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A B S T R A C T 

Many articles studied best trigonometric approximation and many researchers worked on the 

neural network approximation, but no one related the best trigonometric approximation to 

neural network  approximation. We define trigonometric activation function, then we use it to 

obtain neural network, which we use it as a best approximation for functions in 𝐿𝑝 spaces for 

0 < 𝑝 < 1 . That what we shall introduce in our work have. 
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1. Introduction  

In [6, 7, 10, 13] studied best trigonometric approximation using continuous function. In [8, 9, 11] studied the 
approximation using many types of neural networks. No one relate the neural network to trigonometric polynomial 
approximation. That is what we do in our work have.  

Firstly, let us introduce some basic notations and defines that we need in our work. 

Begin with 𝑇∗ is the best approximation of 𝑓, where 𝑓: ℝ𝑛  → ℝ  

𝐼𝑛
∗  the degree of approximation of  𝑓 from 𝑌𝑛 is defined as 
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𝐼𝑛
∗ = 𝑖𝑛𝑓

𝑇∈𝑌𝑛

‖𝑓 − 𝑇‖∗  , 𝑛 = 1,2, . .. 

The norm of 𝑓 define as 

            ‖𝑓‖𝑝 =  (∫ |𝑓(𝑥)|𝑝 𝑑𝑥
𝜋

−𝜋

)

1

𝑝

=  (∫ ⋯ 
𝜋

−𝜋

∫  
𝜋

−𝜋

|𝑓(𝑥1, 𝑥2, ⋯ , 𝑥𝑚)|𝑝 𝑑𝑥1𝑑𝑥2 ⋯ 𝑑𝑥𝑚)

1

𝑝

. 

And 

𝐿𝑝
∗ [−𝜋, 𝜋] is the space of all 2𝜋 − 𝑝eriodic functions in 𝐿𝑝[−𝜋, 𝜋]. 

The class of all trigonometric polynomials of order at most 𝑛 denoted by 𝑌𝑛 . 

And  

𝐺𝑟 =  {𝑓: 𝑓(𝑟) ∈ 𝐿𝑝 [−𝜋, 𝜋] }, 𝑟 >  0 

‖𝑓‖𝜌
∗  =

‖𝑓(𝑟) (𝑥 + ℎ)  − 𝑓(𝑟) (𝑥) ‖
𝜌

ℎ𝛼
 

Where: 

𝜌 =  𝑟 +  𝛼 

𝑟 >  0 , 𝛼 ∈  (0,1)  

𝑓 ∈  𝐺𝑟. 

The class of all trigonometric polynomials in 𝑠 variables is denoted by 𝑌𝑛,𝑠,  and 

𝐼𝑛,𝑠
∗ (𝑓) = 𝑖𝑛𝑓

𝑇∈𝑌𝑛,𝑠

‖𝑓 − 𝑇‖𝑠
∗. 

And  

𝐶1
∗ (𝑓)  =  

1

2𝜋
 ∫ 𝑓(𝑡)𝑒−𝑖𝑘𝑡 

𝜋

−𝜋

𝑑𝑡.  

And  

𝐶1
∗ (∅)  =  

1

2𝜋
 ∫ ∅(𝑡)𝑒𝑖(𝑥−𝑡) 

𝜋

−𝜋

𝑑𝑡 . 

𝑤𝑛(𝑓, 𝑥) =
1

2𝜋
 ∫ 𝑓(𝑥 − 𝑡)  

𝜋

−𝜋

𝑑𝑡  𝑊𝑛
∗(𝑡)𝑑𝑡.  

𝑊𝑛
∗(𝑡)  =  

𝑠𝑖𝑛(𝑛𝑡/2) 𝑠𝑖𝑛(3𝑛𝑡/2)

𝑛 𝑠𝑖𝑛2(𝑡/2)
 

And 

𝐿𝑠
∗ [−𝜋, 𝜋]𝑠 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑝𝑎𝑐𝑒 𝑜𝑓 𝑎𝑙𝑙 2𝜋 − 𝑝eriodic functions in 𝐿𝑠[−𝜋, 𝜋] , when 𝑠 ≥ 1 . 

For 𝑓 ∈  𝐿𝑠
∗ [−𝜋, 𝜋]  and 𝑗 ∈  ℤ𝑠 ,  
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𝐶𝑗
∗ (𝑓)  =  

1

(2𝜋)𝑠
 ∫ 𝑓(𝑥)𝑒−𝑖𝑗.𝑥 

[−𝜋,𝜋]𝑠

𝑑𝑥, 

𝜋𝑁,𝑛,𝑠(∅, 𝑓, 𝑥) =  
1

(2𝑁 + 1)𝐶1
∗ (∅)

 ∑ ∑ 𝐶𝑗
∗(𝑓) 𝑒𝑥𝑝 (

2𝑖𝑘𝜋

2𝑁 + 1
)

−𝑛 ≤𝑗≤𝑛

2𝑁

𝑘=0

∅ (𝑗. 𝑥 −
2𝜋𝑘

2𝑁 + 1
) . 

The function π𝑁,𝑛,𝑠 (∅, 𝑓) ∈ 𝑆∅(2𝑁 + 1)(2𝑛 + 1)𝑠, 𝑓𝑜𝑟 𝑁, 𝑛 ≥  1 . 

The neural network here has 3-layers: input layer, hidden layer and output layer. 

In general, we can define the neural network mathematically as 

𝑆∅,𝑁,𝑠 (𝑥)  =  ∑ 𝑎𝑘 ∅ (𝑤𝑘 . 𝑥 + 𝑏𝑘),𝑁
𝑘=1  with  𝑎𝑘 , 𝑏𝑘  ∈  ℝ, 𝑤𝑘 ∈  ℝ𝑠, 1 ≤ 𝑘 ≤ 𝑁 

Where ∅ is the activation function and ∅ ∶  ℝ ⟶  ℝ  

Let us now recall example of activation function  

∅(𝑥)  =  (1 + 𝑒−𝑥)−1 [𝑡ℎ𝑒 𝑠𝑞𝑢𝑎𝑠ℎ𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛] 

We can define the sigmodal functions as 

∅(𝑥)  =  1, 𝑖𝑓 𝑥 ≥  0 

∅(𝑥)  =  0, 𝑜𝑡ℎ𝑒𝑟 𝑤𝑖𝑠𝑒. 

 We write 𝑒𝑘(𝑥)  =  exp(𝑖𝑘. 𝑥), 𝑘 ∈  ℤ𝑠  

The Parseval’s identity is  

‖𝑓‖𝐿2(−𝜋,𝜋)

2 =  ∫ |𝑓(𝑥)|2 𝑑𝑥 =  2𝜋 ∑ |𝐶𝑛|

∞

𝑛=−∞

 
[−𝜋,𝜋]

. 

Where 𝐶𝑛 is the Fourier coefficients of  𝑓 are given by  

𝐶𝑛 =  
1

2𝜋
 ∫ 𝑓(𝑥)𝑒−𝑖𝑛𝑥 

[−𝜋,𝜋]

𝑑𝑥.  

And a Whitney extension theorem in 𝐿𝑝 is define as: 

If 𝑘 is non-negative integer and 𝑘 <  𝛼 <  𝑘 +  1, 𝑓 ∈ 𝐿𝑝 (ℝ𝑛)   for which the norm  

‖𝑓‖𝑝  = ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

≤  𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

 
|𝑗|<𝑘

 .
|𝑗|<𝑘

  

Where 𝐷(𝑗) is the differentiable of functions. 

Lemma 1.1 

For 𝑓 ∈  𝐿𝑠
∗ [−𝜋, 𝜋], 𝑤𝑛

∗ is bounded operator  

𝑤𝑛
∗(𝑓, 𝑥)  =  

1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

𝜋

−𝜋

𝑑𝑡  𝑊𝑛
∗(𝑡)𝑑𝑡. 
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Proof 

 =  
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

sin(𝑛𝑡/2) sin(3𝑛𝑡/2)

𝑛 sin2(𝑡/2)
 𝑑𝑡        

𝜋

−𝜋

 

‖𝑤𝑛
∗(𝑓, 𝑥)‖𝑝  =  ‖

1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

𝑠𝑖𝑛(𝑛𝑡/2) 𝑠𝑖𝑛(3𝑛𝑡/2)

𝑛 𝑠𝑖𝑛2(𝑡/2)
 𝑑𝑡,

𝜋

−𝜋

 

                                  = (∫ |
1

2𝜋
∫ 𝑓(𝑥 − 𝑡)  

𝑠𝑖𝑛(𝑛𝑡/2) 𝑠𝑖𝑛(3𝑛𝑡/2)

𝑛 𝑠𝑖𝑛2(𝑡/2)
 𝑑𝑡

𝜋

−𝜋

|

𝑝

𝑑𝑥
𝜋

−𝜋

)

1

𝑝

. 

Since |sin
𝑛𝑡

2
| and |sin

3𝑛𝑡

2
| are bounded and sin

𝑡

2
 bounded below by 

2

𝜋
.

𝑡

2
. 

 Thus 

‖𝑤𝑛
∗(𝑓, 𝑥)‖𝑝 ≤ (∫ (

1

2𝑛
∫ |𝑓(𝑥 − 𝑡)|

𝜋

−𝜋

1

𝑛
2

𝜋

|𝑡|

2

𝑑𝑡)

𝑝

𝑑𝑥
𝜋

−𝜋

)

1

𝑝

 

                         =  (∫ (∫
1

2|𝑡|𝑛
|𝑓(𝑥 − 𝑡)|𝑑𝑡

𝜋

−𝜋

)𝑝𝑑𝑥
𝜋

−𝜋

)
1

𝑝              

                        ≤  (∫ (∫
1

2|𝑡|𝑛
|𝑓(𝑥)|𝑑𝑡

𝜋

−𝜋

)𝑝𝑑𝑥
𝜋

−𝜋

)
1

𝑝                      

                       ≤  (∫ (
2𝜋

𝑛 𝑙𝑛 𝜋
|𝑓(𝑥)|)𝑝𝑑𝑥

𝜋

−𝜋

)
1

𝑝                                

                    =
𝜋

𝑛 𝑙𝑛 𝜋
(∫ |𝑓(𝑥)|𝑝𝑑𝑥

𝜋

−𝜋

)
1

𝑝                                    

                   =
𝜋

𝑛 𝑙𝑛 𝜋
‖𝑓‖𝑝  ∎                                                     

Lemma 1.2 

𝐼2𝑛−1(𝑓)𝑝 ≤ ‖𝑓 − 𝑤𝑛
∗(𝑓)‖𝑝 ≤ 2𝑝−1𝐼𝑛(𝑓)𝑝 .                                                                                         (1) 

Proof: 

Using definition of 𝐼2𝑛−1(𝑓)𝑝, the first part of the pnality is clear, then the second part of (1) we have 

‖𝑓 − 𝑤𝑛
⃰ (𝑓)‖

𝑝
=  ‖(𝑓 − 𝑇) − 𝑤𝑛

⃰ (𝑓 − 𝑇)‖
𝑝

                                     

                         ≤ 2𝑝−1(‖𝑓 − 𝑇‖𝑝 + ‖𝑤𝑛
⃰ (𝑓 − 𝑇)‖

𝑝
)                    

                         ≤ 2𝑝−1(‖𝑓 − 𝑇‖𝑝 +
𝜋

2 𝑙𝑛 𝜋
‖(𝑓 − 𝑇)‖𝑝)               

≤ 𝜋2𝑝−1(‖𝑓 − 𝑇‖)                            

                    = 𝜋2𝑝−1𝐼𝑛(𝑓)𝑝  ∎             
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2. The Main Results 

In this section we will define trigonometric approximation and 2𝜋 − Periodic neural network approximation in 
𝐿𝑝[−𝜋, 𝜋]. 

Proposition 2.1. 

Let ∅ ∈ 𝐿𝑝
⃰ [−𝜋, 𝜋] and 𝐶1

⃰ (∅) ≠ 0 for any integer 𝑁 ≥ 1, 

‖𝑒𝑖 −
1

(2𝑁 + 1)𝐶1
⃰ (∅)

∑ 𝑒𝑥𝑝(
2𝑖𝑘𝜋

2𝑁 + 1
)∅(. −

2𝜋𝑘

2𝑁 + 1
)

2𝑁

𝑘=0
‖

𝑝

≤
𝜋2𝑝−1

|𝐶1
∗(∅)|

𝐼𝑛
∗(∅). 

 Proof: 

By the definition of 𝐶1
⃰ (∅), we get for 𝑥 ∈ [−𝜋, 𝜋],  

𝑒𝑖𝑥  =  
1

2𝜋𝐶1
⃰ (∅)

∫ ∅(𝑡)𝑒𝑖(𝑥−𝑡)𝑑𝑡
𝜋

−𝜋

   

 =  
1

2𝜋𝐶1
⃰ (∅)

∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡
𝜋

−𝜋

 .      

Now, for any 𝑁 ≥ 1,  

∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡
𝜋

−𝜋

 =  ∫ 𝑤𝑛
∗(∅, 𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡

𝜋

−𝜋

 .   

As a function of t, 𝑤𝑛
∗(∅, 𝑥 − 𝑡)𝑒𝑖𝑡 ∈ 𝑌2𝑛 , we evaluate the last integral by using 

1

𝑛 + 1
∑ 𝑇(

2𝜋

𝑛 + 1
)

2𝑁

𝑘=0
 =  

1

2𝜋
∫ 𝑇(𝑡)𝑑𝑡

𝜋

−𝜋

,    𝑇 ∈ 𝑌𝑛  

We get 

𝐶1
⃰ (∅)𝑒𝑖𝑥 =  

1

2𝜋
∫ ∅(𝑥 − 𝑡)𝑒𝑖𝑡𝑑𝑡

𝜋

−𝜋

                                                        

=  
1

2𝑁+1
∑ 𝑒𝑥𝑝(

2𝑖𝜋𝑘

2𝑁+
)2𝑁

𝑘=0 𝑤𝑛
∗((∅, (𝑥 −

2𝜋𝑘

2𝑁+1
)). 

Now, by using Lemma 1.1 and Lemma 1.2, we get 

‖𝑤 ⃰(𝑓)‖
𝑝

≤ 𝐶‖𝑓‖𝑝, 𝐼2𝑁−1
⃰ (𝑓) ≤ ‖𝑓 − 𝑤∗(𝑓)‖𝑝 ≤ 𝜋2𝑝−1𝐼𝑛

⃰ (𝑓)                    

 We obtain for all 𝑥 ∈ [−𝜋, 𝜋] 

‖
1

2𝑁 + 1
∑ 𝑒𝑥𝑝(

2𝑖𝑘𝜋

2𝑁 + 1
)𝑤𝑛

∗(∅, (𝑥 −
2𝑘𝜋

2𝑁 + 1
)) −

2𝑁

𝑘=0

1

2𝑁 + 1
∑ 𝑒𝑥𝑝(

2𝑖𝑘𝜋

2𝑁 + 1
)∅(𝑥 −

2𝑘𝜋

2𝑁 + 1
)

2𝑁

𝑘=0
‖

𝑝

≤ 𝜋2𝑝−1𝐼𝑛
⃰ (∅) ∎ 

Theorem 2.2 

Let 𝑠, 𝑛, 𝑁 ≥ 1 be integers and 𝑇 ∈ 𝑌𝑛,𝑠, then 

‖𝑇 − ∏𝑁,𝑛,𝑠(∅, 𝑇)‖
𝑠

⃰
≤

(2𝑛 + 1)
𝑠

2⁄ 𝐼𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑇‖𝑠
∗ .                           
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Proof: 

By proposition 2.1, we get for −𝑛 ≤ 𝑘 ≤ 𝑛, 

‖𝑒𝑘 − ∏𝑁,𝑛,𝑠(∅, 𝑒𝑘)‖
𝑠

⃰
≤

𝜋2𝑝−1𝐼𝑁
∗ (∅)

|𝐶1
∗(∅)|

                                                                                                          (2)    

We note that 

∏𝑁,𝑛,𝑠(∅, 𝑇)  =  ∑ 𝐶𝑘
∗(𝑇)

−𝑛≤𝑘≤𝑛
∏𝑁,𝑛,𝑠(∅, 𝑒𝑘)   

Hence, by (2) we get 

‖𝑇 − ∏𝑁,𝑛,𝑠(∅, 𝑇)‖
𝑠

⃰
≤

𝜋2𝑝−1𝐼𝑁
∗ (∅)

|𝐶1
∗(∅)|

∑ |𝐶𝑘
∗(𝑇)|

−𝑛≤𝑘≤𝑛
 .   

Now, we recall the personal identity, which states that 

(∑ |𝐶𝑘
∗(𝑇)|2

−𝑛≤𝑘≤𝑛
)

1
2⁄

= (
1

(2𝜋)𝑠
∫ |𝑇(𝑥)|2

[−𝜋,𝜋]𝑠

𝑑𝑥)
1

2⁄                  

Since 𝑇 is polynomial, so 

∑ |𝐶𝑘
∗(𝑇)|2

−𝑛≤𝑘≤𝑛
=  (

1

(2𝜋)𝑠
)

1
𝑝⁄ ( ∫ (|𝑇|𝑝𝑑𝑥)

1
𝑝⁄

[−𝜋,𝜋]𝑠

, 𝑝 < 𝑞  

And  

∑ (|𝑇|𝑞)
1

𝑞⁄

[−𝜋,𝜋]𝑠

< ∑ (|𝑇|𝑝)
1

𝑝⁄

[−𝜋,𝜋]𝑠

    

So, we obtain 

∑ |𝐶𝑘
∗(𝑇)|

−𝑛≤𝑘≤𝑛
≤ (2𝑛 + 1)

𝑠
𝑝⁄ {∑ |𝐶𝑘

⃰ (𝑇)|
𝑝

−𝑛≤𝑘≤𝑛
}

1
𝑝⁄

           

                                 =  (2𝑛 + 1)
𝑠

𝑝⁄ {
1

(2𝜋)𝑠
∫ |𝑇(𝑥)|𝑝

[−𝜋,𝜋]

𝑑𝑥}

1
𝑝⁄

  

≤ (2𝑛 + 1)
𝑠

𝑝⁄ ‖𝑇‖𝑠
⃰   ∎           

Theorem 2.3 

Let 𝐶𝑜 be a set of distinct points in [−𝜋, 𝜋]𝑠 and 𝑛 ≥ 1 be an integer such that  

𝑆𝑐𝑜
< 𝜋

(2 − 3𝑠+4𝑛)⁄  .                                              

And there exist numbers {ℎ𝜉}
𝜉∈𝐶𝑜

  

 where |ℎ𝜉| ≤ 𝑐𝑛−𝑠, 𝜉 ∈ 𝐶𝑜 then 𝑇𝑛,𝑠
∗   be defined by 

𝑇𝑛,𝑠
∗ (𝑓, 𝑥) = ∑ ℎ𝜉

𝜉∈𝐶𝑜

𝑓(𝜉)𝑊𝑛,𝑠
⃰ (𝑥 − 𝜉), 𝑓 ∈ 𝐿𝑠

∗                                                                                        (3) 
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And 𝑇𝑛,𝑠
∗ (𝑇) = 𝑇 for every 𝑇 ∈ 𝑌𝑛,𝑠. 

 Also, for 𝑓 ∈ 𝐶𝑠
⃰ , 𝑇𝑛,𝑠

∗ (𝑓) ∈ 𝑌2𝑛−1,𝑠 and we have 

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
≤ 𝐶‖𝑓‖𝑠

∗                                                                                                       (4) 

𝐼2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓−𝑇𝑛,𝑠

∗ (𝑓)‖
𝑠

∗
≤ 𝐶𝐼𝑛,𝑠

∗ (𝑓)                                                                                                     (5) 

Proof: 

𝑇𝑛,𝑠
∗ (𝑓) = ∑ ℎ𝜉

𝜉∈𝐶𝑜

𝑓(𝜉)𝑤𝑛,𝑠
⃰ (𝑥 − 𝜉) 

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝒑

𝒑
≤ ∑ ‖ℎ𝜉𝑓(𝜉)𝑤𝑛,𝑠

∗ (𝑥 − 𝜉)‖
𝑝𝜉∈𝐶𝑜

  .      

Let 𝑓(𝜉) = 𝑡 

= ∑ ‖
𝑠𝑖𝑛(

𝑛𝑥−1

2
) 𝑠𝑖𝑛(

3𝑛𝑥−𝜉

2
)

𝑛𝑠𝑖𝑛2(
1

2
)

ℎ𝜉𝑓(𝜉)‖

𝑝

.
𝜉∈𝐶𝑜

           

By using Lemma 1.1, we obtain 

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝒑

𝒑
≤ ∑

𝜋

𝑛 𝑙𝑛 𝜋𝜉∈𝐶𝑜

 ‖ ℎ𝜉𝑓(𝜉)‖
𝑝

 .                    

Let 

𝑥 − 𝜉 = 𝑦 

𝜉 = 𝑥 − 𝑦 

𝑑𝜉 = 𝑑𝑥 

Since ℎ𝜉 ≤
1

𝑛𝑠 , 𝑠 > 1, so 

 ‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶

𝜋

𝑛 𝑙𝑛 𝜋
‖𝑓‖𝑝 .     

Where 𝐶 is a positive constant.  

Using the same lines of Lemma 1.2, we get the Lemma 2.4: 

𝐼2𝑛−1,𝑠
∗ (𝑓) ≤ ‖𝑓 − 𝑇𝑛,𝑠

∗ (𝑓)‖
𝒔

∗
≤ 𝐶𝐼𝑛,𝑠

∗ (𝑓) . ∎ 

Lemma 2.4  

For 𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋], we have 𝑤𝑛

⃰ ∈ 𝑌2𝑛−1 and 

𝐼2𝑛−1
∗ (𝑓) ≤ ‖𝑓−𝑤𝑛

∗(𝑓)‖𝑝
∗    

        ≤ 𝐶𝐼𝑛
∗(𝑓).   

 



8 Eman S. Bhaya and Sara Saleh Mahdi , Journal of Al-Qadisiyah  for Computer Science and Mathematics Vol. 15(2) 2023 , pp  Math.   118–131

 

Proof: 

Since 𝑤𝑛
⃰ (𝑓) ∈ 𝑌2𝑛−1, it is clear that  

𝐼2𝑛−1
∗ (𝑓) ≤ ‖𝑓−𝑤𝑛

∗(𝑓)‖𝑝
∗  

If 𝑇 ∈ 𝑌𝑛 , then 𝑤𝑛
∗(𝑇) = 𝑇 and 

‖𝑓−𝑤𝑛
∗(𝑓)‖𝑝

∗ = ‖(𝑓−𝑇) − 𝑤𝑛
∗(𝑓 − 𝑇)‖𝑝

∗                          

                        ≤ ‖𝑓 − 𝑇∗‖𝑝
∗ + ‖𝑤𝑛

∗(𝑓 − 𝑇)‖𝑝
∗                  

≤ ‖𝐶(𝑓 − 𝑇)‖𝑝
∗    ∎                

Theorem 2.5 

Let ∅ ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝐶1

∗(∅) ≠ 0. Let 𝑠, 𝑛 ≥ 1, then for any 𝑓 ∈ 𝐿𝑝
∗ [−𝜋, 𝜋] and 𝑁 ≥ 1, we have 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

⃰
≤ 𝐶 {𝐼𝑛,𝑠

∗ (𝑓) +
𝑛(𝑠

2⁄ )𝐼𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑓‖𝑠
∗}  .               

Proof: 

By using Proposition 2.1 and Theorem 2.3 we get 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

⃰
≤ ‖𝑓−𝑇𝑛,𝑠

∗ (𝑓)‖
𝑠

∗
+ ‖𝑇𝑛,𝑠

∗ (𝑓) − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
     

By using Lemma 2.4: 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶𝐼𝑛,𝑠

∗ (𝑓) +
4(4𝑛 − 1)

𝑠
2⁄ 𝐼𝑁

∗ (∅)

|𝐶1
∗(∅)|

‖𝑇𝑛,𝑠
∗ (𝑓)‖

𝑠

∗
.     

By using Theorem 2.3, we get 

‖𝑓 − ∏𝑁,2𝑛−1,𝑠(∅, 𝑇𝑛,𝑠
∗ (𝑓)‖

𝑝
≤ 𝐶 {𝐼𝑛,𝑠

∗ (𝑓) +
𝑛(𝑠

2⁄ )𝐼𝑁
∗ (∅)

|𝐶1
∗(∅)|

‖𝑓‖𝑠
∗}  ∎  

Lemma 2.6 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1,  

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))−1 −
1

1 + 𝑒1−𝑥
                                       

Then  

‖𝛽(𝑥)‖𝑝 ≤
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥             ≠ 0                             

Proof: 

‖𝛽(𝑥)‖𝑝 = ‖𝑙𝑖𝑚
𝑅→∞

1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥‖

𝑝
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                   ≤ ∫ |
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥| 𝑑𝑥

𝐶

   .                                      

|𝛽(𝑥)| = |
1

2𝜋
∫(

1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥|                

  ≤
1

2𝜋
∫ |

1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

       

∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

= ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥 + ∫ |

1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

−1

−𝑅

  

= 𝐼1 + 𝐼2                                                             

𝐼1 = ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|

−1

−𝑅

𝑑𝑥                              

≤ ∫ (
1

2
+

1

2
)|𝑒𝑖𝑥|𝑑𝑥

−1

−𝑅

                                                            

= ∫ |𝑒𝑖𝑥|𝑑𝑥

−1

−𝑅

                                                                          

= ∫ |𝑐𝑜𝑠 𝑥 + 𝑖 𝑠𝑖𝑛 𝑥|𝑑𝑥

−1

−𝑅

                                                     

≤ ∫ √𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥𝑑𝑥

−1

−𝑅

                                                    

=  −1 + 𝑅 =  𝑅 − 1                                                           

𝐼2 = ∫ |
1

1 + 𝑒−(𝑥+1)
−

1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                 

≤ ∫(
1

2
+

1

2
)|𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                                              

= ∫|𝑒𝑖𝑥|𝑑𝑥

𝑅

−1

                                                                                          

= ∫|𝑐𝑜𝑠 𝑥 + 𝑖 𝑠𝑖𝑛 𝑥|𝑑𝑥

𝑅

−1

                                                                    

≤ ∫ √𝑐𝑜𝑠2𝑥 + 𝑠𝑖𝑛2𝑥𝑑𝑥

𝑅

−1

  =  𝑅 + 1                                               
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∫ |
1

1 + 𝑒−(𝑥+1) −
1

1 + 𝑒1−𝑥
| |𝑒𝑖𝑥|𝑑𝑥

𝑅

−𝑅

= 𝐼1 + 𝐼2                             

                                                                        ≤ 𝑅 − 1 + 𝑅 + 1 = 2𝑅   ∎    

Lemma 2.7 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1, 

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))−1 −
1

1 + 𝑒1−𝑥
    

Then  

𝑆[𝑠𝑞](𝑥) = ∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

     

Proof: 

Let 𝜖 > 0, then 

‖∑ 𝛽(𝑥 − 2𝜋𝑘) − ∑ 𝛽(𝑥 − 2𝜋𝑘)
|𝐾|≤𝐻𝐾∈ℤ

‖

𝑝

≤ 2 ‖∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

‖

𝑝

≤ 2    

Since ∑ 𝛽(𝑥 − 2𝜋𝑘)𝐾∈𝑍  is uniformly convergent series, so 

‖𝑆[𝑠𝑞] − ∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

‖

𝑝

≤ 𝜖  .    

For a given 𝜖 > 0. ∎ 

Example 2.8 

Let ∅(𝑥) = (1 + 𝑒−𝑥)−1,  

𝛽(𝑥) = (1 + 𝑒−(𝑥+1))−1 −
1

1 + 𝑒1−𝑥
     

Then 𝛽 is integrable. The Fourier transform of 𝛽 can be computed by Contour integration, which clear that  

𝛽(1) =
1

2𝜋
∫ 𝛽(𝑥)

𝑅

−𝑅

𝑒𝑖𝑥𝑑𝑥,             ≠ 0  

We construct a periodization of 𝛽 by 

𝑆[𝑠𝑞](𝑥) = ∑ 𝛽(𝑥 − 2𝜋𝑘)

𝐾∈ℤ

                                                                                                                (6) 

Since ‖𝛽(𝑥)‖𝑝 ≤ (𝑒 − 𝑒−1)𝑒−|𝑥|, for 𝑥 ∈ ℝ, the series in (6) converge uniformly in compact subsets of ℝ and the 
function 𝑆[𝑠𝑞] is clearly 2𝜋 −Periodic, one can compute easily that 𝐶1

∗(𝑆[𝑠𝑞]) = �̂�(1) ≠ 0. There exist 𝛼 > 0 such that:  

𝐼𝑁
∗ (𝑆[𝑠𝑞]) ≤ 𝑒−𝛼𝑁 ,         𝑁 = 1,2, . . . . ..   

Now, let 𝑓 ∈ 𝐿𝑝[−𝜋, 𝜋]𝑠, 𝑓: [−1,1]𝑠 → ℝ.  
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According to Whitney extension theorem, there exist an extension of 𝑓, 𝑔: [−4,4]𝑠 → ℝ, such that 

∑ ‖𝐷𝑗𝑔(𝑥)‖
𝑝

0≤𝑗≤𝑠

≤ 𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

.      

Now, let 𝛹 ∈ 𝐿𝑝[−𝜋, 𝜋]𝑠, such that 

 𝛹(𝑥) = {
1,                            𝑖𝑓 𝑥 ∈ [−1,1]𝑠

0,   𝑖𝑓 𝑥 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 [− 𝜋
2⁄ , 𝜋

2   ⁄ ]
𝑠     

Then, the function 𝛹𝑔 has the properties that 𝛹(𝑥)𝑔(𝑥) = 𝑓(𝑥), for 𝑥 ∈ [−1,1]𝑠 and 

∑ ‖𝐷𝑗(𝛹𝑔 )(𝑥)‖
𝑝

0≤𝑗≤𝑠

≤ 𝐶 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

   

Further, since 𝛹(𝑥)𝑔(𝑥) = 0 outside [− 𝜋
2⁄ , 𝜋

2   ⁄ ]
𝑠
, we may extend 𝛹𝑔 as a function on ℝ𝑆 that is 2𝜋 −Periodic in 

each of its variables. Denoting this extension by 𝑓∗, 𝑓∗(𝑥) = 𝑓(𝑥), 𝑥 ∈ [−1,1]𝑠 and  

∑‖𝐷𝑗
𝑠𝑓∗, ‖

�́�

∗
≤ 𝐶

𝑠

𝑗=1

∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

, 0 < �́�, 𝑝 < 1  

By using Theorem (2.5) and theorem [let 𝑟 ≥ 1 be an integer, for integer 𝑛 ≥ 1 and 𝑓 ∈ 𝐿𝑠
∗ , we have 𝐼𝑛,𝑠

∗ (𝑓) ≤
𝐶 ∑ ‖𝐷𝑗

𝑟𝑓 ‖
�́�

∗𝑠
𝑗=1 ]. 

And taking 

𝐸 =

(𝑟 + 𝑠)
2⁄

𝛼
𝑙𝑜𝑔 𝑛  

We obtain that 

‖𝑓(𝑥) − 𝛽𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠
∗ (𝑓∗)), 𝑥‖

𝑝
≤ ‖𝑓∗ − 𝛽𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠

∗ (𝑓∗))‖
�́́�

∗
     

                                                                          ≤ 𝐶(�́�) {𝐼𝑛,𝑠
∗ (𝑓∗) +

𝑛
𝑠

2⁄ 𝐼𝑁
∗ 𝑆[𝑠𝑞]

|𝐶1
∗(𝑆[𝑠𝑞])|

‖𝑓∗‖�́�
∗ }  

                                                                               ≤ 𝐶(�́�)(𝑛−𝑟 + 𝑛
𝑠

2⁄ 𝑒−𝛼𝑛) ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

 

≤ 𝐶𝑛−𝑠 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

                                                                                         (7) 

We observe that  

‖𝑆[𝑠𝑞](𝑥) − ∑ 𝛽(𝑥 − 2𝜋𝑘)
|𝐾|≥𝐻

‖

𝑃

≤ 𝐶𝑒−2∏(𝐻−|𝑥|), 𝑥 ∈ ℝ: 𝑓 

If we choose 𝐻 = 2𝑛 and replace each ocurrence of S[sq] (𝑗. 𝑥 −
(2𝜋𝑘)

(2𝑁 + 1)⁄ ) in ∏𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠
∗ (𝑓∗), 𝑥) by its 

partial sum, we get a network 𝑉(𝑓) having 𝑐𝑛𝑠+1 neurons.  
Using the proof of Theorem 2.2, we can proof that 

‖∏𝑁,2𝑛−1,𝑠(𝑆[𝑠𝑞], 𝑇𝑛,𝑠
∗ (𝑓∗), 𝑥) − 𝑉(𝑓, 𝑥)‖

𝑝
≤ 𝐶𝑛

𝑠
2⁄ 𝑒

�́�
𝑛⁄ ≤ 𝐶2𝑒−𝐶3𝑛        
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Thus, (7) leads to a network 𝑉(𝑓) with 𝑛𝑠+1 neurons such that: 

‖𝑓(𝑥) − 𝑉(𝑓, 𝑥)‖𝑝 ≤ 𝐶𝑛−𝑠 ∑ ‖𝐷𝑗𝑓(𝑥)‖
𝑝

0≤𝑗≤𝑠

 .  

3. Conclusions  

We define a new type of neural network such as trigonometric neural network. Then, we using it to approximate 
functions in 𝐿𝑝 quasi normed space for 0 < 𝑝 < 1. This paper shows that we relate the neural network to 
trigonometric polynomial approximation.  
This leads to that our approximation in this neural network is strong.  
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