

2.2 Theorem [10]: If ay s%c'jl , Mk Séc'jz, then
H s.C. . .
() {ax + mt = 71 + 72
F s.C. . .
(i) {my - a} > 41 2.
S.C.
2.3 Theorem [10]: a, — 7 if and only if there exists a set
K={k; <k, < <k,<:-}CN,
such that, 8(K) = 1and ay, — # asn — oo,
2.4 Lemma: If a, S:ao, a, # 0Vn,a, # 0 then ais—iai
n 0
Proof :Since anséciao = 3IK< N §(K)=1anday, - a9 asn >
Sothat {%} 5L asnoow

Kn ap
[ee)

1 . 1 1 1 1)S¢€ 1
Therfore {Z}n=1 is sub sequence of {u_n} and {“_kn} adw Thus {a_n} = by (theorem(2.5))
s.C. . osco . an SC a,
25 Lemma: | fa, - a, , i, > 44, iy # 0Vn, 4, #0, then 2t

S.C. 1 SC 1
Proof : Since a, — aothen——— by Lemma(2.4)
n 0

i S.C. i
Thusi, — = 2 Sip-—=2
an an ag ag
S.C.
2.6 Lemma [4]: If { a,} is a sequence such that a;, — #, then a has a subsequence {ay_ } such that{ ay } — #.
2.7 Theorem [12]: If a sequence { a,,} is statistically convergent, then the convergence limit point is unique.

2.8 Theorem [12]: If a;, — # then ay = #- The converse need not be true in general.
2.9 Theorem [9]: Let (a,), (4,) and (8,) be real sequences such that a, < 4, < 8, foralln € X € N, with §(¥) =1

S.C. . S.C. . . S.C. .
and a, — #,8,— fTheni,. — 4.
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3- Main Results

We introduced the definitions of statistical limit and continuous statistical functions And we generalized and
proved some theorems and properties in our new definition, and we added some new theorems, properties and
terms within this new definition.

3.1 Theorem [1]:LetF:X - Y ,Uy € X Then ul_i)rqr}OT(’u) = 4 if and only if for every sequence {U,}— Uq the

sequence {F(U,)} — 4.

In the following we define the statistically limit of a function F.

3.2 Definition:Let F: X - Y , Uy € X, then the statistically limit of F at U, is equal to 7 if For every sequence
{U,} in X converge statistically to U,, the sequence {F(U,) } converge statistically to 4. In this case, we write
S. UILrTrllo F(U) = 4.

3.3 Example: LetS. lim ﬁ =—1.

Proof: Suppose U, %2 then{1 — U,} is statistically convergent to (—1)

1 S.C
= 1, by theorem(2.5).

1-Un

Hence
3.4 Theorem: If F,G: X’ — R are functions such that S.ulir1r11 F(U) = 4, and S.ulir1r11 G(U) = j,, then
—Uo —Uo
1. S lim (F £ G)(U) = 41 £ 4,.
U—>U0
2 S-UILI;I}O(T-Q)(U) =41-72-
F(U)

. i T _ g
3 IfG(U) # 0 VU andg, # 0, then S'ullrfzr}o oW 7,

Proof : (1)We prove S'fulirzr} (F + 6)(U) = 4, + 4, and similarly we can prove S.ulir%} F-9MW) =41— 42
—Uo —Uo
Let Uy, SU.
Since S. lim F(U) = j;and$S. lim G(U) = 7, Then (FUDYS jrand (GUDYS /,.
—Uo —Uo
.t
So that {F(Uy) + G(U,)}> 1 + 4, , by theorem(2.2), part(i).
Thus S. lim [F(W) +G(W] =41 + o
—Uo
(2) We prove S. lim (F.G)(U) = }1. 42
'U—>Uo
Let Uy, - U. Since S. Jim FW) = jandS. lim G(U) = 7, Then {F(Uy)} S jrand (GUDYS 7,
—Uo —Uo
So that {F(U,).G(U,)} = #1-42, by theorem(2.2),part(ii). Thus S. ulil%ll {FW).G(W)} = }1-F2-
—Uo

(3) LetU, 25U, so that F(Uy) S;ijl and G(U,) S;ﬁ'jz'
f _ :]:‘('un) S.C.&
(g) (Un) =Gy =5, by Lemma (2.5).
im ) _ 1
' U-Uo G(Un) iz
3.5Theorem: If F:X - Y ,G:Y — Z such that ISI ljum F(U) = 4 and G continuous at 4 then S.ulirqul GoF)(UW) =
-Up >Ug
5@
S.C.
Proof: Let U, — Uy
Since S. 111H1rz1 F(U) = j then {g:(run)}s;,c' j
—Uo
There exist K = {k; <k, <--- <k, <--}suchthat8(K) =1 and {F(Uy )} — Fasn — by ( theorem(2.3))
Since G continuous at jthen G (F(Uy,)) - G(&#)
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Therefore G (F(U,)) = G(#) asn — oo, by theorem(2.3).
Thus S. lim G o F(W) = G(7).
—to

3.6 Theorem: If 151 l%lm F(U) existthen itis unique
—Uo
Proof: Assume S. JLITEIOT(U) =h 'S'ulqur}o F(U) = 4,

If U, 25 Uy

Then {F(Uy)} = jrand (F(Up)} = 4
Since the convergent point of statistically convergent sequence is unique. Then 4; = #,.
3.7 Theorem: let F,Gand }{ are functions from A S MNinto N such that F(U) < G(U) < H(U) for allU €
AandUg €A

Ifg;l%}? F(UW) = S.Tlllirqllo H(U) = 4 Then 5'711137110 G(U) exists and equal to 4

Proof: Let U, be a sequence in A such that U, = U
Since 5_)111};1 F(U) =4

And S.lim 3 (U) = 7 then F(Un) S jandH(U) S
—lo

Since F(U,) < G(U,) < H(U,) VnThen G(U,) = 7
So that S'zlzl—{%o G(uw) = 4.
3.8 Definition [1]: Let F:X —» Y ,Uqy € X.The function F is continuous Ugatif for every sequence
{U,} converg to Uy then{F(U,)} = F(U,). We say that F is continuous if is continuous at every point.
In this case, we write C(R) = {F: R — R\Fis continuous }.
In the following we define the statistically continuous of a function F.

3.9 Definition: Let F: R — R, be a function and Uy € R . Then F is statistically continuous at Uy if V {U, }S—'ci Uo
then {F(U,) } = F(U,). We say that F is statistically continuous if is statistically continuous at every point
in R.
3.10 Example: Let F: R > R defined by F(U) = U? VU € R then F is statistically continuous
Proof: Let Uy € R To proof F is statistically continuous at U,
Let U, be a sequence in R such that U, = Uo then U, > = Uy?

Thus F(Uy,) = F(Uy,).
~ F Is statistically continuous at U,.
3.11 Example LetF:R — R, be afunction defin as
(1 ifueQ
Fw) = {5 ifl € Q'

Then F is is not statistically continuous at every point .
Proof: Let U, € R

1-If Uy, € Q then F(U,) =1, So there exista U, € Q'such that{U,} - U,

S.C.
{un} - UO sc
Since {F(U,)} = {5} » 1 = F(U,)
-~ F is not statistically continuous function at U,

2-If U, € Q'then F(U,) = 5, So there exist a U, € Qsuch that {U,} - U,
S.C.
{un} - uO

Since{F (Uy)} = {1} % 5 = F(Uy)
-~ F is not statistically continuous Function at U,
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3.12 Theorem: every continuous function is statistically continuous
Proof: Let F: R — R be a continuous function, at U, € R
To proof F is statistically continuous at U,

Suppose {U,} = U,
Then there exist K = {k; <k, <+ <k, <--}suchthat§(K) =1 and {%} - U, by (theorem(2.3))
kn n=1

~ {F(Uy,)} Is sub sequence of {F(U,)} converge to F(U,) and S(K) = 1

{F(U) ) S F(Up)asn -

=~ F Is statistically continuous

3.13 Theorem: if F:X — Y is statistically continuous and G:Y — Z is statistically continuous at F(U,) then
G o F is statistically continuous at U,

Proof: Let {U,} be a sequence in X statistically convergent to Ug

Since F is statistically continuous at Uy then{F (U,)} = {F(Uy) }in (Y)
Since G is statistically continuous at F(U,)

S.C.
Then {G(F(Un))} = {G(F(Uo)) }

S.C.
G e F)(Un)}— (G FIU)
~ (G o F) Is statistically continuous at U,,V U, € U

The prove of the next Corollary is consequence from the fact every continuous function is statistically continuous
3.14 Corollary: If F:X — Y is statistically continuous and G:Y — Z is continuous then G o F is statistically
continuous

3.15 Corollary: If F: X — R is statistically continuous and F(U) # 0,VU € X then% is statistically continuous
Proof: Define G: R/{0} - Rby G(U) = %, then G is continuous VU € R /{0}
~ G o F is statistically continuous by (Corollary 3.12)

3.16 Theorem: If F,G: X — R are real valued statistically continuous mapping then
1  F + G is statistically continuous where (F + §)(U) = F(U) + G(U)Ve X

2 F.G is statistically continuous where(F.§)(U) = F(UW).G(WVUE X
3 IfGg(U) #0VUE X then g is statistically continuous where (g) U= %
4 |F|is statistically continuous where|F|(U) = |F (U)| V€ X

Proof 1: let Uy € X and {U,} be a sequence in ‘U such that U, = Uo

Since F Is statistically continuous then {F (U,) S'—>°'7-"(uo)

Also G Is statistically continuous then G(U,,) = G(U,)

F(Un) + G(Uy) = F(Ug)+ G(Us)

S.C.
(F +6)(Un) = (F +G)(U)
~ F + G Is statistically continuous at Ug € X

Proof 2: suppose U, = U, since F is statistically continuous at Uy we have {F(U,)} = F(Uy)
G s statistically continuous at Uy we have G (U,) = G(U,) and therefore

S.C.
We have F.G(U,) =F(Uy).G(Un) = F(Up)-G(Up) =F.G(U,)
~ F.G Is statistically continuous at U,

Proof 3: Since § is statistically continuous then é is statistically continuous

Then F é is statistically continuous by (theorem (3.16),part2)
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So that % is statistically continuous

Proof 4: Define G:9 — R by G(U) = |U|.It clear that G is continuous function
Since F Is statistically continuous and is G continuous

then G o F Is statistically continuous by( corollary (3.14))

But (G e F)(U) = G(F(W) = IFWIVUEX

~ Go F =|F| is statistically continuous function at u
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