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Introduction

Differential equation have been used to some degree in every branch of applied mathematics, Physics and
engineering [8]. The systems of ordinary differential equations can be solved by integral transformations which
are considered effective and accurate ways to find solutions of mathematical systems. There are many integral
transformations, for example Laplace, Elzaki, Temem and SEE transformation [1- 6].

In 1990 Gamage has introduced new transform namely Sumudu transform which is similar to Laplace transform
[7]. He introduced this transform to solve differential equations and control engineering problems [10], its
resolved with initial condition, but its failed resolved without any initial condition [3]. Anew integral transform
namely Elzaki transform was introduced by Tarig Elzaki in 2010 [11]. Elzaki transform is a modified form of
Sumudu and Laplace transforms [12]. Elzaki transformation is a new integral transform, it is define by:

E@)]=Tw) =w [, n(x)ewdx, x>0, ¢ <w<g,.
Furthermore, the set u is define

Ix|
w= {n(X): AMy, 91,9, > 0,|n(x)| < e® if x € (=1)7 x [0, oo)} .
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8. where the constant M1 must be finite, but ¢, and ¢, may be finite or infinite.

9. In this work, general solutions of first order system of Euler's equations in dimension m are derived through
converted to system of constant coefficients from using some assumption. In addition, some examples are solved
by utilizing these formula.

2. Preliminaries

Some basic definitions and theorems are presented in this section

2.1 Theorem [9] : Let T(w) is the Elzaki transformationn(t), then

i E'(®] = "2 - wn(0)
ii. B (0] =252 — wi'(0) - n(0)

iii. En® (9] = 152 — yhiw2-nkyk(0)
where

E®] = w [ n' e wdx = "2 w(0).

2.2 The n-dimensional first order Euler's System

Consider the non-homogenous Euler's system of n-th order

o d"ny (x) a;; %z T Qg n,(x) by (x)

dx™ _ [ @ G2 " Gy 1,(x) + by (%) (1)
dn'lm(x) : : : : :
) \am G e/ \n,®/ \bu@)

where a;;: i,j = 1, ...,m are constants coefficient and 1, (x), ...,n_(x), b;(x), ..., b, (x) are functions of x.

2.3 Converting the n-order of Euler’'s system to a system with constant coefficients ."

System (1) can be converted to system with constants coefficients by using the assumption
x=et ...(2)
Which implies that Inx = ¢t
Also, derivative (2) with applying on n(x), get:
x"D"n(x) = [D" — X321 D" *In (o)

XD (x) = [DV = XZE DM (o)
: .(3)

xDn(x) = Dn(t)
3. The main result

The main result for converting system of order n in the following theorem
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Theorem 1:
If n(x) € R™ and has n-thderivative, then the system
'™ (x) = A7(x) + B(x), n(x) € R™...(4)

Can be converted to

n®(©) = H" (@) + Hy @20 + -+ A7) + B®, () € R™...(5)

Where A, H,, H,, ... is a matrix of m X m and B is a vector of m x 1.

Proof:

We will prove only when n =1, 2 and using mathematical induction it is possible to complete the proof

Let n = 1, then system (4) directly from utilizing assumptions (2) and (3), yield:

an (©) ap; %2 U g, n,( b
dn,, (8) 5 3 E t b
dt A1 Amz -+ App nm( ) 2

Which represent system of dimension m with constants coefficients and the solution can be obtained by using Elzaki
transform.

If n = 2, then
2
,d nlgx) 4 @ v oap xdnl(x)
fix _| % 2 " Gy fix i
d? ’ dn_(x
2 % G A1 Qpz - Qgm/ \x ()
dx? dx
by biz v by r’l(x) c1(x)
b:21 b:22 bZ:m nz.(X) + czgx) (D)
bml me bmm nm(x) C‘m (x)
Where ¢;;j = 1, ..., m are functions of t or constants.
From (2) and (3)the above system converted as :
no-no\ [ 0T G\
1 : 1 _ a,, G2 " ay, 1: N
1O-1,0/) \g o oo ) \n0
by bz - by, n, (6 ()

bml me bmm Tlm(t) Cm(t)
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Therefore

77‘1\(15) =1+ a11)ﬂ; () + a1zﬂ; )+ +a1m77;n(t) + by1n, (£) + -+ byyn,, () + ¢1(2)

Um(t) = amln‘l(t) + am2n‘2(t) (1 + amm)n:m(t) + blmrll(t) + ot bmmnm(t) + Cm(t)
Which represent system with constants coefficients and the proof is completed.

4. Solving System of Differential Equations by Using Elzaki Transform

Now, taking Elzaki transform to both sides of system (7) or (8) can get the set solution. In this section system (8) dependent
to explain the method as following:

E t .
00) 1y (0) -,
E[n, (¢ E[n,(t E[n (¢
=1 +a;) [ [UVIV( ) - Wnl(O)] +ay; [ [nvzv( ) — Wi, ()| + - + ay,, % - an(O)]
+ by E[n,(®O] + = + binE[n (O] + ¢, ()W?
t t E t
[':/VZ( . (0) - (o)] [ [nvlv( )] Wnl(O)] e, [ [UVZV( )] o -
Eln (t
+a,,) [W— W, (0)| + b E[n, @] + -+ by [n,, 0] + (W
Simple calculation
1 1+
(W - % - b11) E[’)l(t)]
Eln, (¢
= aq, [UVIZ/( )] - Wr)z(o) + -+ ag, [nW( )] - Wn (0)]
+ biE[n,(®)] + -+ + bynE[n, ()] + c;W? + Wn,(0) +1,(0)
1 1+4a,,
(W - V;l - bmm) E[Tlm(t)]
Eln. (® Eln,(®)
=am % m2 [ [nmz/ ] + bmlE[Tll(t)] +

+ byt E[1,,_, (O] + CaW? + Wn, (0) +n,,(0)
Using Cramer's rule to find E[n(t)], ..., E[n,(t)], then taking its inverse, we get the solutionof (8).

5. Application
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In this section, some supported examples can be solved when n = 1 and m = 2, b; = b,= 0 as following:

xn'(x) = 3n(x) — Z(x) (1) =
xZ (x) = 4n(x) — Z(x) ,z(1) =

NIR 0|~

|

Solving the aforementioned system using Theorem 1 results in:

(12)

n®\ _ (3 -1\ (n®
(2(t)) N (4 —1) (Z(t)) (13)
1
And the initial conditions utilizing (2), get(ZEg) = <i)
2
Taking Elzaki transform for (13)
En(t
OL o) = 3Eln(o)] - £l2(0)
E|Z(t
2OV a(0) = a6ln(e)] - £1200)]
Then
1
Eln(®] - gW?* =3WE(©)] - WE[2(1)]
1
Elz(D)] =5 W? = AWE[n(©)] = WE[z(t)]
Simplification
(1 -3W)E[n(®)] + WE[z(t)] = %WZ
—4WE[n@®)] + (1 + W)E[z(t)] = %Wz
Using Gramer's rule
A= 1__4;/”/ . E/W| =1 =3W)A+W)+4W? =1-2W + W?
Moreover
Jwrow 1-3w —w?
Eln®] =3 ; 5  AndE[z(D)] = £ ; 5
EW w —4Ww EW

Then, taking inverse of Elzaki transform:
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Represent the set solution of system (13). Also, using (2) again can be found the set solution of system (12)

n(x) =§x—ﬁxlnx

z(x) = i gxlnx

If the vector b; is not equal to zero, the system is non homogeneous:

xn'(x) = z(x) + x, n(1) = 2] i
xz'(x) = —zn(x) + 3z(x) + z , z(1) =2
To solve the above system when n = 1and by Theorem 1, yield:
n@®) _(0  1ym®Y (e
(z(t)) - (—2 3) (z(t)) + (z) - (19)
I . . n(0)\ _ (2
The initial condition by using (2) become (Z(0)> = (2)

Taking Elzaki to (15):

E[n(D)]
w

—wn(0) = E[z(0)] + E[€']

E[z(t)]
w

—Wwz(0) = —2E[n(t)] + 3E[z(t)] + E[2]

Then

3
+2W?

Eln(®O] - WE[z()] = 1
W] + (1 =3W)E[z(t)] = 2W3 + 2W?
Using Gramer's rule

1 -w o, 2 _
A—|2W 1_3W|_1 3W +2W?2 = (1 - 2W)(1 — W)

Moreover
-wisaw? 1 -w3+2w?
Eln(®] = % (a-w) , AndE[z(t)] = % (a-w)
2w+ w2 1-3w 2W 2(W3 + w?)

Taking inverse of Elzaki transform, get

n(t) = 2tet +et +1
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z(t) = 2tet + et

After using (2), we get the set solution of (14):

nx) =2xlnx+x+1

z(x) = 2xInx + 2x
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