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A B S T R A C T 

 Let ℒ:𝑀 → 𝑀 be a diffeomorphism map on a closed smooth manifold 𝑀 for dimension 𝑛 ≥ 2  . 

We explain in this work any chain transitive set of 𝐶1 generic diffeomorphism  ℒ , if a 

diffeomorphism ℒ has another type of shadowing property is called, the eventual shadowing 

property on locally maximal chain transitive set, then ℒ is hyperbolic. In general, the eventual 

fitting shadowing property is not fulfilled in hyperbolic dynamical systems (satisfy in case L is 

Anosov diffeomorphism map) . In this paper, several concepts were presented. These concepts 

can be re-examined on other important spaces, and their impact on finding dynamical 

characteristics that may be employed in solving some mathematical problems. 

 

https://doi.org/10.29304/jqcm.2023.15.3.1281

 

 1. Introduction 

     The idea of shadowing in the dynamical systems (DS) theory boils down to the question is it possible to 

approximate Pseudo-orbit (PO) of a given DS by true orbits?  

Naturally, the answer of this question depends on the type of the approximation. Due to the unavoidable presence of 

various errors and perturbations in the modeling of DS, the question arises about the relationship between the 

asymptotic properties of the simulated system and the simulation results; this problem was first posed by D.V. Anosov 

(1967) as a key step to analysis of structural stability[1]. The researchers developed the theory and performed the 
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computations in dynamics systems in [2],[3],[4]and[5]. The answer about of this problem, researchers used several 

types of shadowing property for proof hyperbolic, see[6],[7],[8],[9]and [10].    

We demonstrate in this work by another type, we used the eventual fitting shadowing property (EFSP) on locally 

maximal chain transitive (LMCT), then the map is hyperbolic.   

let 𝐷𝑖𝑓𝑓(𝑀) be the space of diffeomorphisms of 𝑀, where 𝑀 is closed smooth manifold with dim𝑀 ≥ 2  endowed 

with the 𝐶1 topology .The distance on 𝑀 induced from a Riemannian metric ‖⋅‖on the tangent bundle 𝑇𝑀. A closed ℒ- 

invariant set 𝔅 admits a dominated splitting for ℒ if the tangent bundle 𝑇𝔅𝑀 has a continuous 𝐷ℒ invariant splitting 

𝐸⨁𝐹 and ∃𝐶 > 0, 0 < 𝜇 < 1, ∀𝑤 ∈ 𝔅 and 𝜅 ≥ 0, then  

‖𝐷ℒ𝜅|𝐸(𝑊)‖ . ‖𝐷ℒ−𝜅|𝐹(ℒ𝜅(𝑊))‖ ≤ 𝐶𝜇𝜅 

𝔅 is hyperbolic for ℒ if the tangent bundle 𝑇𝔅𝑀 has a 𝐷ℒ invariant splitting 𝐸𝑠⨁𝐹𝑢 and ∃𝐶 > 0, 0 < 𝜇 < 1, ∀𝑤 ∈ 𝔅 

and 𝜅 ≥ 0, then 

‖𝐷𝑤ℒ𝜅|𝐸𝑤
𝑠 ‖ ≤ 𝐶𝜇𝜅 and ‖𝐷𝑤ℒ−𝜅|𝐸𝑤

𝑢‖ ≤ 𝐶𝜇𝜅  

 If 𝔅 = 𝑀, then ℒ is called Anosov. In this paper, we assume that a chain transitive set 𝐶(ℒ) is nontrivial (𝐶(ℒ)is not 

reduced to orbit).Denote a hyperbolic periodic point at 𝑤 by 𝑃𝑒𝑟ℎ(ℒ) of ℒ.  

 

2. The definitions and important results in the research: 

 

Definition 2.1.[3]  

Let ℒ ∈ 𝐷𝑖𝑓𝑓(𝑀), 𝛼 > 0, a sequence of points {𝑦𝜅}𝜅=𝑎
𝑏  , (−∞ ≤ 𝑎 < 𝑏 ≤ ∞)in 𝑀 is said to be a 𝜶- pseudo-

orbit of ℒ if  

𝑑(ℒ(𝑦𝜅), (𝑦𝜅+1)) < 𝛼, ∀ 𝑎 ≤ 𝜅 ≤ 𝑏 − 1. 

 

We called ℒ has shadowing property on 𝔅 if ∀𝛽 > 0, ∃𝛼 > 0 s.t.  

∀ 𝛼-pseudo-orbit{yκ}𝜅∈ℤ ⊂ 𝔅, ∃𝑧 ∈ 𝑀 s.t.𝑑(ℒ𝜅(𝑧𝜅), (𝑦𝜅 )) < 𝛽, ∀ 𝜅 ∈ ℤ. 

 

Definition 2.2.  

Let (ℑ, d) be a metric space and ℒ: ℑ → ℑ is called have the eventual fitting shadowing property (EFSP) if 

∀𝛽 > 0, ∃𝛼 > 0, s.t. ∀ {yκ} ∈ ℑ , 𝜅 ∈ ℤ be sequence ∃ℵ = ℵ(𝛼) ∈ ℕ s.t.∀n ≥ ℵ,∃ z ∈ ℑ to get:    

lim
n→∞

sup ∑ d(ℒ𝜅(z), y𝜅) < 𝛽

n−1

𝜅=0

∀𝜅 ≥  ℵ 

   and 

lim
n→∞

sup ∑d(ℒ𝜅(z), y𝜅) < 𝛽

n−1

𝜅=0

  ∀𝜅 ≤ −ℵ 

Definition 2.3.[11]   

A closed invariant set 𝔅 is transitive if ∃𝜘 ∈ 𝔅 s.t. 𝜛(𝜘) = 𝔅, where 𝜛(𝜘) is the omega limit set of 𝜘. 
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Definition 2.4.[11]  

∀𝜘1, 𝜘2 ∈ 𝑀 , we write  𝜘1 ⇝ 𝜘2  if ∀𝛼 > 0, ∃{𝑦𝑗}𝑗=0

𝑛
 (𝑛 ≥ 1)  of ℒ  s.t.  𝑦0 = 𝜘1  and 𝑦𝑛 = 𝜘2 . ∀𝜘1, 𝜘2 ∈ 𝔅 , can 

write 𝜘1 ⇝𝔅 𝜘2  

if 𝜘1 ⇝ 𝜘2 and {𝑦𝑗}𝑗=0

𝑛
⊂ 𝔅(𝑛 ≥ 1). Symbolize the set 𝐶(ℒ) is chain transitive (CT)if ∀𝜘1, 𝜘2 ∈ 𝐶(ℒ), 𝜘1 ⇝𝐶(ℒ) 𝜘2 . 

 

Definition 2.5.  

Assume 𝔅 is called locally maximal (LM) where 𝔅 a closed invariant set if ∃ ℧ is neighborhood of 𝔅 s.t. 

𝔅 = ⋂ℒ𝑛(℧)

𝑛∈ℤ

 

 

Definition 2.6.[12]  

A subset ℛ ⊂ 𝐷𝑖𝑓𝑓(𝑀)is said to be residual if it was contains the intersection of a countable family of dense 

and open subset of 𝐷𝑖𝑓𝑓(𝑀); then, ℛ is dense in 𝐷𝑖𝑓𝑓(𝑀). 

  

Definition 2.7.[12]  

A property 𝜌 is called 𝑪𝟏generic if 𝜌 hold for any diffeomorphisms that leads to some residual subset of 

𝐷𝑖𝑓𝑓(𝑀). 

    

Theorem 2.8.  

There is ℛ ⊂ 𝐷𝑖𝑓𝑓(𝑀), which is if ℒ ∈ ℛ has the EFSP on LMCT set 𝐶(ℒ) , then ℒ is hyperbolic on 𝐶(ℒ) . 

 

Lemma 2.9.[13]  

There is ℛ ⊂ 𝐷𝑖𝑓𝑓(𝑀)such that ∀ℒ ∈ ℛ, any CT set 𝐶(ℒ), there is a sequence Orb (𝜘𝑛)of periodic orbits of ℒ 

such that  

lim
𝑛→∞

Orb (𝜘𝑛) = 𝐶(ℒ) 

 

Proposition 2.10.  

For every 𝐶(ℒ) of ℒ ∈ ℛ1, if C(ℒ) is LM, then 

                                            𝐶(ℒ) ∩ Per(ℒ) ≠ ∅ . 

Proof: Suppose ℒ ∈ ℛ1, and let 𝐶(ℒ)of ℒ be LM in ℧. 

To proof this Proposition by contradiction, if C(ℒ) ∩ Per(ℒ) = ∅ 

Because C(ℒ)is compact, ∃∝> 0 such that 𝐶(ℒ) ⊂ B∝(𝐶(ℒ)) ⊂ ℧. 

(By Lemma 2.9),   ∃ sequence Orb (ϰn)of periodic orbits of ℒ such that  n is large d(Orb (ϰn), 𝐶(ℒ)) <
∝

2
 

Then it is Orb (ϰn) ⊂ B∝(𝐶(ℒ)) ⊂ ℧. 

Because C(ℒ)is LM in ℧, ∀ n ∈ ℤ 

ℒn(Orb (ϰn) ⊂ ℒn(℧)  
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If C(ℒ)is LM, then C(ℒ) ∩ Per(ℒ) ≠ ∅, 

But this is contradiction.                                                                             ∎ 

 

 

Proposition 2.11.  

Assume 𝔅 is compact ℒ-invariant set of ℒ. If ℒ has EFSP on LM (𝔅), then the EFS points are get it from 𝔅. 

Proof: Take 𝔅 is LM, a neighborhood ℧ of  𝔅, since 𝔅 is compact,  

∃∝> 0 such that  𝔅 ⊂ B∝(𝔅) ⊂ ℧. 

Let 0 < ε ≤∝ be the number of the EFSP, and  

Suppose {yj}j∈ℤ ⊂ 𝔅 a ε-pseudo-orbit of ℒ 

By the EFSP on 𝔅, ∃ϰ ∈ 𝑀, . ∀𝜅 ≥ ℵ  and ℵ ∈ ℤ such that  

lim
𝜅→∞

sup ∑d(ℒ j(ϰ), yj) < ∝   ∀j ≥ ℵ      and 

𝜅−1

j=0

 

lim
𝜅→∞

sup ∑ d(ℒ−j(ϰ), y−j) < ∝   ∀ − j ≤ −ℵ 

𝜅−1

j=0

 

 

Then, take                          ∀j ≥ ℵ, ℒ j(ϰ) ∈  B∝(𝔅)and 

                                        ∀ − j ≤ −ℵ, ℒ−j(ϰ) ∈  B∝(𝔅)and so, 

   

ℒ j(ℒℵ(ϰ)) ∈  B∝(𝔅) and ℒ−j(ℒ−ℵ(ϰ)) ∈  B∝(𝔅)  

 

Since 𝔅 is LM, we know that  

 ⋂ℒ𝜅(ℒℵ+j(ϰ)) ∈

𝜅∈ℤ

⋂ℒ𝜅(B∝(𝔅))

𝜅∈ℤ

⊂ ⋂ℒ𝜅(

𝜅∈ℤ

℧) =  𝔅 

Then ℒℵ+j(ϰ)) ∈ 𝔅 

 

ϰ ∈ ℒ−ℵ−j (𝔅) = 𝔅 , since 𝔅 is an ℒ -invariant set 

Thus the EFS points are get it from 𝔅.                                         ∎ 

 

 

Let ν be a 𝑃𝑒𝑟ℎ  of ℒ. ∃ ε = ε(ν) > 0, s.t. 

Wε
s(ν) = {w ∈ M: d(ℒκ(ν), d(ℒκ(w)) ≤ ε, κ ≥ 0} 

Wε
u(ν) = {w ∈ 𝑀 ∶ d(ℒ𝜅(ν), d(ℒ𝜅(w)) ≤ ε, κ ≤ 0} 

Then 𝑊𝜀
𝑠(ν),Wε

u(ν) are said the local stable (unstable) manifold of ν respectively. 

If 𝔅 is hyperbolic closed ℒ -invariant set, then ∃𝜖 > 0 s.t. , ∀ 0 < 𝛿 ≤ 𝜖, the above sets are 𝐶1- embedded disks . 
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Proposition 2.12.  

Let C(ℒ)be locally maximal, ℒ has the EFSP. Then ∀ w1, w2 ∈  C(ℒ) ∩ Per(ℒ), we get Ws(w1)∩ Wu(w2) ≠ ∅ 

and Wu(w1)∩ Ws(w2) ≠ ∅   

Proof: By [14], ℒ does not contain sources or sinks since C(ℒ)is a CT set of ℒ. 

Let w1, w2 be 𝑃𝑒𝑟ℎ  of ℒ,  

Put β =min {β(w1),β(w2)} and let 0 < α ≤ β be the number of the EFSP for ℒ. To simple expression, 

we may assume that ℒ(w1) = w1 and ℒ(w2) = w2   

Since ℒ is chain transitive, ∃{yj}j=0

𝜅
 (𝜅 ≥ 1) ⊂ C(ℒ) is a finite α-pseudo-orbit such that  

y0 = w1 and y𝜅 = w2 and 

d(ℒ(yj), yj+1) < α      ∀ 0 ≤ j ≤ 𝜅 − j 

Take yj = ℒ j(w1),   ∀  j ≤ 0 and  yj+1 = ℒ j(w2),   ∀  j ≥ 0, 

Then the sequence  

{…,w1(= y−1), w1(= y0), y1, y2, … , w2(= y𝜅), w2(= y𝜅+1),… } = {yj}j∈ℤ ⊂ 𝐶(ℒ) is α-pseudo-orbit of ℒ 

Since, the EFSP on 𝐶(ℒ), ∃ϰ ∈ M, . ∀𝜅 ≥ ℵ  and ℵ ∈ ℤ such that 

d(ℒ j(ϰ), yj ) < β      ∀  j ≥ ℵ and d(ℒ j(ϰ), yj ) < β      ∀  j ≤ −ℵ 

i.e.            lim
𝜅→∞

sup∑ d(ℒ j(ϰ), yj ) < β𝜅−1
j=0    ∀  j ≥ ℵ and 

                 lim
𝜅→∞

sup∑ d(ℒ j(ϰ), yj ) < β𝜅−1
j=0   ∀  j ≤ −ℵ 

Since y−j = w1 = ℒ−j(w1), ∀  j ≥ 0 and y𝜅+j = w2 = ℒ𝜅+j(w2),   ∀  j ≥ 0 

If ℵ ≥ 𝜅,  then we know 

ℒ−ℵ(ϰ) ∈ Bβ(y−ℵ ) = Bβ(w1) 

And  

ℒℵ(ϰ) ∈ Bβ(yℵ ) = Bβ(w2) 

Thus ∀ j ≥ ℵ   

(1)ℒ j+ℵ(ϰ) = ℒ j(ℒℵ(ϰ)) ∈ Bβ(yℵ+j ) = Bβ(w2), and 

Thus ∀ −  j ≤ −ℵ   

(2) ℒ−ℵ−j(ϰ) ∈ Bβ(y−ℵ−j ) = Bβ(w1)  

By (1), we obtain on d(ℒ j(ℒℵ(ϰ), w2) < β,     ∀j ≥ 0, and  

By (2), d(ℒ−j(ℒ−ℵ(ϰ), w1) < β,     ∀j ≥ 0 

Then ℒℵ(ϰ) ∈ Wβ
s(w2),  ℒ−ℵ(ϰ) ∈ Wβ

u(w1) 

So ϰ ∈  ℒℵ(Wβ
u(w1)) and ϰ ∈  ℒ−ℵ(Wβ

s(w2)) 

Since  ℒℵ(Wβ
u(w1)) ⊂ Wu(w1) and  ℒ−ℵ(Wβ

s(w2)) ⊂ Ws(w2), 

Gradually, ϰ ∈ Wu(w1) ∩ Ws(w2). 

Thus , Wu(w1) ∩ Ws(w2) ≠ ∅. 

Now, to prove other case when Ws(w1)∩ Wu(w2) ≠ ∅ 

In fact, the proof of this case has the same to the above case. ∎                                   
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Definition 2.13.  

A 𝑃𝑒𝑟ℎ(ℒ) at 𝑤, suppose that 𝑤1, 𝑤2 are two homoclinically related, and denote by 𝑤1 ∼ 𝑤2 if verification: 

• 𝑊𝑠(𝑤1)∩ 𝑊𝑢(𝑤2) ≠ ∅. 

• 𝑊𝑢(𝑤1) ∩ 𝑊𝑠(𝑤2) ≠ ∅. 

 

By above definition it is obviously that if 𝑤1 ∼ 𝑤2 , then  

index (𝑤1)=index (𝑤2), i.e. 

dim 𝑊𝑠(𝑤1)=dim 𝑊𝑠(𝑤2) . 

 

Definition 2.14.  

A diffeomorphism ℒ ∈ 𝐷𝑖𝑓𝑓(𝑀)is said to be Kupka- Smale (𝒦𝒮 ) if ∃ 𝑃𝑒𝑟ℎ(ℒ) at 𝑤 , also if w1, w2 ∈ Per(ℒ), 

then Ws(w1) is transversal to Wu(w2).   

 

 The set of all Kupka- Smale diffeomorphisms is 𝐶1-residual in 𝐷𝑖𝑓𝑓(𝑀). 

 

Proposition 2.15.   

Any chain transitive 𝐶(ℒ) of ℒ , ∃ℛ2 ⊂ 𝐷𝑖𝑓𝑓(𝑀)is a residual set s.t. ℒ ∈ ℛ2 , if ℒ  has the EFSP on locally 

maximal 𝐶(ℒ), then ∀ 𝑤2 ∈ 𝐶(ℒ) ∩ 𝑃𝑒𝑟(ℒ),it have index (𝑤1)=index (𝑤2). 

Proof: Let ℒ ∈ ℛ𝟐 = ℛ𝟏 ∩ 𝒦𝒮 and let 𝐶(ℒ)be a LMCT set of ℒ. 

Assume that ℒ has the EFSP on 𝐶(ℒ) 

Because 𝐶(ℒ)is LM of ℒ, then by Proposition 2.10  

It known C(ℒ) ∩ Per(ℒ) ≠ ∅, to proof by contradiction . 

Assume that ∃w1, w2 ∈ 𝐶(ℒ) are two 𝑃𝑒𝑟ℎ  such that. 

index (𝑤1) ≠index (𝑤2). 

Since index (𝑤1) ≠index (𝑤2), it know 

dimWs(w1) +dimWu(w2) <dim 𝑀 or 

dimWu(w1) +dimWs(w2) <dim 𝑀 

Then, take the case in which dimWs(w1) +dimWu(w2) <dim 𝑀, the other case has the same proof. 

Since ℒ ∈ 𝒦𝒮 and dimWs(w1) +dimWu(w2) <dim 𝑀, it know that   

Ws(w1) ∩ Wu(w2) = ∅, this is contradiction. 

Since ℒ has the EFSP on 𝐶(ℒ), 

By Proposition 2.12  Ws(w1) ∩ Wu(w2) ≠ ∅, 

Thus, if ℒ ∈ ℛ2 has the EFSP on a LMCT set 𝐶(ℒ), then 

 ∀w2 ∈ 𝐶(ℒ) ∩ 𝑃𝑒𝑟(ℒ) 

Then index (𝑤1)=index (𝑤2). 

 

Definition 2.16.  

We write 𝑥 ↭ 𝑦 and 𝑦 ↭ 𝑥, the set of points{𝑥 ∈ 𝑀: 𝑥 ↭ 𝑥} is called the chain recurrent set (𝐶𝑅) of ℒ  
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the chain recurrent class of ℒ  is the set of equivalent classes ↭ on 𝐶𝑅(ℒ), denoted by 𝐶(𝑤, ℒ) = {𝑥 ∈ 𝑀: 𝑥 ⇝ 𝑤 

and 𝑤 ⇝ 𝑥}, which is a closed invariant set. 

 

Suppose  𝑃𝑒𝑟ℎ(ℒ) at 𝑤1, we say that 𝑤1 and 𝑤2 are homoclinically related, denote by 𝑤1 ∽ 𝑤2 if 

𝑊𝑠(𝑤1)⋔ 𝑊𝑢(𝑤2) ≠ ∅ 

𝑊𝑢(𝑤1) ⋔ 𝑊𝑠(𝑤2) ≠ ∅ 

 

It is obviously that in the case of verification if  𝑤1 ∽ 𝑤2, then 

index (𝑤1)=index (𝑤2) , leads to dim  Ws (w1)=dim Ws(w2)is denote by H(𝑤, ℒ) = {𝑤1 ∽ 𝑤2}̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ such that H(𝑤, ℒ) ⊂

𝐶(𝑤, ℒ)[15]. 

 

Lemma 2.17.[11]  

Every ℒ ∈ ℛ𝟑, where ℛ𝟑 is a residual set such that  is satisfies: 

• 𝔅 Locally maximal transitive set, ∃𝑤 ∈ 𝔅 periodic point such that 𝔅 is locally maximal H((𝑤, ℒ) . 

• ∃ 𝑃𝑒𝑟ℎ(𝑤) ∈ 𝔅 such that  H(𝑤, ℒ) = 𝐶(𝑤, ℒ). 

• Every chain transitive 𝐶(ℒ)of ℒ is a transitive 𝔅 of ℒ . 

• If 𝐶ℒ(𝑤)is locally maximal, then 𝐶ℒ(𝑤)is robustly isolated, ∃℧(ℒ) a 𝐶1 neighborhood of ℒ and a neighborhood 𝕌 of 

𝐶ℒ(𝑤) such that  ∀ 𝑔 ∈ ℧(ℒ), 𝐶𝑔(𝑤𝑔) = 𝐶𝑅(𝑔) ∩ 𝕌 = 𝔅𝑔(𝕌) = ⋂  𝑔𝑛(𝕌)n∈ℤ . 

 

Lemma 2.18. [Franks' Lemma (16)] 

Assume 𝒰(ℒ) any 𝐶1 neighborhood of ℒ. Then ∃𝜃 > 0 and 𝐶1 neighborhood ℧(ℒ) ⊂ 𝒰(ℒ) of ℒ such that ∀ 𝑔 

∈ ℧(ℒ), a finite set {𝑦𝑖}𝑖=1
𝑘 , a neighborhood 𝕌 of {𝑦𝑖}𝑖=1

𝑘  and linear maps 𝐿𝑖: 𝑇𝑦𝑖
𝑀 → 𝑇𝑔(𝑦𝑖)

𝑀 satisfying ‖𝐿𝑖 − 𝐷𝑦𝑖
𝑔‖ ≤

𝜃 , ∀ 1 ≤ 𝑖 ≤ 𝑘, ∃𝑔∗ ∈ 𝒰(ℒ) s.t. 𝑔∗(𝑦) = 𝑔(𝑦) if 𝑦 ∈ {𝑦𝑖}𝑖=1
𝑘 ∪ (𝑀\𝕌) and 𝐷𝑦𝑖

𝑔∗ = 𝐿𝑖  , ∀ 1 ≤ 𝑖 ≤ 𝑘. 

 

Definition 2.19. 

 Let 𝑤 ∈ ℒ be 𝑃𝑒𝑟ℎ(ℒ), ∀ 𝜃 > 0, with period 𝜒(𝑤)is a 𝜽 weak 𝑷𝒆𝒓𝒉 if ∃ 𝜇 an eigenvalue of 𝐷ℒ𝜒(𝑤)(𝑤) such 

that 

(1 − 𝜃)𝜒(𝑤) < |𝜇| < (1 + 𝜃)𝜒(𝑤) 

 

Proposition 2.20.  

For any ℒ ∈ ℛ𝟒, where ℛ𝟒 ⊂ 𝐷𝑖𝑓𝑓(𝑀) a residual set,  ∀ 𝜃 > 0, if a CT set 𝐶(ℒ) of ℒ is LM and 𝐶(ℒ)contains a 

𝜃 weak 𝑃𝑒𝑟ℎ(ℒ) at 𝑤1, ∃𝑔 is 𝐶1closed to ℒ s.t. has 𝑤1, 𝑤2 ∈ 𝐶(𝑔)two 𝑃𝑒𝑟ℎ  such that index (𝑤1) ≠index (𝑤2), where 

𝐶(𝑔) is the CT set of 𝑔. 

Proof: Let ℧ be locally maximal neighborhood of 𝐶(ℒ), and  

ℒ ∈ ℛ𝟒 = ℛ𝟐 ∩ ℛ𝟑 ,∃𝑤 ∈ 𝐶(ℒ) ∩ 𝑃𝑒𝑟(ℒ)such that ∀𝜃 > 0, 𝑤 is a 𝜃 weak 𝑃𝑒𝑟ℎsince ℒ ∈ ℛ3 and 𝐶(ℒ)is LM, 𝐶(ℒ)is 

transitive set 𝔅 of ℒ and so, 

𝐶(ℒ) = 𝐻ℒ(𝑤) = 𝐶ℒ(𝑤) and 𝐶(ℒ)is robustly isolated. 
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For simplify, assume that 𝐶𝜒(𝑤)(𝑤) = 𝐶(ℒ) = 𝑤. 

 𝑤 ∈ 𝐶(ℒ) ∩ 𝑃𝑒𝑟(ℒ)is a 𝜃 weak 𝑃𝑒𝑟ℎ  ,∀𝜃 > 0, ∃𝜇 ∈ 𝐷wℒ is an eigenvalue such that 

(1 − 𝜃) < |𝜇| < (1 + 𝜃) 

By Franks' Lemma [16] ∃𝑔 is 𝐶1 close to ℒ s.t. 𝑔(𝑤)=ℒ(𝑤) = 𝑤 and 𝐷w𝑔 has an eigenvalue 𝜇 such that |𝜇| = 1. 

By Franks' Lemma [16] ∃𝑔1 is 𝐶1 close to ℒ s.t. 𝐷w𝑔1  has only one eigenvalue 𝜇 such that |𝜇| = 1. 

Denote by Ew
c  the eigenspace corresponding to 𝜇 

The proof consist of two cases : 

Case i\ Assume 𝜇 is an real number 

By Lemma 2.18 ,∃𝜃 > 0, 𝐵𝜃(𝑤) ⊂ ℧ and ℏ 𝐶1 close to 𝑔(ℏ ∈ 𝒰(ℒ)) s.t. 

• ℏ(𝑤) = 𝑔(𝑤) = 𝑤 

• ℏ(𝑦) = 𝑒𝑥𝑝𝑤° 𝐷𝑤𝑔 °𝑒𝑥𝑝𝑤
−1(𝑦) for 𝑦 ∈ 𝐵𝜃(𝑤), and 

• ℏ(𝑦) = 𝑔(𝑦) for 𝑦 ∈ 𝐵2𝜃(𝑤). 

 

Let 𝛾 = 𝜃 2⁄ . Take a nonzero vector 𝜐 ∈ 𝑒𝑥𝑝𝑤(Ew
c (𝜃)) that corresponds to 𝜇 s.t. ‖𝜐‖ = 𝛾. 

Here, Ew
c (𝜃) is the 𝜃-ball in Ew

c  with its center at 0𝑤
⃗⃗⃗⃗  ⃗. 

Then we have  

ℏ(𝑒𝑥𝑝𝑤(𝜐)) = 𝑒𝑥𝑝𝑤° 𝐷𝑤𝑔 °𝑒𝑥𝑝𝑤
−1(𝑒𝑥𝑝𝜐(𝜐)) = 𝑒𝑥𝑝𝑤(𝜐). 

Put ℑ𝑤 = 𝑒𝑥𝑝𝑤({𝜏𝜐: − 𝛾 2⁄ ≤ 𝜏 ≤ 𝛾 2⁄ }). 

Then, ℑ𝑤 is centered at 𝑤 and ℏ (ℑ𝑤)= ℑ𝑤 

Know that ℑ𝑤 ⊂ 𝔅ℏ(℧) = ⋂  ℏℓ
ℓ∈ℤ (℧) since  𝐵𝜃(𝑤) ⊂ ℧ . 

Take 𝑤1, 𝑤2are two endpoints of ℑ𝑤 since ℏ (ℑ𝑤) = ℑ𝑤 . 

Then, know that  

𝐷𝑤1
ℏ|Ew

c = 𝐷𝑤2
ℏ|Ew

c = 1 

By Lemma 2.18 ,∃ Ψ is 𝐶1 close to ℏ(Ψ ∈ 𝒰(ℒ)) s.t. 

index (𝑤1Ψ) ≠ index (𝑤2Ψ), where 𝑤1Ψ and 𝑤2Ψ are hyperbolic points in ℧ with respect to Ψ. 

𝑤1Ψ ,𝑤2Ψ ∈ 𝐶(Ψ) = 𝔅Ψ(℧) = ⋂  Ψℓ
ℓ∈ℤ (℧), where 𝐶(Ψ)is the CT set of Ψ. 

Case ii\ If 𝜇 is an complex number, assume ℒ(𝑤) = 𝑤 

By Lemma (2.7), ],∃𝜃 > 0, 𝐵𝜃(𝑤) ⊂ ℧ and  𝑔( 𝑔 ∈ 𝒰(ℒ)) such that 

𝑔(𝑤) = ℒ(𝑤) = 𝑤 and 𝑔(𝑦) = 𝑒𝑥𝑝𝑤  𝑜 𝐷𝑤𝑔 𝑜 𝑒𝑥𝑝𝑤
−1(𝑦)  ∀𝑦 ∈ 𝐵𝜃(𝑤). 

∃ℓ > 0, ∀𝜐 ∈ 𝑒𝑥𝑝𝑤
−1(𝐸𝑤

𝑐 (𝜃))s.t. 𝐷𝑤𝑔ℓ(𝜐) = 𝜐 since 𝜇 = 1. 

Assume 𝜐 ∈ 𝑒𝑥𝑝𝑤(𝐸𝑤
𝑐 (𝜃)) such that ‖𝜐‖=𝜃 2⁄ . 

Then there exists a small arc 

𝑒𝑥𝑝𝑤({𝜏𝜐: 0 ≤ 𝜏 ≤ 1 + 𝛾 2⁄ }) = 𝜁𝑤 ⊂ 𝔅𝑔(℧) = ⋂ 𝑔 ℓℓ∈ℤ (℧) s.t. 

• 𝑔𝑗(𝜁𝑤) ∩ 𝑔𝑖(𝜁𝑤) = ∅    ∀0 ≤ 𝑗 ≠ 𝑖 ≤ ℓ − 1 
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• 𝑔ℓ(𝜁𝑤) = 𝜁𝑤 , and 

• 𝑔|𝜁𝑤

ℓ : 𝜁𝑤 → 𝜁𝑤  is identity map. 

Take 𝑤1, 𝑤2are two endpoints of 𝜁𝑤 , ∃ 𝑔∗ is 𝐶1 close to 𝑔  such that 

index (𝑤1𝑔∗) ≠ index (𝑤2𝑔∗), where 𝑤1𝑔∗  and 𝑤2𝑔∗  are hyperbolic points with respect to 𝑔∗. 

𝑤1𝑔∗  ,𝑤2𝑔∗ ∈ 𝐶𝑔∗(𝑤𝑔∗) = 𝔅𝑔∗(℧) = ⋂  𝑔∗ℓ
ℓ∈ℤ (℧) = 𝐶(𝑔∗), where 𝐶(𝑔∗)is the CT set of 𝑔∗.                                                 ∎ 

 

 

Lemma 2.21.[17]  

For any ℒ ∈ ℛ𝟓, where ℛ𝟓 ⊂ 𝐷𝑖𝑓𝑓(𝑀) a residual set, s.t. if for any 𝐶1neighborhood 𝒰(ℒ) of ℒ, ∃𝑔 ∈ 𝒰(ℒ) s.t. 

𝑔  has 𝑤1, 𝑤2are two periodic point with index (𝑤1) ≠index (𝑤2) , then ℒ  has 𝑤1ℒ
and 𝑤2ℒ

with index(𝑤1ℒ
) ≠index 

(𝑤2ℒ
).  

 

Proposition 2.22. 

For any ℒ ∈ ℛ𝟔 , where ℛ𝟔 ⊂ 𝐷𝑖𝑓𝑓(𝑀)  a residual set, such that if ℒ  has the EFSP on locally maximal 

𝐶(ℒ),∃ 𝜃 > 0 such that ∀𝑤 ∈ 𝐶(ℒ) ∩ Per(ℒ), 𝑤 is not a 𝜃 weak 𝑃𝑒𝑟ℎ  of ℒ. 

 

Proof: Let ℒ ∈ ℛ𝟔 = ℛ𝟒 ∩ ℛ𝟓 and let 𝐶(ℒ)be a LMCT set of ℒ. 

To proof this Proposition by contradiction, ∀𝜃 > 0,∃𝑤 ∈ 𝐶(ℒ) ∩ Per(ℒ), 𝑤 is a 𝜃 weak 𝑃𝑒𝑟ℎ  of ℒ. 

𝐶(ℒ)is robustly isolated, since ℒ ∈ ℛ𝟑and 𝐶(ℒ)is LM. 

Since ℒ ∈ ℛ4 and 𝑤 ∈ 𝐶(ℒ) ∩ P(ℒ)is a 𝜃 weak 𝑃𝑒𝑟ℎ  of ℒ. 

By Proposition 2.20 ,∃𝑔 is 𝐶1 close to ℒ such that 𝑔 has 𝑤1, 𝑤2 ∈ 𝐶(𝑔)two 𝑃𝑒𝑟ℎ   

So, index (𝑤1) ≠index (𝑤2). 

Since ℒ ∈ ℛ𝟓, ℒ has two 𝑃𝑒𝑟ℎ  𝑤1ℒ
, 𝑤2ℒ

∈ 𝐶(ℒ)with  

index(𝑤1ℒ
) ≠index (𝑤2ℒ

). 

This contradiction, since ℒ has the EFSP on 𝐶(ℒ) by Proposition 2.15, 

∀ 𝑤1, 𝑤2 ∈ 𝐶(ℒ) ∩ Per(ℒ) with index (𝑤1)=index (𝑤2)                 ∎ 

 

Definition 2.23.  

ℒ satisfies a star condition on 𝐶(ℒ) if ∃𝐶1 neighborhood℧ of 𝐶 such that ∀𝑔 ∈ 𝒰(ℒ), every 𝑤 ∈ 𝔅𝑔 ∩ 𝑃𝑒𝑟(𝑔) 

is hyperbolic. 

Denote 𝒯(𝐶(ℒ)) for the set of all diffeomorphisms that satisfy the local star condition on 𝐶(ℒ),. 

 

Lemma 2.24.[14]  

For any ℒ ∈ ℛ𝟕 , where ℛ𝟕 ⊂ 𝐷𝑖𝑓𝑓(𝑀) a residual set, such that ∀𝜃 > 0 and any 𝐶1 neighborhood ℧ of 𝐶 , if 

,∃𝑔 ∈ 𝒰(ℒ) and 𝑤 ∈  𝑃𝑒𝑟(𝑔)is hyperbolic point such that 𝑤 is a 𝜃 weak 𝑃𝑒𝑟ℎ  then ∃𝑤ℒ ∈  𝑃𝑒𝑟(𝑔)is hyperbolic point 

with 2𝜃 weak 𝑃𝑒𝑟ℎ  . 
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Proposition 2.25.  

For any ℒ ∈ ℛ𝟖 , where ℛ𝟖 ⊂ 𝐷𝑖𝑓𝑓(𝑀)  a residual set, any CT set 𝐶(ℒ)of ℒ , if ℒ  has the EFSP on locally 

maximal 𝐶(ℒ), then ℒ ∈ 𝒯(𝐶(ℒ))  . 

Proof: Let ℒ ∈ ℛ𝟖 = ℛ𝟔 ∩ ℛ𝟕 and let 𝐶(ℒ)be a LMCT set of ℒ. 

To proof this Proposition by contradiction, ℒ ∉ 𝒯(𝐶(ℒ)) then ∃𝐶1 close to ℒ such that  

∀𝜃 > 0, 𝑔 possess a 𝜃 2 ⁄ weak 𝑃𝑒𝑟ℎ(ℒ) ∈ 𝐶(𝑔). 

Because ℒ ∈ ℛ𝟕, ∃𝑤ℒ ∈ 𝐶(ℒ) ∩ 𝑃𝑒𝑟(ℒ)s.t. 𝑤ℒ  is a 𝜃 weak 𝑃𝑒𝑟ℎ  . This is a contradiction; 

Since ℒ has the EFSP on 𝐶(ℒ), by Proposition 2.22 every periodic point in 𝐶(ℒ)is not a 𝜃 weak 𝑃𝑒𝑟ℎ  . 

Thus, if ℒ has the EFSP on 𝐶(ℒ),  

Lead to  ℒ ∈ 𝒯(𝐶(ℒ))  .                                     ∎ 

 

Proposition 2.26.[18]  

Let 𝐶(ℒ)be LM and ℒ ∈ 𝒯(𝐶(ℒ)), any CT set 𝐶(ℒ)of ℒ ∈ ℛ𝟖, then ∃𝒾 > 0 and 0 < 𝜃 < 1 such that ∀𝑤 ∈ 𝔅 ∩

𝑃𝑒𝑟(ℒ), we have the following : 

(𝟏) ∏ ‖𝑫ℒ𝓲|𝑬𝒔(ℒ𝓲𝒋(𝒘))‖ < 𝜃𝝌(𝒘),

𝝌(𝒘)−𝟏

𝒋=𝟎

∏ ‖𝑫ℒ−𝓲|𝑬𝒔(ℒ−𝓲𝒋(𝒘))‖ < 𝜃𝝌(𝒘)

𝝌(𝒘)−𝟏

𝒋=𝟎

 

 

 

(𝟐)   ‖𝑫ℒ𝓲|𝑬𝒔(𝒘)‖. ‖𝑫ℒ−𝟏|𝑬𝒖(ℒ𝓲(𝒘))‖ < 𝜃𝟐  

Where 𝜒(𝑤) denote the period of 𝑤. 

 

Theorem 2.27.[19]  

For any ℒ ∈ ℛ𝟗, ∃ ℛ𝟗 ⊂ 𝐷𝑖𝑓𝑓(𝑀) a residual set, s.t. ∀ 𝜇𝑛  ergodic measure of ℒ, ∃ a sequence of periodic orbit 

Orb(𝑤𝑛)such that 𝜇𝑛 → 𝜇 in weak topology and Orb(𝑤𝑛) → 𝑆𝑢𝑝𝑝(𝜇) in the Hausdorff metric.   

 

Lemma 2.28.[11]  

Let E⊂ 𝑇𝔅𝑀 be a continuous invariant subbundle, 𝔅 ⊂ M be closed ℒ-invariant set. If ∃𝜃 > 0 that is. 

∑log‖𝐷ℒ𝜃|𝐸‖ < 0 

 

Proof of Theorem 2.8: Let 𝐶(ℒ)be LMCT set of ℒ, and ℒ ∈ ℛ = ℛ𝟖 ∩ ℛ𝟗 

Assume ℒ has the EFSP on 𝐶(ℒ), where ℒ is measurable map.  

Since ℒ ∈ ℛ and 𝐶(ℒ) is LM, ∃𝑤 is 𝑃𝑒𝑟ℎ  , we know that 𝐶(ℒ) = 𝐻ℒ(𝑤) 

Then by Proposition 2.25 , ℒ ∈ 𝒯(𝐶(ℒ))= 𝒯(𝐻ℒ(𝑤)) 

Thus by Proposition 2.26, 𝑇𝔅𝑀 = 𝐸⨁𝐹, satisfy 𝐸(𝑤) = 𝐸𝑠(𝑤)and 𝐹(𝑤) = 𝐹𝑢(𝑤), it is enough to show that 𝐷ℒ is 

contracting on 𝐸 and expanding on 𝐹   
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By contradiction that 𝐸 is not contracting, such that 𝜇 is an ergodic measure supported on 𝐻ℒ(𝑤). Take 𝑤𝑛 ∈

𝑂𝑟𝑏(𝑤𝑛)with period 𝜒(𝑤𝑛) 

Assume that ℒ𝜒(𝑤𝑛)(𝑤𝑛) = ℒ(𝑤𝑛) = 𝑤𝑛 

Then by Theorem 2.27, we have  

∑‖𝐷ℒ|𝐸‖ = lim
𝑛→∞

∑‖𝐷ℒ|𝐸𝑠(𝑤𝑛)‖ < 0 

By Lemma 2.28 , 𝐸 is contracting, this is contradiction  

Then 𝐶(ℒ)is hyperbolic. ∎ 

 

Conclusion: 

In general, the eventual fitting shadowing property is not fulfilled in hyperbolic dynamical systems (satisfy 

in case ℒ is Anosov diffeomorphisms) . In this paper, several concepts were presented. These concepts can be re-

examined on other important spaces. Future studies can also be conducted on hyperbolic dynamical systems using 

the concept of strongly fitting shadowing property, recording the difference between the two studies and their impact 

on finding dynamical characteristics that may be employed in solving some mathematical problems. 
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