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1. Introduction

The idea of shadowing in the dynamical systems (DS) theory boils down to the question is it possible to
approximate Pseudo-orbit (PO) of a given DS by true orbits?
Naturally, the answer of this question depends on the type of the approximation. Due to the unavoidable presence of
various errors and perturbations in the modeling of DS, the question arises about the relationship between the
asymptotic properties of the simulated system and the simulation results; this problem was first posed by D.V. Anosov

(1967) as a key step to analysis of structural stability[1]. The researchers developed the theory and performed the

+Corresponding author: Dunia M.K.AL-Ftlawy
Email addresses: donia.mohamed.pure353@student.uobabylon.edu.iq

Communicated by ‘sub etitor’


mailto:donia.mohamed.pure353@student.uobabylon.edu.iq
mailto:1*donia.mohamed.pure353@student.uobabylon.edu.iq
mailto:Pure.Iftichar.Talb@uobabylon.edu.iq

Dunia M.K. and Iftichar M.T,, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(3) 2023, pp math. 41-53 2

computations in dynamics systems in [2],[3],[4]and[5]. The answer about of this problem, researchers used several
types of shadowing property for proof hyperbolic, see[6],[7],[8],[9]and [10].
We demonstrate in this work by another type, we used the eventual fitting shadowing property (EFSP) on locally
maximal chain transitive (LMCT), then the map is hyperbolic.
let Dif f (M) be the space of diffeomorphisms of M, where M is closed smooth manifold with dim M > 2 endowed
with the C?* topology .The distance on M induced from a Riemannian metric ||-||on the tangent bundle TM. A closed £-
invariant set B admits a dominated splitting for £ if the tangent bundle TgM has a continuous DL invariant splitting
E@®Fand3C > 0,0 < u < 1,vw € Band k = 0, then

DL 5w | - DL eerun || < Cu*
B is hyperbolic for £ if the tangent bundle Ty M has a DL invariant splitting ES®F*and3C > 0,0 < u<1,Vw € B
and k = 0, then

|DwL¥|gs || < Cu and || Dy L7 gu || < Cu*

If B = M, then L is called Anosov. In this paper, we assume that a chain transitive set C(£) is nontrivial (C(£)is not

reduced to orbit).Denote a hyperbolic periodic point at w by Pery, (£) of L.

2. The definitions and important results in the research:

Definition 2.1.[3]
Let £L € Dif f(M), a > 0, a sequence of points {y,}2—,,(—% < a < b < ®)in M is said to be a a- pseudo-

orbit of L if
A(LD), Dresr)) <aVa<k<b—1.

We called £ has shadowing property on Bif Vf > 0,3a > 0s.t.
V a-pseudo-orbit{y, }cez € 8,3z € M s.t.d(L*(z,), %)) < B,V k € L.

Definition 2.2.
Let (3, d) be a metric space and £: 3 = J is called have the eventual fitting shadowing property (EFSP) if

VB > 0,3a > 0,s.t.V{y,} €I,k € Zbe sequence IX = X(a) € Ns.t.vn > 8,3 z € J to get:

n-1

lim sup Z d(L*(z),y,) <BVK =X
n—oo

k=0
and

n-1

lim sup Z d(L*(2),y,) <B Vik < —R
n—oo

k=0

Definition 2.3.[11]

A closed invariant set B is transitive if 3x € B s.t. w(x) = B, where @ () is the omega limit set of ».
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Definition 2.4.[11]
Vi, u, € M, we write x; w x, if Va > 0, El{yj};lzo (n=1)of Lst.y, =x; and y,, = x,. V3;, 1, € B, can
write 3y wg ¥,

if 2, w32, and {yj} C B(n = 1). Symbolize the set C (L) is chain transitive (CT)if Vi, 3, € C(L), %y »oc(r) #; -

n
j=0

Definition 2.5.

Assume B is called locally maximal (LM) where 8B a closed invariant set if 3 U is neighborhood of B s.t.

B = ﬂ L)

nez

Definition 2.6.[12]

A subset R c Dif f(M)is said to be residual if it was contains the intersection of a countable family of dense

and open subset of Dif f (M); then, R is dense in Dif f (M).

Definition 2.7.[12]

A property p is called Clgeneric if p hold for any diffeomorphisms that leads to some residual subset of

Diff (M).

Theorem 2.8.
There is R € Dif f(M), which is if L € R has the EFSP on LMCT set C(£) , then £ is hyperbolic on C(£) .

Lemma 2.9.[13]
There is R € Dif f(M)such that VL € R, any CT set C(L), there is a sequence Orb (3,,)of periodic orbits of £
such that
Tllg?o Orb (x,,) = C(L)

Proposition 2.10.

For every C(£L) of L € R,,if C(L) is LM, then

CLYNPer(L) #0.
Proof: Suppose L € Ry, and let C(£)of L be LM in U.
To proof this Proposition by contradiction, if C(£) N Per(£) = @
Because C(£)is compact, 3> 0 such that C(L) c B“(C(L)) c 0.
(By Lemma 2.9), 3 sequence Orb (u,)of periodic orbits of £ such that n is large d(Orb (»,), C(£)) < ;
Then itis Orb (%) € B.(C(£)) c U.
Because C(£)isLMinU,Vvn € Z
L2(0rb (i) € L(V)
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If C(L)is LM, then C(L) N Per(L) # @,

But this is contradiction. [ |

Proposition 2.11.
Assume B is compact L-invariant set of L. If £ has EFSP on LM (B), then the EFS points are get it from B.
Proof: Take B is LM, a neighborhood U of B, since B is compact,
Jx> 0 such that B c B(B) c U.
Let 0 < € <« be the number of the EFSP, and
Suppose {yj}jez € B a e-pseudo-orbit of £
By the EFSP on 8B, 3n € M,.Vk = X and X € Z such that

K—1

lim sup z d(Li(n),y;) <« Vj=R and
j=0
Kk—1

lim sup d(L7(m),y) <x V—j<—R
j=0

Then, take Vj >R, LI(%) € B«(B)and
V —j < —X, L7 (%) € B.(B)and so,

LI(L¥)) € Bo(B) and L7T(L™R(%)) € Bo(B)

Since B is LM, we know that

ﬂLK(LNH(u)) € ﬂL"(B“(%)) c ﬂL"(U) -8

KEZ KEZ KEZ

Then L¥ (%)) € B

n € L7%T (B) = B, since B is an L -invariant set

Thus the EFS points are get it from B. [ ]

Letvbea Peryof £L.3 e =¢(v) > 0,s.t.
W) = {w € M:d(L*(v),d(L*(W)) < g,k = 0}
WEW) ={weM:d(L(Vv),d(L (w)) < gk < 0}
Then W, (v), W& (v) are said the local stable (unstable) manifold of v respectively.

If B is hyperbolic closed £ -invariant set, then 3¢ > 0s.t.,V 0 < § < ¢, the above sets are C!- embedded disks .
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Proposition 2.12.
Let C(L)be locally maximal, £ has the EFSP. Then V w;, w, € C(£L) N Per(£), we get W¥(w;)Nn W!(w,) # @
and WY (w, )N WS(w,) # @
Proof: By [14], £ does not contain sources or sinks since C(£)is a CT set of L.
Let w;, w, be Pery, of L,
Put $ =min {f(w;),B(w,)} and let 0 < a < 3 be the number of the EFSP for L. To simple expression,
we may assume that L(w;) = w; and L(w;) = w,

K
j:

Since L is chain transitive, El{y]-} o (k = 1) c C(L) is a finite a-pseudo-orbit such that
Vo = w; and y,, = w, and
d(£(yj).yj+1) <a VO<j<k—j
Takey; = Li(wy), V j<0and yj4q = LI(wy), Vj=0,
Then the sequence
w1 (= Y1), Wi (= ¥0), Y1, Y20 o0 W2 (5 Y1), W2 (5 Vier1)s - 3 = {¥jljez © C(£L) is a-pseudo-orbit of £
Since, the EFSP on C(£),In € M,.Vk = X and X € Z such that
d(Li),y;) <B Vj=Randd(Li(n),y;) <B Vj<-—K
ie. %Lrgsup Yo d(£I(),y;) <P V j=Rand
%Lrglosup s d(£i(),y;) <B V j<—X
Sincey_j=w; =L7(wy), V j=0andy,,; = w, =L (wy), Vj=0
If X > Kk, then we know
£7500) € By(y_y) = By(wy)
And
LYW) € Bg(yx) = Bg(wy)
ThusVj =X
(VL) = LI(L¥W)) € Bg(yxsj ) = Bg(wy), and
ThusV — j < —RX
(2) L757(n) € Bg(y_x-j) = Bg(wy)
By (1), we obtain on d(£1(£¥(®),w,) < B, Vj=0,and
By (2), d(LT7 (LX), wy) < B, Vj=0
Then L¥(x) € W5 (w), L7X(n) € Wg'(wy)
Son € LX(Wg'(wy))and n € L7N(W3(w3))
Since L¥(Wg(w;)) € W (w,) and L7X(Wg(w,)) € W3(wy),
Gradually, ® € WY (w,) N WS (w,).
Thus, W (w,) N Ws(w,) # 0.
Now, to prove other case when W*(w;)Nn W"(w,) = 0

In fact, the proof of this case has the same to the above case. m
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Definition 2.13.

A Pery (L) at w, suppose that w;, w, are two homoclinically related, and denote by w; ~ w, if verification:
W3 (wy)n WH(w,) # @.
W*(w,) N W3 (w,) # .

By above definition it is obviously that if w; ~ w, , then
index (w,)=index (w,), i.e.

dim W53 (w;)=dim W*(w,).

Definition 2.14.
A diffeomorphism £ € Dif f(M)is said to be Kupka- Smale (XS ) if 3 Per;, (L) at w, also if w,, w, € Per(L),

then W*3(wy,) is transversal to W"(w).

The set of all Kupka- Smale diffeomorphisms is C!-residual in Dif f (M).

Proposition 2.15.

Any chain transitive C(£) of £, 3R, c Dif f(M)is a residual set s.t. L € R,, if £ has the EFSP on locally
maximal C (L), then V w, € C(L) N Per(L),it have index (w;)=index (w,).
Proof: Let L € R, = Ry N K'S and let C(£L)be a LMCT set of L.
Assume that £ has the EFSP on C(£)
Because C(L)is LM of £, then by Proposition 2.10
It known C(L) N Per(£) # @, to proof by contradiction .
Assume that 3w, w, € C(L) are two Per;, such that.
index (w;) #index (w,).
Since index (w,) #index (w,), it know
dimW?¢(w,) +dimW"(w,) <dim M or
dimW"(w,) +dimW?(w,) <dim M
Then, take the case in which dimW?*(w;) +dimW"(w,) <dim M, the other case has the same proof.
Since £ € XS and dimW?(w;) +dimW"(w,) <dim M, it know that
W5 (w,;) N WY(w,) = @, this is contradiction.
Since £ has the EFSP on C(£),
By Proposition 2.12 W*%(w,) N WY(w,) # 0,
Thus, if L € R, has the EFSP on a LMCT set C(£), then
Vw, € C(L) N Per(L)

Then index (w,)=index (w,).

Definition 2.16.

We write x ¢» y and y «v» x, the set of points{x € M: x «w» x} is called the chain recurrent set (CR) of £
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the chain recurrent class of £ is the set of equivalent classes «» on CR(L), denoted by C(w,£) = {x € M:x » w

and w w x}, which is a closed invariant set.

Suppose Pery (L) at wy, we say that w; and w, are homoclinically related, denote by w; —~ w, if
WS (w)h W¥(w,) + 0
Whwy) h Ws(w,) = @

It is obviously that in the case of verification if w; ~ w,, then
index (w;)=index (w,), leads to dim W*(w,)=dim W*(w,)is denote by H(w, £) = {w; ~ w,} such that H(w, £) c
C(w, £)[15].

Lemma 2.17.[11]
Every L € R3, where R3 is a residual set such that is satisfies:
B Locally maximal transitive set, 3w € 8B periodic point such that 8B is locally maximal H((w, £) .
3 Pery(w) € B such that H(w, £) = C(w, L).
Every chain transitive C(£)of £ is a transitive B of L.
If C;(w)is locally maximal, then C,(w)is robustly isolated, 3U(L) a C* neighborhood of £ and a neighborhood U of
C:(w) such that V g € U(L), C,(w,) = CR(g) N U = B, (U) = Npez g™ (V).

Lemma 2.18. [Franks' Lemma (16)]
Assume U(L) any C* neighborhood of £. Then 38 > 0 and C?* neighborhood U(£) € U(L) of £L such thatV g

€ U(L), a finite set {y;}*_,, a neighborhood U of {y;}¥_, and linear maps L;: T,,M - Tg(yi)M satisfying ||Li — Dyl.g” <

0,V1<i<k3dg e UL)st g ) =g ify € (¥}, U M\U) and D, g*=L;,V1<i<k

Definition 2.19.
Letw € L be Per,,(£),V 8 > 0, with period y(w)is a @ weak Per, if 3 i an eigenvalue of DLX™)(w) such
that
(1= 61 < [u] < (14 0)*W)

Proposition 2.20.

For any L € Ry, where Ry c Diff(M) aresidual set, V8 > 0,ifa CT set C(£) of £ is LM and C(£)contains a
0 weak Per;,(£) at w;, 3g is C'closed to £ s.t. has w;, w, € C(g)two Pery, such that index (w;) #index (w,), where
C(g) is the CT set of g.
Proof: Let U be locally maximal neighborhood of C (L), and
LER, =R, NR3,3Aw € C(L) N Per(L)such that Vo > 0, w is a 6 weak Perysince L € R; and C(L)is LM, C(L)is
transitive set B of £ and so,

C(L) = H;(w) = C;(w) and C(L)is robustly isolated.
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For simplify, assume that CX™)(w) = C(L) = w.

w € C(L) N Per(L)is a § weak Pery, ,¥6 > 0,3u € D, L is an eigenvalue such that
1-0)<|ul<(1+06)

By Franks' Lemma [16] 3g is C? close to £ s.t. g(w)=L(w) = w and D,, g has an eigenvalue u such that |u| = 1.

By Franks' Lemma [16] 3g, is C* close to L s.t. D,,g; has only one eigenvalue y such that |u| = 1.

Denote by Eg, the eigenspace corresponding to y

The proof consist of two cases :

Case i\ Assume u is an real number

By Lemma 2.18,38 > 0, By(w) c Uand x C? close to g(h € U(L)) s.t.

Aw) =gw) =w

h(y) = exp,,° D,, g °expyt(y) for y € By(w), and

h(y) = g(y) for y € By (w).

Lety = 0/2. Take a nonzero vector v € exp,,(Ey,(0)) that corresponds to u s.t. [[v]| = y.
Here, E,(0) is the 8-ball in ES, with its center at WV)
Then we have
h(expw(v)) = exp,,° D,,g ®exp;;} (expv (U)) = exp,, (V).
Put3,, =exp,{tv:— y/2 <t <y/2}).
Then, J,, is centered at w and & (J,,)=J,,
Know that J,, © 8,(0) = Nyez h? (V) since By(w) € U.
Take w,, w,are two endpoints of J,, since A (3,,) = J,,.
Then, know that
Dy, hlge, = Dy, fi|gg, =1
By Lemma 2.18,3 Wis C* close to A(¥ € U(L)) s.t.
index (wyy) # index (W,y), where w;y and w,y are hyperbolic points in U with respect to V.
Wiy Woy € C(W) = By (V) = Nyeg V¥ (U), where C(W)is the CT set of V.
Case ii\ If u is an complex number, assume L(w) = w
By Lemma (2.7),],36 > 0, Bg(w) € Uand g(g € U(L)) such that
gw) = L(w) = wand g(y) = exp,, 0 D,,g 0 exp,' (y) Vy € Bg(w).

3¢ > 0,Vv € exp, (ES (0))s.t. D, g’ (v) = v since u = 1.
Assume v € exp,,(ES(6)) such that ||v||=0/2.

Then there exists a small arc

exp,({tv:0 < T < 1+4y/2}) =, € By(U) = Nyez g ¥ (V) sit.

gCINGQ)=0 VO<j#i<t-—1
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ge({w) = {y,and
gf;w: {w — {,, is identity map.

Take w;, w,are two endpoints of {,,, 3 g*is C* close to g such that
index (wy4+) # index (wp4+), where wy 4+ and w, 4+ are hyperbolic points with respect to g*.

Wig* Wag+ € Cg*(wg*) =By (U) = Nyez g% (V) = C(g*), where C(g*)is the CT set of g*. ]

Lemma 2.21.[17]
For any £ € Rs, where R c Dif f (M) a residual set, s.t. if for any C1neighborhood U(£) of £,3g € U(L) s.t.

g has w;, w,are two periodic point with index (w,) #index (w,), then £ has w; and w,, with index(w,,) #index

(WZL)'

Proposition 2.22.
For any L € Rq, where Rg € Diff(M) a residual set, such that if £ has the EFSP on locally maximal
C(L£),3 6 > 0suchthatvw € C(L) n Per(L),w is not a § weak Pery, of L.

Proof: Let L € Ry = R4 N R and let C(L)be a LMCT set of L.

To proof this Proposition by contradiction, V6 > 0,3w € C(L) N Per(L),w is a 8 weak Per;, of L.
C(L)is robustly isolated, since £L € Rzand C(L)is LM.

Since £L € R, and w € C(£) N P(L)is a 6 weak Pery, of L.

By Proposition 2.20 ,3g is C? close to £ such that g has w;, w, € C(g)two Pery,

So, index (w;) #index (w,).

Since L € Rs, £ has two Pery, wy,, w,, € C(L)with

index(w, ) #index (w,,).

This contradiction, since £ has the EFSP on C(£) by Proposition 2.15,

YV wy, W, € C(L) N Per(£) with index (w;)=index (w;) [

Definition 2.23.
L satisfies a star condition on C(£) if 3C* neighborhoodU of C such that Vg € U(L), every w € B, N Per(g)

is hyperbolic.
Denote T(C (L)) for the set of all diffeomorphisms that satisfy the local star condition on C(£),.

Lemma 2.24.[14]
For any L € R,, where R, c Diff(M) a residual set, such that V8 > 0 and any C* neighborhood U of C, if

,3g € U(L) and w € Per(g)is hyperbolic point such that w is a 8 weak Per;, then 3w, € Per(g)is hyperbolic point
with 26 weak Pery, .
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Proposition 2.25.
For any L € Rg, where Rg c Dif f(M) a residual set, any CT set C(L)of L, if L has the EFSP on locally
maximal C (L), then £ € T(C(L)) .
Proof: Let L € Rg = Rg N R, and let C(L)be a LMCT set of L.
To proof this Proposition by contradiction, £ & T(C(£)) then 3C* close to £ such that
VO > 0, g possess a 0/2 weak Per, (L) € C(g).
Because £ € R;, 3w, € C(L) N Per(L)s.t. w; is a 8 weak Pery, . This is a contradiction;
Since £ has the EFSP on C(£), by Proposition 2.22 every periodic point in C(£)is not a 8 weak Pery, .
Thus, if £ has the EFSP on C(£),
Leadto L€ T(C(L)) . ]

Proposition 2.26.[18]
Let C(£)be LM and £ € T(C(L)), any CT set C(L)of L € Rg, then 34 > 0and 0 < 6 < 1 such thatvVw € B n

Per (L), we have the following :

xw)-1 2w)-1
(1 1_[ ||DL1.|ES(£¢'1'(W))|| < GX(W), 1_[ ||DL_4:|ES(L“'I'(W))|| < gxW)
j=0 j=0

@) IDL s |- | DL gucriuy || < 62

Where y(w) denote the period of w.

Theorem 2.27.[19]

Forany £ € Rg, 3 Rg C Dif f(M) aresidual set, s.t. V u,, ergodic measure of £, 3 a sequence of periodic orbit
Orb(w,,)such that p,, — u in weak topology and Orb(w,,) = Supp(u) in the Hausdorff metric.

Lemma 2.28.[11]

Let EC Ty M be a continuous invariant subbundle, B c M be closed L-invariant set. If 38 > 0 that is.

> tog][D£?1]| < 0

Proof of Theorem 2.8: Let C(£)be LMCT setof £,and L € R = Rg N Rq

Assume L has the EFSP on C(£), where £ is measurable map.

Since £ € R and C(L) is LM, 3w is Per;, , we know that C(£) = H;(w)

Then by Proposition 2.25, L € T(C(£))=T (H;(w))

Thus by Proposition 2.26, TgM = E@F, satisfy E(w) = ES(w)and F(w) = F*(w), it is enough to show that DL is

contracting on E and expanding on F
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By contradiction that E is not contracting, such that u is an ergodic measure supported on H;(w). Take w,, €
Orb(wy,)with period y(w,,)
Assume that LX) (w,) = L(wy,) = wy,

Then by Theorem 2.27, we have

D UDLIEl = lim > [[DLgscu|| < 0

By Lemma 2.28, E is contracting, this is contradiction

Then C(£)is hyperbolic. m

Conclusion:

In general, the eventual fitting shadowing property is not fulfilled in hyperbolic dynamical systems (satisfy
in case £ is Anosov diffeomorphisms) . In this paper, several concepts were presented. These concepts can be re-
examined on other important spaces. Future studies can also be conducted on hyperbolic dynamical systems using
the concept of strongly fitting shadowing property, recording the difference between the two studies and their impact

on finding dynamical characteristics that may be employed in solving some mathematical problems.
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