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1. Introduction

Symmetric group S, has a representation group S,with a central Z = {—1,1} such thatS,/Z = S,.The
representations which do not have Z in their kernel are called the spin representations of S,, for more information,
see[1]. The spin characters ofS,, are labeled by the distinct parts of the partitions of n. If a = (ay,a,,...,,,) is
partition ofnandn —mis even, then there is one irreducible spin character denoted by (a)* which is self-
associate(double), and if n — m is odd, then there are two associate spin characters denoted by {(a) and {(a)' see[2].
The number of rows and columns in the decomposition matrix for the spin characters represent the quantity of
projective characters and (p, a)-regular classes, respectively.In this work, we identified the spin character
decomposition matrix forS,s modulo p = 7. The (r,7)-inducing (restricting) method is used to distribute the spin
characters into p -blocks[3][4]. Several people have contributed to this field of study and perform research on this
topic. [5, 6, 7, 8]. Before we declare any results, let's define certain notations and terminologies. "p.s." is the principal
spin character ("p.i.s." indecomposable), "m.s." is means modular spin character ("i.m.s." irreducible), "d;" is p.i.s. of
S5, "D;" is p.i.s. of S,,, and "(  )"°" is the number of i.m.s.

2. Preliminaries

Several significant findings were required for the investigation.

Theorem 2.1.[9] Any modular (ordinary) character of group G can be written as a linear combination, with non-
negative integer coefficients, of the irreducible modular (ordinary) characters of G .

Theorem  2.2.[1] The degree of the_ = spin character (a)=(ay,.., &) is (a)(1) =
2le=mr2l Gy /T () (H15i<jsm(ai —a;) /(i + aj))-

Theorem 2.3.[10] Given that b is the number of p-conjugate characters to the irreducible ordinary character y of G
and that B is an ablock of defect one, then:
1- There exists a positive integer number N such that the irreducible ordinary characters lying in the block B can
be partitioned into two disjoint classes:B;={y € B |bdegx = Nmodp®}, B,={y € B |bdegx = —Nmodp*“}
2- The block B's decomposition matrix has coefficients that are either 1 or 0.
Theorem 2.4.[11] Let G be a group of order |G| = m,p®, where (p,m,) = 0. If cis a principal character of sub
group H of G, then deg ¢ = 0 modp“.

3. Matrix of Decomposition for the Spin Characters

Decomposition matrix for S, of degree (213,141) it is decomposed in to blocks it consists of 12 blocks which B,
B,, are defect three, Bs, B,, Bs , B¢ are defect two, B, , Bg, By , By, are defect one, and By, , By, are defects zero.

Lemma 3.1. Decomposition matrix for the block B; of type double as shown in the Tables 1.

Table 1- Block B4

Spin characters Decomposition matrix
(25) 1

(21,4) 111

(20,4,1)" 111

(19,4,2)" 111

(18,7) 1)1 1

(18,6,1)" 211]1 111

(18,5,2)" 111 1|1

(18,4,3)" 1 1

(16,5,4)" 11111

(15,6,4)" 2 111 111

(14,11) 1 1 1
(14,7,4)" 412 2 2122
(14,6,4,1) 1|1 111
(14,54,2) 1 1
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(13,11,1)* 2 111 1 1
(13,8,4)" 4 121 111 11122 101
(13,7,4,1) 2|1 111121 111
(13,5,4,2,1)* 1 1
(12,11,2)* 2 1)1 1 1
(12,9,4)* 2 1|1 1111 101 111
(12,7,4,2) 1 1]1 1(1 11
(12,6,4,2,1)* 1]1 1 1
(11,10,4)* 1 1 11
(11,9,5)* 1)1 1 1 1
(11,8,6)" 2121 2| 2 1 1|2
(11,7,6,1) 2|1 111 1(1]1 1(1]1
(11,7,5,2) 2 211 1({1|1(1|1|1|1|1(1]1
(11,7,4,3) 11111 1
(11,6,5,2,1)* 211 1 1 1 1
(11,6,4,3,1)* 1 111
(11,5,4,3,2)* 1 1
(9,7,5,4) 2 2 1 1 1(2(|1]1
(9,6,5,4,1)* 2 212111
(8,7,6,4) 1 1 1
(8,6,5,4,2)* 21211
(7,6,5,4,2,1) 1

dl dZ d3 d4— dS d6 d7 d8 d9 le dll d12 d13 d14 dlS d16 d17 d18 d19 d20 d21 d22

Proof: By using (4,4)-inducing of p.i.s. method on D,5 in S,s we have

D, 144 5,

= (24) +(21,3)* + (17,7)" +(17,6,1) + (17,6,1)' + (15,6,3) + (15,6,3)' + (14,10)* +

2(14,7,3) + 2(14,7,3)" + (13,10,1) + (13,10,1)' + 2(13,8,3) + 2(13,8,3)' + 2(13,7,3,1)* +
(12,10,2) + (12,10,2)" 4+ (12,9,3) + (12,9,3)" + (10,8,6) + (10,8,6)" + 2(10,7,6,1)* +
2(10,7,5,2)* 4 2(9,7,5,3)* +14% 5,
= (25)" +(21,4) + (21,4)' + (18,7) + (18,7) + 2(18,6,1)" + 2(15,6,4)* + (14,11) + (14,11)’
+4(14,7,4) + 2(13,11,1)* + 4(13,8,4)* + 2(13,7,4,1) + 2(13,7,4,1)' + 2(12,11,2)* +

2(12,9,4)" + 2(11,8,6)" + 2(11,7,6,1) + 2(11,7,6,1)' + 2(11,7,5,2) + 2(11,7,5,2)' +

2(9,7,54) + 2(9,7,54)

=d,

similarly, using (r, 7)-inducing of p.i.s. D, Ds, Ds,..., D45 0f S5, to S, we get on d,, d, dy,..., d,,, respectively.

Case 1:ds ¢ d,. To prove this, suppose the opposite.
(dy —ds) L10) S24 = ((25)" +(21,4) +(21,4) +(18,6,1)" + (15,6,4)" + 2(14,7,4)" + (13,11,1)" + 3(13,8,4)" +
2(13,7,4,1) + 2(13,7,4,1)" + 2(12,11,2)" + 2(12,9,4)* + 2(11,8,6)* + 2(11,7,6,1) + 2(11,7,6,1)' + 2(11,7,5,2) +

2(11,7,5,2)" + 2(9,7,5,4) + 2(9,7,5,4)") L(1,0) S24 = 2(20,4)" + (18,6)" + 3(14,6,4) + 3(14,6,4)' + (13,11)" +
7(13,7,4) + 7(13,7,4) + 4(13,6,4,1)* + 4(11,7,6) + 4(11,7,6)' + 4(11,6,5,2)* + 4(9,6,5,4)" = 2Dy; — Dgg + 4Dgq +
2Dy, is not p.s. for S,,( controduction with Theorem 2.1) then ds & d;. On (7, @)-regular classes we have:

O ON U N

(21,4) = (21,4)

(18,7) = (18,7)’
(14,11) = (14,11)
(14,6,4,1) = (14,6,4,1)’

(14,5,4,2) = (14,5,4,2)’
(13,7,4,1) = (13,7,4,1)’
(12,7,4,2) = (12,7,4,2)
(11,7,6,1) = (11,7,6,1)’
(11,7,5,2) = (11,7,5,2)’

. {(11,7,4,3) = (11,7,4,3)
. (9,7,5,4) = (9,7,5,4)
. (8,7,6,4) = (8,7,6,4)'
. (7,6,54,2,1) = (7,6,5,4,2,1)'
. {18,5,2)" =(18,4,3)" + (18,6,1)" — (18,7) + (25)"
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15.
16.
17.
18.

19.
20.

21.

22.

23.
24,

25.

26.
27.

Since the

2(14,6,4,1) = 2(14,5,4,2) + (14,7,4)" — 2(14,11) — (21,4)

(13,7,4,1) = (13,5,4,2,1)* + (13,8,4)* — (13,11,1)* — (20,4,1)*

(12,7,4,2) = (12,6,4,2,1)* + (12,9,4)* — (12,11,2)* — (19,4,2)"

(12,9,4) = (11,10,4)* + (13,8,4)* — (14,7,4)* + (15,6,4)" —(16,5,4)* + (18,4,3)* — (19,4,2)* + (20,4,1)* —
(21,4)* + (25)*

(11,8,6)" = 2(7,6,5,4,2,1) + (11,9,5)* — (11,10,4)* + (12,11,2)* — (13,11,1)* + (14,11) + 2(21,4) — (25)"
2(11,7,6,1) = 2(11,5,4,3,2)" + (11,8,6)" + (11,9,5)* — (12,9,4)" + (12,11,2)" + 2(13,8,4)" — 2(14,7,4)" —
2(15,6,4)" +(16,5,4)" —(18,5,2)* — 2(18,6,1)* + (18,7) + (19,4,2)" — 5(25)*

(11,5,4,3,2)" =(8,7,6,4) —(11,9,5)" + (12,9,4)" — (13,11,1)* —(14,5,4,2) + (14,11) — (18,4,3)* +
(18,5,2)" — (20,4,1)* +(21,4)

(8,6,5,4,2)" = 2(7,6,5,4,2,1) + (8,7,6,4) + (11,9,5)" — (12,9,4)" + (12,11,2)* — (13,11,1)" + (14,11) +
(16,5,4)° — (18,4,3)* +(19,4,2)* — (20,4,1)* + (21,4)

(11,7,5,2) = (11,7,4,3) + (11,7,6,1) + (14,11) — (18,7)

(11,7,4,3) = (11,6,5,2,1)* — (7,6,5,4,2,1) + (12,9,4)* — (13,7,4,1) — (13,11,1)* + (14,6,4,1) + (14,11) —
(16,5,4)* + (18,6,1)* — (18,7) — (19,4,2)* — (20,4,1)* + (21,4) — (25)*

(11,6,5,2,1)* = (11,6,4,3,1)* +(7,6,5,4,2,1) — (8,7,6,4) + (11,9,5)* — (12,9,4)* + (12,11,2)* + (13,7,4,1) —
(13,8,4)" + 2(13,11,1)* — (14,6,4,1) + (14,11) + (15,6,4)* — (16,5,4) + (18,4,3)* — (18,6,1)* — (18,7) —
(19,4,2)" + 2(20,4,1)* — (21,4) — (25)"

(9,7,5,4) = (9,6,5,4,1)" +(12,9,4)* — (11,9,5)* — (16,5,4)"

(11,6,4,3,1)* =(9,6,5,4,1,)* —(11,8,6)* — (11,9,5)" + (12,6,4,2,1)" + (12,9,4)* —(12,11,2)* —
(13,5,4,2,1)" + 3(13,8,4)" — (13,11,1)* — (14,7,4)" — 3(16,5,4)" + 3(18,4,3)" + 2(18,6,1)* — (18,7) —
4(19,4,2)" — (21,4) — 2(25)"

number of i.m.s is equal or fewer than the number of spin characters, Table 1 can only have a maximum of

49 columns. However, Table 1 only has a maximum of 22 columns because it has 27 equations that correspond to
the spin characters of S5 in B;. And because d; — d; is not p.s. to 5;5V1 < i <j < 22, and dy, d;, - dy; are linearly
independent. So we get Table 1.

Lemma 3.2. The decomposition matrix for the block B; of type associate as shown in Table 2.

Table 2- Block B3

spin characters Decomposition matrix
(23,2) 1
(23,2)' 1
(16,9) 1 1
(16,9) 1 1
(16,7,2)* 2|12 ]11]1]1]1
(16,6,2,1) 1 1
(16,6,2,1)' 1 1
(16,4,3,2) 1
(16,4,3,2)' 1
(14,9,2)* 2|12 ]11]1]1]1 111
(13,9,2,1) 111 1 1 1 1
(13,9,2,1) 111 1 1 1 1
(11,9,3,2) 1 1 1
(11,9,3,2) 1 1 1
(10,9,4,2) 1 1 1
(10,9,4,2)' 1 1 1
(9,8,6,2) 111 111 1 1]1
(9,8,6,2)' 111 111 1 1]11]1
(9,7,6,2,1)° 111 11111
(9,7,4,3,2) 11111
(9,6,4,3,2,1) 1
(9,6,4,3,2,1) 1
de7 |des | deo |d70 |71 [d72 | d73 | dys | d7s | dye | d77 | d7g |d7g | dgo |dey | dsy [des | dsa

Proof: By used (r, T)-inducing of p.i.s. D4g, Dsg, D103, D104> Dags D10s» D1oe» Deo» Dag» Dear D1o7, D19gOf Su4to S,s, then

we get on

k1;k2;d71;d72;k3; d75, d76' k4. ks. ke,d83,d84, respectively.
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Case 2:k, ¢ k, . To prove this, suppose the opposite.
(k1 — k2) L(26) S2a

= ((23,2) +(23,2) + 2(16,7,2)" + 2(14,9,2)* + 2(13,9,2,1) + 2(13,9,2,1)' + 2(9,8,6,2)

+ 2(9,8,6,2),) J’(Z,G) 524 = 2D45 - 2D50
is not p.s. for S,, (controduction with Theorem 2.1) then k, & k,The similar approach, we demonstrate that ks &
k4, since (ky — ks) L(62) Saa = 2Dsg — 2Dy, is not p.s. Since (16,9) # (16,9)' thenk, is split to dg7, dgg or k is split to
dgo, dq is split. If k, split. But (23,2) # (23,2)' then k, also split. If k, is split and from (7, @)-regular classes,

(16,9) — (23,2) # (16,9) —(23,2)’ (1)
then k, must split, so in both cases k4, k, are splits. Since (11,9,3,2) # (11,9,3,2)' then k; is split to d,,, d,g or k, is
split to d,3, dy,. If k, is split. But (16,4,3,2) # (16,4,3,2)" so k5 also split. If k5 is split and from (7, )-regular classes

(11,9,3,2) — (16,4,3,2) # (11,9,3,2) — (16,4,3,2)’ (2)
then k, split to d;, d;g, 0, in both cases we get k5, k, are splits.ks splits to d;q, dgq because (11,9,3,2) # (11,9,3,2)’,
or there are two columns,Y;,Y,. Since (11,9,3,2)  S,, = (10,9,3,2)*" + (11,8,3,2)*® +(11,9,3,1)*” has 16 of i.m.s
then we have x; € {0,1, ...,13}, using the same method we got on x4 € {0,1, ...,5}, x5 € {0,1,--+,7},x5, x4 € {0,1,---,12},
x5 €{0,1,-+,32}. Take x; € {1, ...,13} (if x;, = 0 we have contradiction), so that:

Y, = x,(11,9,3,2) + x,(10,9,4,2) + x5(9,8,6,2) + x,(9,7,6,2,1)" + x5(9,7,4,3,2)* + x£(9,6,4,3,2,1),

Y, = x,(11,9,3,2) + x,(10,9,4,2)' + x5(9,8,6,2) + x,(9,7,6,2,1)* + x5(9,7,4,3,2)* + x4(9,6,4,3,2,1)".
To find decomposition matrix we must discuss all probabilities such that the degree Y;,Y, = 0 mod73, that's difficult,
so we do the algorithm by maple program in appendix to help us and we find it are equal 50836 probabilities,
therefore, we aim to limit the number of possibilities. Since inducing m.s. is m.s. we have:

7/,4,3,2) —(8,7,6,2,1) + '9, ’ encexs = x
((8,7,4,3,2) — (8,7,6,2,1) + (14,9,1)") 1?9 §5,.h s> X, (3)
((8,7,6,2,1) — (8,7,4,3,1) + (9,8,4,3)") 1?0 S, hencex, > x5, - X, = X5 (4)
((9,6,4,3,2) + (9,6,4,3,2) —(9,7,6,2)* + (13,9,2) + (13,9,2)") 1@ 5, hence 2x¢ + x5 = x3 (5)
((9,7,6,2)* — (9,6,4,3,2) — (9,6,4,3,2)") 10D S, hencexs > 2x4 + x5, X3 = 2Xg + Xs (6)
((10,8,4,2)" — (11,8,3,2)* + (15,4,3,2)") 129 S, hencex, > x; (7)
((8,7,4,3,2) — (8,6,4,3,2,1)" + (9,8,7)) 16 S, hencexs > x, (8)
((9,7,4,3,1) +(9,7,5,2,1) — (9,8,6,1)* + (13,8,2,1)*) 1®) 5, hence 2x, = x; 9)
((9,8,6,1)" — (8,7,4,3,2) — (8,7,6,2,1) + (9,8,4,3)*) 1OV S, hencex; > 2x,, ~ x3 = 2x, (10)

then we get degreeY;,Y, = 0mod73only whenY; +Y, = m(d,q + dgo), m € {1,2,...,12} Which is originally a
division of ks to d,q and dg,. kg splits to dg;, dg, because (10,9,4,2) # (10,9,4,2)’, or there are two columns, Y;, ¥;, by
using the same method we got:

Y, = x,(10,9,4,2) + x5(9,8,6,2) + x,(9,7,6,2,1)" + x5(9,7,4,3,2)" + x4(9,6,4,3,2,1),

Y, = %,(10,9,4,2)" + x5(9,8,6,2)" + x,(9,7,6,2,1)" + x5(9,7,4,3,2)" + x£(9,6,4,3,2,1)".
then all probabilities such that the degreeY;,Y, = 0 mod73equal to 5042, so we aim to limit the number of
possibilities. Since inducing m.s. is m.s. we have:

((9,8,5,2)* — (10,8,4,2)* +(11,8,3,2)*) 1?® S, hencex; > x, (11)

((8,7,4,3,2) — (8,7,6,2,1) + (14,9,1)) 1?9 S, hencexs > x, (12)

((8,7,6,2,1) — (8,7,4,3,1) + (9,8,4,3)*) 1?9 S, hencex, > x5 = x, = Xs (13)
((9,7,5,2,1) — (10,9,4,1)* + (11,8,3,2)) 10 S, hencex, > x, (14)

((9,6,4,3,2) + (9,6,4,3,2)" —(9,7,6,2)* + (13,9,2) + (13,9,2)") 1OV S, hence 2x4 + x5 = x3 (15)
((9,7,6,2)* — (9,6,4,3,2) — (9,6,4,3,2)") TOD S, hencexs > 2x¢ + x5 = X3 = 2Xg + Xs (16)

then we get degree ¥;,Y, = 0 mod73only when Y; + Y, = m(dg; + dg,), m € {1,2,...,7} Which is originally a division
of k¢ to dg; and dg,. Based on the above, we get Table 2.

Lemma 3.3. Decomposition matrix for the block B, of type double as shown in the Tables 3.

Table 3- Block B,

Spin characters Decomposition matrix
(22,2,1)* 1
(16,8,1)* 1 1
(15,9,1)* 1 1
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(15,8,2)" 1] 1] 1] 1

(15,7,2,1) 1] 1

(15,4,3,2,1)" 1

(14,8,2,1) 1 1 1| 1] 1

(11,8,3,2,1)" 1] 1] 1

(10,8,4,2,1)" 1] 1] 1

(9,8,5,2,1)" 2 1 1| 2

(9,8,7,1) 1 1 1 1

(9,8,4,3,1)" 1] 1

(8,7,4,3,2,1) 1
dgs | dge | dg7 | dgg | dgo | dog | doy | dop | dos

Proof: By using (0,1)-inducing of p.i.s. D47, D112, Dsg, Dsa, Dsz, Dsg, D1, Dgg, Dgs Of Sp4 t0 Sy we get on dgs, dgg, -

do3, respectively.

Case 3:dy; & do, . To prove this, suppose the opposite.
(dgg — do1) Y(0,1) S24 = D57 — D, is not p.s. for S,,( controduction with Theorem 2.1) then dg; & dyy, also there are
8 of (7, @)-regular classes then Table 3 only has a maximum of 9 columns because it has 8 equations that correspond
to the spin characters of Sysin B,. And because d; — d;is not p.s. to S;sV1 < i <j <9, and dgs, dgg, - do3 are

linearly independent.

Lemma 3.4. The decomposition matrix for the block By of type associate as shown in the Tables 4.

Table 4- Block B

Spin characters

Decomposition matrix

(20,5)

(20,5)'

(19,6)

(19,6)'

(14;6’5)*

(13,12)

(13,12)'

(13,7,5)"

(13,6,5,1)

(13,6,5,1)'

<13;5’4;3>

(13,54,3)’

(12,7,6)

(12,6,5,2)

(12:6’5:2>’

(12,6,4,3)

(12,6,4,3)'

(11,6,5,3)

(11,6,5,3)'

<10:6’5:4>

1

(10:6’5:4>’

[EEN SRR U N

(SR SR U YN

1

SN

(7,6,54,3)

1

1

dos

d95 d96 d97

d98

d99

d100

d101 d102 d103 d104 d105

d106

d107

d108

d109

d110

d111

Proof: By using (r,T)-inducing Dg;, Deg, D114, D115, D70, Dos, D72, D74, D73, D121 of p.is. of S5, to S, we get on kq, k5,
dog, dgo, k3, ky,..., kg, respectively.

Case 4: kg & k5 . To prove this, suppose the opposite.
(k3 - kg) J’(Z,G) 524_ = (2(12,7,6)* + (12,6,5,2) + (12,6,5,2), + <10,6,5,4) + <10,6,5,4’), + 2(7,6,5,4,3)*) l(zrﬁ) 524, =

2(11,7,6) + 2(11,7,6)’ + 2(11,6,5,2) + 2(12,6,4,2)* + 2(9,6,5,4)" + 2(7,6,5,4,2) + 2(7,6,5,4,2) = 2D,5 — 2D, +
2D, is not p.s. for S,,( controduction with Theorem 2.1) then kg & k;The similar approach, we demonstrate that
kg & k3, since (k3 — kg) d(44) S2a = 2Dy + 4Dy3 — 2D75 is not p.s. Since (10,6,5,4) # (10,6,5,4)" so k; split to,
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d100, d101 OT kg is split to dqq9, di11. If kg is split. But (13,12) # (13,12)' thenk; split. If k5 is split and from (7, a)-
regular classes,

(10,6,5,4) — 2(13,12) + 2(19,6) # (10,6,5,4) — 2(13,12)" + 2(19,6)’ (17)
then kg split, so we get k; and kg are splits. Since (12,6,5,2) # (12,6,5,2) so k,is split to dyg,, d1g30r kg split to,
d106 d197- If k4 is split. But (11,6,5,2) # (11,6,5,2)" then kg split. If k¢ is split and from (7, @)-regular classes,

(12,6,5,2) — (11,6,5,3) + (10,6,5,4) # (12,6,5,2)' — (11,6,5,3)' + (10,6,5,4)’ (18)
then k, split, so we getk, and k4 are splits. Since (12,6,4,3) # (12,6,4,3)' so kg split to, dyg4, d1g5 OT k5 is split to
d10s, d109- If k; split. But (13,5,4,3) # (13,5,4,3)" then ks also split. If kg splitand from (7, @)-regular classes,

(12,6,4,3) — (13,5,4,1) # (12,6,4,3)' —(13,54,1)’ (19)

then k, must split So in both cases we get ks and k; are splits. Since (19,6) # (19,6)' so k; is splitto, dg4, dgs Or k5 is
split to dgg, do; is split. If k,, split. But (20,5) # (20,5) then k; split. If k; split and from (7, @)-regular classes,

(19,6) — (20,5) # (19,6)' — (20,5)’ (20)
Then k, must split, so in both cases we get k; and k, are splits. Based on the above, we get Table 4.

Lemma 3.5. Decomposition matrix for the block B, of type double as shown in the Tables 5.

Table 7- Block By

Spin characters Decomposition matrix
(20,3,2)" 1
(17,6,2)" 1 1
(16,6,3)" 1 1
(14,6,3,2) 1 1
(13,10,2)* 1 1
(13,9,3)* 1 1 1 1 1
(13,7,3,2) 1 1 1 1
(13,6,3,2,1)* 1 1
(10,9,6)* 1 1 1
(10,7,6,2) 1 1 1 1 1
(10,6,4,3,2)" 1 1
(9,7,6,3) 1 1 1
(9,6,5,3,2) 2 1
di1p | dy1z | dyga | digs | dise | dia7 | diag | diig | digg

Proof: Using (r, F)-inducing of p.i.s. D;, Dy, Dy7, Dy3, Dys, Dyy, Dag, D73, Dys 0f S5, to Sys we get on dyqz, di13,- d120s
respectively, and since there are 8 of (7, @)-regular classes then Table 5 only has a maximum of 9 columns because it
has 8 equations that correspond to the spin characters of S,5 in B, and d; — d; is not p.s. to S,5¥V1 < i <j < 9. and
dq12,d113, -+ d1y0 are linearly independent.

Lemma 3.6. The decomposition matrix for the block B, is

Table 6- Block B,

Spin characters Decomposition matrix
(19,5,1)* 1
(12,8,5)" 1 1
(12,7,5,1) 1 1
(12,54,3,1) 1
di2 di2; di23

Proof: Since

e degree {(12,8,5)%,(12,5,4,3,1)*} = 294 mod73
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e degree {(19,5,1)%,(12,7,5,1) + (12,7,5,1)'} = —294 mod73
Using (3,5)-inducing of p.i.s. D,g, Dg(, Dg, for S,, to S,5, also there 2 (7, )-regular classes, then the matrix contains
at most 3 columns since there are two equations corresponding the spin characters of S, in B, we get Table 6.

Lemma 3.7. The decomposition matrix for the block Bg is Table 7.

Table 7- Block Bg

Spin characters| Decomposition matrix
(18,4,2,1) 1
(18,4,2,1)' 1
(11,94,1) 1 1
(11,94,1) 1 1
(11,8,4,2) 1 1
(11,8,4,2)' 1 1
(11,7,4,2,1)* 1 1
di24 | dizs | dige | di27 | dizg | dizo

Proof: When we induce Dy;, Dyg, Dgg, D19, D55 for S,, through S,5, we get on dy,4, d135, k1, k,, ks respectively. Since
Bg of defect one and (11,8,4,2) # (11,8,4,2)' then frome (Theorem 2.3) k; must splite to d;,g, d129

Case 5:d;,3 C k, . To prove this, suppose the opposite, , in this state we have

((11,8,4,2) — (11,9,4,1)' +(18,4,2,1)") ism.s to S,5, but ((11,8,4,2) —(11,9,4,1)" + (18,4,2,1)') 1(01) S24 = (11,7,4,2)
—(11,9,4) +(18,4,2)" in not i.m.s to S,,, then d,,g € k,. When d,,g is subtracted from k,, then d,,4 is subtracted
from k, Since d,,g and d;,¢ are associate columns. Put k, — dy,5 = dy57, k1 — d129 = d;,6. then we get Table 7.

Lemma 3.8. The decomposition matrix for the block By is

Table 8- Block By

Spin characters Decomposition matrix
(17,5,3)* 1
(12,10,3)* 1 1
(10,7,5,3) 1 1
(10,6,5,3,1)* 1
di30 diz di3;

Proof: Since
e degree {(17,5,3)%,(10,7,5,3) + (10,7,5,3)'} = 294 mod7?
e degree {(12,10,3)*,(10,6,5,3,1)*} = —294 mod7?
Using (3,5)-inducing of p.i.s. D5, D, D,4 for S,, to S5, also there (7, @)-regular classes then the matrix contains at
most 5 columns since there are two equations corresponding to the spin characters of S,5 in By, we get Table 8.
Lemma 3.9. The decomposition matrix for the block B, is Table 9.

Table 9' Block BIO

Spin characters| Decomposition matrix
(15,54,1) 1
(15,54,1)' 1
(12,8,4,1) 1 1
(12,8,4,1)' 1 1
(11,8,5,1) 1 1
(11,8,5,1) 1 1
(8,7,54,1) 1 1
di33 | dyza | dizs | di3e | di37 | dizg

Proof: When we induce D,g, D;9, D¢, D77, Dy, of p..s. for S,, through S,s, we get on d;33, i34, d135,d136,and k =
(11,8,5,1) + (11,8,5,1)' + 2(8,7,5,4,1)* respectively. Since B, of defect one so that frome (Theorem 2.3) k must
splite to d;37, d;3g. Then we get Table 9.

Theorem 3.10. The decomposition matrix for the block B, of type associate in Table 10.
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Table 10- Block B,

Spin
characters

Decomposition matrix

(24,1)

(24,1)

(22,3)

(22,3Y

(21,3,1)

(19,3,2,1)

(19,3,2,1)

(17,8)

(17,8)

(17,7,1)"

(17,5,2,1)

(17,5.2,1)'

(17,43,1)

(17,4,3,1)

(16,5,3,1)

(16,5,3,1)’

(15,10)

(15,10)'

(15,7,3)"

(15,6,3,1)

(15,6,3,1)'

(15,5,3,2)

(15,5,3,2)'

(14,10,1)"

(14,8,3)"

(14,7,3,1)

(14,7,3,1)'

=N

=N
[
[uny

(14,53,2,1)"

(13,83,1)

=
=

NI
=

(13,8,3,1)'

==

I
NI

(12,10,2,1)

(12,10,2,1)’

(12,9,3,1)

(12,9,3,1)

NI
NI

(12,8,3,2)

(12,8,3,2)'

[E=N
[e=y

(12,7,3,2,1)"

(11,10,3,1)

(11,10,3,1)

(10,9,5,1)

(10,9,5,1)'

(10,8,7)"

(10,8,6,1)

(10,8,6,1)'

(10,8,5,2)

NI
[

===

(10,8,5,2)'

NG
NG

NI

NI

NI
S =Y I

NI
SIS I

NI

SN
-

(10,8,4,3)

(10,8,4,3)’

(10,7,5,2,1)"

(10,7,4,3,1)

[u=y
[uny

(10,5,4,3,2,1)

[uny

10,5,4,3,2,1)'

(9.8,5,3)

(9,8,5,3)'

=

=

=

(9,7,5,3,1)"

N

(8,7,6,3,1)"

NI
SIS I

(8,7,5,3,2)

NI

NI
—_

(8,6,53,2,1)

N
NI

(8,6,53,2,1)'

===

ST

d26

d27|d27

d28

d29 d30

d31 d32

d33 d34

d35

d36d37

d38 d39

dao/dar|das

d43 d44

d45 d46

Cl47 d48

d49 dSO

d51 dSZ

Cl53 d54

dSS Cl56

ds;

d58 d59

d60

d61

d62 d63

dsaldss

dss
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Proof: Using (r,7)-inducing of p.i.s. Dys, D3, Dy, Dg, D7, Dg, Dsg, D11, D12, D13, D14, D199, D19, Dsa, D3, Dos, Dog, Ds, Dy,
D3, D110, Dso» D63, D35, D111, D39, Dy, Dapy Daz,0f Spzto Sp4 we get onk;, k2‘d.27‘d28‘d29' d30, k3,d33, d34, d35, d3g, ks,
ks, ke, ky, kg,dys, dae, ks,dao, dso, Ko, K10, k11, K12, K13, k14, de3, e, ki, Tespectively.

Case 6:k,- C k, . To prove this, suppose the opposite, , in this state we have

((9,7,5,3,1)* +(10,7,4,3,1)* — (10,7,5,2,1)* + (10,9,5,1) + (10,9,5,1)" + (15,7,3)* — (19,3,2,1) — (19,3,2,1)' — (22,3) —
(22,3) — (24,1) — (24,1)") is m.s to S,s, but (((9,7,5,3,1)* +(10,7,4,3,1)* — (10,7,5,2,1)* + (10,9,5,1) + (10,9,5,1)' +
(15,7,3)" —(19,3,2,1) — (19,3,2,1)' — (22,3) — {22,3)’ — (24,1) — (24,1)")) L(26) Sz4 is NOt i.M.s t0 S,450 that ky5 C k.
Put k, — k;5 = c. All im.s. are associated in block B;, and since (15,5,3,2) # (15,5,3,2)’, so k, split to, d5,, dsg or k- is
split to d,3, d4,is split. If k; is split. But (12,8,3,2) # (12,8,3,2) then k, also split. If k, is split and from (7, )-regular
classes,

(15,5,3,2) —(16,5,3,1) +(17,5,2,1) — (19,3,2,1) # (15,5,3,2)' —(16,5,3,1) +(17,5,2,1)' —(19,3,2,1)’ (21)

Then k; split, so we get k, and k, are splits. Since (14,7,3,1) # (14,7,3,1)’, thenk, is split to, d,s, d,¢ or kg is split to
dyq, dy, is split. If kg is split. But (22,3) # (22,3)' then k, also split too. If k, is split and from (7, @)-regular classes,

(14,7,3,1) — (17,8) — (22,3) + (15,10) + (24,1) # (14,7,3,1) —(17,8)" —(22,3)" + (15,10)" + (24,1)’ (22)

then k¢ split. we get k, and k¢ are splits. Since (15,10) # (15,10)", so k5 split to, ds,, d5, or kg is split to dsq, dyg is
split. If kg is split. But (17,8) # (17,8)' then k5 also split. If k5 is splitand from (7, @)-regular classes,

(15,10) + (22,3) — (17,8) # (15,10)' + (22,3)' — (17,8)" (23)
then kg split, so we get k5 and kg are splits. Since (9,8,5,3) # (9,8,5,3)’, so k;; split to, dss, dsg Or k4 is split to dgq,
d, is split. If k,, is split. But (12,8,3,2) # (12,8,3,2)' then k,, also split. If k4 is split and from(7, a)-regular classes,

(9,8,5,3) —(11,10,3,1) + (17,4,3,1) # (9,8,5,3)' —(11,10,3,1)' + (17,4,3,1)" (24)
then kq, split, so we get k;, and k,, are splits. Since (10,8,5,2) # (10,8,5,2)', so kq split to, ds,, ds, or k,5 is split to
dso, deo- If kq5 is split. But (12,8,3,2) # (12,8,3,2)" then k4 also split. If kq is split and from (7, @)-regular classes,

(10,8,5,2) — (12,8,3,2) + (15,5,3,2) # (10,8,5,2)' — (12,8,3,2)' + (15,5,3,2)’ (25)
then k5 split, so we get kq and k45 are splits. Since (10,8,4,3) # (10,8,4,3)’, so ky, is split to, ds3, ds4 Or ky5 is split to
des, dgg. If k45 is split. But (9,8,5,3) # (9,8,5,3)' then k,, also split. If k, is split and from (7, a)-regular classes,

(10,8,4,3) — (11,10,3,1) + (17,4,3,1) # (10,8,4,3)' —(11,10,3,1)' + (17,4,3,1)’ (26)
then k,5 must split, so in both cases we get k;, and k5 are splits. Since (24,1) # (24,1)' on (7, a)-regular classes,
then frome (Theorem 2.5.) k; is split to d;3, d5,. When there are 140 columns and (14,7,3,1) # (14,7,3,1)' on (7, a)-
regular classes, ¢ = d43 + d44. As aresult, Table 10 represents the decomposition matrix for block B,.

4. Conclusions

There isn't a set method for investigating the subject, especially when we prove the field and the change of
groups, therefore we had to carry out several studies to collect enough data to find new characteristics and
theorems if the field characteristic is prime. When prior researchers examined the division matrix at the field where
the characteristic is 0, they did this. Also, we employed Maple programming to view all valid probability. We also ran
across brand-new problems as a result of defect three matrices. This opens the way for a comprehensive analysis
that will first look at matrices of the defect type 4, then look at irreducible modular spin characters, and last
categorize groups.

5. Appendix (Maple Programming)

Let the approximation matrix for the block to the spin characters of S, for field has characteristicp = 7

The degree Spin characters Approximation matrix
Ay .31’ a4
Ay B aq

A, B, a, a;
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A; Bi a;
A; B’ 4
11 7!

a; € N, Vi. To find decomposition matrix we must discuss all probabilities such that the degree Y;,Y, = 0 mod73.
>P:=73;
D1:=A;;
D2:=A,;
Di:=A4;;
S:=0;
j=1

for a; from 0 to n; do
for a, from 0 to n, do

for a; from 0 to n; do
S:=D1*A;+ D2*A,+...+ Di*4;;
G:=modp(S,P);
if G=0 then
print(j,'a, '=a,,'a,'=a,,...,'a;"'=a;);
ji=j+l;
fi;
S:=S;
od;
od;
i index

od;
References

[1] J. Schur, "Uber die Darstellung der symmetrischen und der alternierenden gruppe durch gebrochene
lineare subtituttionen," J. Reine ang.Math., pp. 155-250, 1911.

[2] A.O. Morris and A. K. Yaseen, "Decomposition matrices for spin characters of symmetric group," Royal
Society of Edinburgh, vol. 108, no. 1-2, pp. 145-164, 1988.

[3] A.K.Yaseen, Modular spin representations of the symmetric groups, United Kingdom: The University of

Wales, Aberystwyth, 1987.

[4] J. F. Humphreys, "Blocks of the Projective representations of symmetric groups," London Mathematical

Society, Vols. s2-33, no. 3, pp. 441-452, 1986.

[5] S.A.Taban and N.S. Abdullah, "Decomposition Matrix of the Projective Characters of S19 modulo 7,"
Basrah Journal of Science, vol. 34, no. 3A, pp. 120-136, 2016.

[6] A.H.lassim, "7-Modular Character of The Covering group Sz3," Journal of Basrah Researches Sciences, vol.

43, no. 1, pp. 108-129, 2017.

[7] A.k.Yaseen and M. M. Jawad, "Decomposition Matrices for the Spin Characters of the Symmetric Group



12 A. H.Jassim, S. A. TabanJournal of Al-Qadisiyah for Computer Science and Mathematics VoL. 15(3) 2023, PP MATH. 14-25

23 < n<24," Appl. Math. Inf. Sci., vol. 15, no. 6, pp. 743-750, 2021.

[8] A.H.JassimandS. A. Taban, "Spin Characters' Decomposition Matrix, $24 modulo, p=7," Journal of
Basrah Researches, vol. to appear, 2023.

[9] G.D.James and A. Kerber, The representation theory of the symmetric, Addison-Wesley, 1981.

[10] B. M. Puttaswamaiah and J. D. Dixon, Modular representation of finite groups, New York: Academic Press,
1977.

[11] J. D. James, "The modular characters of the Mathieu groups," Journal of Algebra, vol. 27, pp. 57-111,
1973.



