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A B S T R A C T 

The objective of this paper is to introduce and investigate two families of analytical and bi-
univalent functions, TΣ

sc(α, β, η, λ, θ; μ) and WΣ
sc(α, β, η, λ, θ; v) , with respect to symmetric 

conjugate points that are defined in the open unit disk U and connected to a series of beta-
negative binomial distributions. For functions in each of these families, we look into upper 
bounds for the initial Taylor-Maclaurin coefficients |a2| and |a3| . 

 

MSC: 30C45. 
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1. Introduction 

 

We indicate by 𝒜  the family of functions which are holomorphic in the open unit disk                                                     
 𝑈 = {𝑧 ∈ ℂ ∶ |𝑧| < 1 } and have the following  normalized from : 

𝑓(𝑧) = 𝑧 +∑𝑎𝑘𝑧
𝑘

∞

𝑘=2

 .                                                                           (1.1) 

We also indicate by 𝑆 the subclass of 𝒜 consisting of functions which are also univalent in 𝑈. According to the 
Koebe one-quarter theorem [3], every function 𝑓 ∈ 𝑆 has an inverse 𝑓−1 defined by 
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𝑓−1(𝑓(𝑧)) = 𝑧, (𝑧 ∈ 𝑈) 

and 

                                                 𝑓(𝑓−1(𝑤)) = 𝑤,                   (|𝑤| < 𝑟0(𝑓), 𝑟0(𝑓) ≥
1

4
), 

 
where 

𝑔(𝑤) = 𝑓−1(𝑤) = 𝑤 − 𝑎2𝑤
2 + (2𝑎2

2 − 𝑎3)𝑤
3 − (5𝑎2

3 − 5𝑎2𝑎3 + 𝑎4)𝑤
4 +⋯ .                       (1.2) 

If both 𝑓 and 𝑓−1 are univalent in 𝑈, then a function 𝑓 ∈ 𝒜 is said to be bi-univalent in 𝑈. The category of bi-
univalent functions in 𝑈 provided by (1.1) is denoted by the symbol. See the ground-breaking study on this topic by 
Srivastava et al. [13] for a brief history and fascinating instances of functions in the class. This work really rekindled 
the study of bi-univalent in more recent years. Here, we select to recollect the following instances of functions in the 
class from the work of Srivastava et al. [13]: 

𝑧

1 − 𝑧
  ,   

1

2
log (

1 + 𝑧

1 − 𝑧
)   and  − log(1 − 𝑧) 

We notice that the class 𝛴 is not empty . However  the  Koebe function is not a  member of 𝛴. 

Many authors introduced and studied various subclasses of the bi-univalent function class in sequels to the work of 
Srivastava et al. [13] (see, for example, [1,5,6,10,11,16,17,18]), but only non-sharp estimates on the initial 
coefficients |𝑎2| and |𝑎3| in the Taylor -Maclaurin expansion (1.1) were obtained in many of these recent papers. 
The challenge of determining the Taylor-Maclaurin coefficients' universal bounds |𝑎𝑛| ( 𝑛 ∈ ℕ \{1,2}; ℕ ≔
 {1,2,3, … }), 

for functions 𝑓 ∈ 𝛴 is still not completely addressed for many of the subclasses  of the bi-univalent function class 
𝛴(see, for example, [12,14,15]). 

From a theoretical standpoint, the Geometric Function Theory has explored some basic distributions, including 
the Poisson, Pascal, Logarithmic, Binomial, and Borel (for examples, see [2,4,7,9,20]). 

If a discrete random variable x takes the values 0, 1, 2, 3,... with the probability, it is said to have a beta negative 
binomial distribution. 

 
𝛽(𝜂+𝜃,𝜆)

𝛽(𝜂,𝜆)
, 𝜃

𝛽(𝜂+𝜃,𝜆+1)

𝛽(𝜂,𝜆)
,
1

2
𝜃(𝜃 + 1)

𝛽(𝜂+𝜃,𝜆+2)

𝛽(𝜂,𝜆)
, … respectively, where 𝜂, 𝜃, 𝜆 are named the parameters. 

𝑃𝑟𝑜𝑏(𝑥 = 𝜏) = (
𝜃 + 𝜏 − 1

𝜏
)
𝛽(𝜂 + 𝜃, 𝜆 + 𝜏)

𝛽(𝜂, 𝜆)
=
Γ(𝜃 + 𝜏)

𝜏!  Γ(𝜃)
 
Γ(𝜂 + 𝜃)Γ(𝜆 + 𝜏)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 𝜏)Γ(𝜂)Γ(𝜆)
=

(𝜂)𝜃 (𝜃)𝜏 (𝜆)𝜏
(𝜂 + 𝜆)𝜃  (𝜃 + 𝜂 + 𝜆)𝜏 𝜏!

 , 

where (𝑎)𝑘  is the Pochhammer symbol defined by 

(𝑎)𝑘 =
Γ(𝛼 + 𝑘)

Γ(𝛼)
= {

1                                                       ( 𝑘 = 0 ) ,

𝛼(𝛼 + 1)… (𝛼 + 𝑘 − 1)                   (𝑘 ∈ ℕ ) .     
  

The following power series, whose coefficients are probabilities of the beta negative binomial distribution, was very 
recently introduced by Wanas and Al-Ziadi [19]. 

℘𝜂,𝜆
𝜃 (𝑧) = 𝑧 +∑

(𝜂)𝜃 (𝜃)𝑘−1 (𝜆)𝑘−1
(𝜂 + 𝜆)𝜃 (𝜃 + 𝜂 + 𝜆)𝑘−1 (𝑘 − 1)!

𝑧𝑘
∞

𝑘=2

,   (𝑧 ∈ 𝑈, 𝜂, 𝜆, 𝜃 > 0 ). 

We observe using the well-known Ratio Test that the above series' radius of convergence is infinite. 

The linear operator 𝔓𝜂,𝜆
𝜃 ∶  𝒜 ⟶ 𝒜 is defined as follows (see [19]) 

𝔓𝜂,𝜆
𝜃 𝑓(𝑧) = ℘𝜂,𝜆

𝜃 (𝑧) ∗ 𝑓(𝑧) = 𝑧 +∑
(𝜂)𝜃  (𝜃)𝑘−1 (𝜆)𝑘−1

(𝜂 + 𝜆)𝜃  (𝜃 + 𝜂 + 𝜆)𝑘−1 (𝑘 − 1)!
𝑎𝑘𝑧

𝑘

∞

𝑘=2

, 𝑧 ∈ 𝑈, 

where ∗ indicate the Hadamard product (or convolution) of two series. 

We now think back to the lemma that will be utilized to support our key findings. 

Lemma 1.1 [3]. If ℎ ∈ 𝒫, then |𝑐𝑘| ≤ 2 for each 𝑘 ∈ ℕ, where 𝒫 is the family of all functions ℎ analytic in 𝑈 for 
which 
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𝑅𝑒(ℎ(𝑧)) > 0, (𝑧 ∈ 𝑈), 

with  

ℎ(𝑧) = 1 + 𝑐1𝑧 + 𝑐2𝑧
2 +⋯ , (𝑧 ∈ 𝑈). 

2. Coefficient Bounds for the Class 𝐓𝚺
𝐬𝐜(𝛂, 𝛃, 𝛈, 𝛌, 𝛉; 𝛍) 

Definition 2.1. A function 𝑓 ∈ 𝛴 from (1.1) is said to be in the class 𝑇𝛴
𝑠𝑐(𝛼, 𝛽, 𝜂, 𝜆, 𝜃; 𝜇) if it satisfies the following 

conditions: 

|

|

arg

(

 
 
 
 
2 [𝛼𝛽𝑧3 (𝔓𝜂,𝜆

𝜃 𝑓(𝑧))
′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′

+ 𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′

]

𝛼𝛽𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′′

+ (𝛼 − 𝛽)𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) )

 
 
 
 

|

|

<
𝜇𝜋

2
 ,                       (2.1) 

and 

|

|

arg

(

 
 
 
 
2 [𝛼𝛽𝑤3 (𝔓𝜂,𝜆

𝜃 𝑔(𝑤))
′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′

+ 𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′

]

𝛼𝛽𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′′

+ (𝛼 − 𝛽)𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) )

 
 
 
 

|

|

<
𝜇𝜋

2
 , (𝑤 ∈ 𝑈),      (2.2) 

 

where 𝑧, 𝑤 ∈ 𝑈, 0 < 𝜇 ≤ 1, 𝜂, 𝜆, 𝜃 > 0, 0 ≤ 𝛽 ≤ 𝛼 ≤ 1 and 𝑔 = 𝑓−1 is given by (1.2). 

Theorem 2.1 below states that our first main finding. 

Theorem 2.1. Let 𝑓 ∈ 𝑇𝛴
𝑠𝑐(𝛼, 𝛽, 𝜂, 𝜆, 𝜃; 𝜇) (0 < 𝜇 ≤ 1, 𝜂, 𝜆, 𝜃 > 0) be given by (1.1). Then 

|𝑎2| ≤
𝜇Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)√Γ(𝜂 + 𝜃 + 𝜆 + 2)

√|
𝜇𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)Γ(𝜂)Γ(𝜆)

+2(1 − 𝜇)θ2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)
|

 

 and 

|𝑎3| ≤
𝜇2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)

(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2θ2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
 . 

 Proof. Conditions (2.1) and (2.2) lead to the conclusion that 

2 [𝛼𝛽𝑧3 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′

+ 𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′

]

𝛼𝛽𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′′

+ (𝛼 − 𝛽)𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )

= [𝑝(𝑧)]𝜇                        (2.3) 

and 
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2 [𝛼𝛽𝑤3 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′

+ 𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′

]

𝛼𝛽𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′′

+ (𝛼 − 𝛽)𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

= [𝑞(𝑤)]𝜇                  (2.4) 

where 𝑔 = 𝑓−1 and 𝑝, 𝑞 in 𝒫 have the representations of the following series: 

𝑝(𝑧) = 1 + 𝑝1𝑧 + 𝑝2𝑧
2 + 𝑝3𝑧

3 +⋯                                                        (2.5) 

and 

𝑞(𝑤) = 1 + 𝑞1𝑤 + 𝑞2𝑤
2 + 𝑞3𝑤

3 +⋯ .                                                  (2.6) 

 We discover that by comparing the corresponding coefficients of (2.3) and (2.4), 

2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)θΓ(𝜂 + 𝜃)Γ(𝜆 + 1)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)
𝑎2 = 𝜇𝑝1,                                    (2.7) 

(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)𝜃(𝜃 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
𝑎3 = 𝜇𝑝2 +

𝜇(𝜇 − 1)

2
𝑝1
2,                (2.8)  

−
2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)θΓ(𝜂 + 𝜃)Γ(𝜆 + 1)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)
𝑎2  = 𝜇𝑞1                                       (2.9) 

 and 

(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)𝜃(𝜃 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
(2𝑎2

2 − 𝑎3) = 𝜇𝑞2 +
𝜇(𝜇 − 1)

2
𝑞1
2.               (2.10) 

Making use of (2.7) and (2.9), we obtain  

𝑝1 = −𝑞1                                                                              (2.11)  

and 

8𝜃2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)
𝑎2
2 = 𝜇2(𝑝1

2 + 𝑞1
2).                           (2.12) 

lf we add (2.8) to (2.10), we have  

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
𝑎2
2 = 𝜇(𝑝2 + 𝑞2) +

𝜇(𝜇 − 1)

2
(𝑝1

2 + 𝑞1
2  ).            (2.13) 

After performing various calculations and substituting the value of 𝑝1
2 + 𝑞1

2 from (2.12) into the right-hand side 
of (2.13), we conclude that 

𝑎2
2 =

𝜇2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)(𝑝2 + 𝑞2)

2𝜇𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)Γ(𝜂)Γ(𝜆)

+4(1 − 𝜇)θ2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

 .          (2.14) 

Now, taking the absolute value of (2.14) and applying Lemma 1.1 for the coefficients 𝑝2 and 𝑞2, we obtain 

|𝑎2| ≤
𝜇Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)√Γ(𝜂 + 𝜃 + 𝜆 + 2)

√|
𝜇𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)Γ(𝜂)Γ(𝜆)

+2(1 − 𝜇)θ2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)
|

 

In order to find the bound on |𝑎3|, by subtracting (2.10) from (2.8), we get 
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2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
(𝑎3 − 𝑎2

2) = 𝜇(𝑝2 − 𝑞2) +
𝜇(𝜇 − 1)

2
(𝑝1

2 − 𝑞1
2).      (2.15) 

It follows from (2.11), (2.12) and (2.15) that 

𝑎3 =
𝜇2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)(𝑝1

2 + 𝑞1
2)

8(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2θ2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)(𝑝2 − 𝑞2)

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
 .                                                             (2.16) 

Taking the absolute value of (2.16) and applying Lemma 1.1 once again for the coefficients 𝑝1, 𝑝2, 𝑞1 and 𝑞2, we 
obtain 

|𝑎3| ≤
𝜇2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)

(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2θ2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
2Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
 , 

which completes the proof of Theorem 2.1. 

3. Coefficient Bounds for the Class 𝐖𝚺
𝐬𝐜(𝛂, 𝛃, 𝛈, 𝛌, 𝛉; 𝐯) 

Definition 3.1. A function 𝑓 ∈ 𝛴 given by (1.1) is said to be in the class 𝑊𝛴
𝑠𝑐(𝛼, 𝛽, 𝜂, 𝜆, 𝜃; 𝑣)  if it satisfies the 

following conditions: 

𝑅𝑒

{
  
 

  
 

2 [𝛼𝛽𝑧3 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′

+ 𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′

]

𝛼𝛽𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′′

+ (𝛼 − 𝛽)𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ) }
  
 

  
 

> 𝑣                  (3.1) 

 

and 

𝑅𝑒

{
  
 

  
 

2 [𝛼𝛽𝑤3 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′

+𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′

]

𝛼𝛽𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′′

+ (𝛼 − 𝛽)𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅) }
  
 

  
 

> 𝑣 ,          (3.2) 

where 

𝑧, 𝑤 ∈ 𝑈 , 0 ≤ 𝑣 < 1, 𝜂, 𝜆, 𝜃 > 0 and the function 𝑔 = 𝑓−1 is given by (1.2). 

Our second main result is asserted by Theorem 3.1 below. 

Theorem 3.1. Let 𝑓 ∈ 𝑊𝛴
𝑠𝑐(𝛼, 𝛽, 𝜂, 𝜆, 𝜃; 𝑣) (0 ≤ 𝑣 < 1, 𝜂, 𝜆, 𝜃 > 0) be given by (1.1). Then 

|𝑎2| ≤ √
2 (1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

|𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)|
                                         (3.3) 

and 
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|𝑎3| ≤
(1 − 𝑣)2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)

𝜃2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
2(1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
 .                                                                  (3.4) 

Proof. It results from (3.1) and (3.2) that there exist 𝑝, 𝑞 ∈ 𝒫 such that 

2 [𝛼𝛽𝑧3 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′′

+ 𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧))

′

]

𝛼𝛽𝑧2 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′′

+ (𝛼 − 𝛽)𝑧 (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑓(𝑧) − 𝔓𝜂,𝜆

𝜃 𝑓(−𝑧)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ )

= 𝑣 + (  1 − 𝑣)𝑝(𝑧)            (3.5) 

and 

2 [𝛼𝛽𝑤3 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′′

+ (𝛼 + 𝛽(2𝛼 − 1))𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′′

+ 𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤))

′

]

𝛼𝛽𝑤2 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′′

+ (𝛼 − 𝛽)𝑤 (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)
′

+(1 − 𝛼 + 𝛽) (𝔓𝜂,𝜆
𝜃 𝑔(𝑤) − 𝔓𝜂,𝜆

𝜃 𝑔(−�̅�)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

    = 𝑣 + (1 − 𝑣)𝑞(𝑤),       (3.6) 

where 𝑝(𝑧) and 𝑞(𝑤) get the forms (2.5) and (2.8), respectively. Equating coefficients (3.5) and (3.6) yields 

2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)θΓ(𝜂 + 𝜃)Γ(𝜆 + 1)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)
𝑎2 = (1 − 𝑣)𝑝1,                            (3.7) 

(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)𝜃(𝜃 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
𝑎3 = (1 − 𝑣)𝑝2,                  (3.8)  

−
2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)θΓ(𝜂 + 𝜃)Γ(𝜆 + 1)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 1)Γ(𝜂)Γ(𝜆)
𝑎2  = (1 − 𝑣)𝑞1                         (3.9) 

 and 

(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)𝜃(𝜃 + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
(2𝑎2

2 − 𝑎3) = (1 − 𝑣)𝑞2.         (3.10) 

From (3.7) and (3.9), we have 

𝑝1 = −𝑞1                                                                         (3.11) 

and 

8𝜃2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)
𝑎2
2 = (1 − 𝑣)2(𝑝1

2 + 𝑞1
2).                     (3.12) 

Adding (3.8) and (3.10), we obtain   

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
𝑎2
2 = (1 − 𝑣)(𝑝2 + 𝑞2).                     (3.13) 

Therefore, we obtain 

a2
2 =

(1 − v)μ(μ − 1)Γ(η + θ + λ + 2)Γ(η)Γ(λ)(p2 + q2)

2θ(θ + 1)(6αβ + 2(α − β) + 1)Γ(η + θ)Γ(λ + 2)Γ(η + λ)
 . 

Applying Lemma 1.1 for the coefficients 𝑝2 and 𝑞2, we have 
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|𝑎2| ≤ √
2 (1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

|𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)|
 . 

This gives the desired estimate for |𝑎2| as asserted in (3.3). 

In order to find the bound on |𝑎3|, by subtracting (3.10) from (3.8), we have 

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)

Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)
(𝑎3 − 𝑎2

2) = (1 − 𝑣)(𝑝2 − 𝑞2), 

or equivalently 

𝑎3 = 𝑎2
2 +

(1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)(𝑝2 − 𝑞2)

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
. 

Upon substituting the value of 𝑎2
2 from (3.12), it follows that 

𝑎3 =
(1 − 𝑣)2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)(𝑝1

2 + 𝑞1
2)

8𝜃2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
(1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)(𝑝2 − 𝑞2)

2𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
. 

Applying Lemma 1.1 once again for the coefficients 𝑝1, 𝑝2, 𝑞1 and 𝑞2 , we have 

|𝑎3| ≤
(1 − 𝑣)2Γ2(𝜂 + 𝜃 + 𝜆 + 1)Γ2(𝜂)Γ2(𝜆)

𝜃2(2𝛼𝛽 + 𝛼 − 𝛽 + 1)2Γ2(𝜂 + 𝜃)Γ2(𝜆 + 1)Γ2(𝜂 + 𝜆)

+
2(1 − 𝑣)Γ(𝜂 + 𝜃 + 𝜆 + 2)Γ(𝜂)Γ(𝜆)

𝜃(𝜃 + 1)(6𝛼𝛽 + 2(𝛼 − 𝛽) + 1)Γ(𝜂 + 𝜃)Γ(𝜆 + 2)Γ(𝜂 + 𝜆)
 , 

which completes the proof of Theorem 3.1. 
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