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Spline functions are the most effective polynomial tool for usage as the fundamental method of approximation theory
in almost all branches of numerical analysis. Because they can be readily evaluated, differentiated, and integrated in a finite
number of steps using the fundamental arithmetic operations of addition, subtraction, division, and multiplication,
polynomials are used for approximation. Spline functions are a relatively recent analytical topic. The theories of splines and
practical applications of their use in numerical analysis have both advanced significantly during the past 20 years. The theory
and use of splines are covered in varying depths in the publications listed below (Ahlberg et al., 1967). In addition to the
publications discussing the optimal interpolation or spline approximation already stated, Lacunary interpolation is used when
parts of the sequences are broken. Finding the five -degree spline S(x) by interpolating data on the function value and fourth
order in the interval [0,1] is the lacunary interpolation issue that we have looked at in this research. Additionally, the first
derivative is required to meet an additional starting requirement.

The structure of this study is as follows: Consider first the degree five spline function that interpolates the Lacunary data
(0,4). The existence, uniqueness, and error bounds of the degree five spline function are discussed theoretically, and
convergence analysis is also explored. to show that the required Lacunary spline function converges.

1.2 Descriptions of the Method:

In this section, we offer a five- degree spline (0,4) interpolation for a one-dimensional, sufficiently
smooth function f'(x) specified on I = [0,1], define as following:

Q‘l(?.])(xl) = al,j 4 i = 1,2, LEL )n ;j = 0,1,2, b In (1)

If the order of the derivatives in (1) from an unbroken sequence is j for each i, then we have Hermite
interpolation. We have lacunary interpolation if any of the sequences are broken:

[i0=xo<x; < <x,=1
Use knots to represent the uniform division of I:

x; =ith whereh=x;,, —x;, i=12,..,n—1.

The class of spline function S7 5 is defined as follows, where S7 5 indicates the class of all splines of
degree six that are a part of C2[0,1], any element S;(x) € SZ5 if both of the following two criteria are

true:
(i) S;(x) € €?[0,1]
(i) S;(x) is a polynomial of degree least or equal to five in each [x;, x;41],i =0,1,... , n—1

(2)
1.2.1 The Lacunary five Splines Function is constructed as follows:

If S(x) isa five-degree polynomial on [0, 1], then we get

S(x) = S(0) Ag(x) + SAA, () + S(1)A,(x) + SP(0)A3(x) + 5P (1) A4 (x)
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Where, 4€(0,1)

5 3 7 z 3 5 7 5 3
i 6(42: =52 +1)x7 — (2442 = 3542 + 11) x% + (3022 — 35 2 + 5) x>
A) =5—— . !
A2 (A-1)(62-5) —A2(1—1)(61—5)
Ai(x) = —[ 6x2 + 11x2 — 5x2]

12 (A-1)(6A-5)

3 7 3 5 5 3
A, (%) = ! [6 A7 (42— 5)x7 — A3(24 A% — 35)x2 + 5 A2(61 — 7) xa],
AZ (1-1)(61-5)
. %ﬁ(z —1)(42 — 3)x7 — %/121(/1 —1)(842 + 82 — 11)xz + \/i_lzl(/l —1)(1442 — 51 — 5)xz
A = =3 r " 3 1 " !
3() 2z (A-1)(61-5) —%A?(A —1)(61 — 5)x2

Ay(x) = 4——

—t [2,13(,1 ) = B(A = 1) (A + D+ 2234 - 1)x§]
AT(A-1)(62-5) VT v v ’

_ - _ - _ 2
B 945 16— 1)(61 = 5)x5 + 315/1(,1 1)(16 A2 + 16 1 — 25) x3
A5(X) - 3 10/‘{2 3|’

A2 (1 —1)(61~-5) ——/1(,1 —1)(884%2—-351— 35)x2 + 575 A~ D(8A-T)xz

vie (0,1) /{g}.
(4)

We record that for future use:

9 0 ; .
1 151\6()—(4/‘1 2-11A2+7 A2 +7,13_11,12+4,1> 3 _¥ 9,17_%/12—432_1 /12—+z4_1/12_%/1+1

Aé(l) = 3 ' Aé W = 3 '
2z (A-1)(61-5) 1z (A-1)(61-5)
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1:’(24 A3—56 12+35 27 - 3> 7 7 7 —315\/E<4/1;—5 /123+1>
Ag(0) =0 A(D) = 3 , A3(0) = A3(1) = A1) = g )
1z (A-1)(6A-5) 812 (1-1)(6A-5)
1 15\/— 3 15V /21 52 11
E 15V (A1) (~7A+4) 2 -
AT =—5 . A2(Q) = 43(4 )
AZ (A=1)(61=5) AZ (A—=1)(61-5)
s 7 7 7 s15yR
A{(0)=0, A/(1)=—F—" , O =AM =AN=— :
AZ (A—1)(61—5) 8\Z (\—1)(61—5)
1 15V 7 3 15VT 5 2 814,21
= A2 (A—1)(4A—7 = A2 (9 A" —=A+5
Azz(}\) — 163 ( )( ) , AZZO\) — _4 - ( 4 2) ,
AZ (A—1)(6A=5) AZ (A—1)(6A=5)

7 7 7 315W
- , A3(0) = AZ(1) = AL() = —F
AZ (A—1)(6A=5) AZ (A—1)(6A-5)

" " 7\ (4 A-5)
Az(o) =0, Az(l) =

—14—55(24 > —56 1+35)
3

3 1
1 “AZA-1D)(EA3 5222457y -5 3 AT (O—1)(E3-282)24138, 15
A;(A)= ( 3)(2 8 8 2)’ Ag(l)= ( )3(2 8 ) ,
AZ (A-1)(61-5) AZ (A-1)(6A-5)
1
S ara-1)(2442-32049) 7 7 7 105353 1y(4]—3
A1) =0, Ar() = 2 00 ) K0 = £ = () = DD
AZ (A-1)(61-5) 2Z(A—-1)(61-5)

’ 3
2 —2(A— — 2 _A2(A— 2_
Ai(/‘l) _ /132(1 1)(5 1-6) , AZ(A) _ /12(3/1 1)(4—51 36/1)’
A2 (A-1)(6A-5) A2 (1—-1)(64-5)
ﬂzzu 1)(31—4) 7 B
AZ(O) = 0 y Ail,’(]-) = : AZ(O) —_ Az(l) _ AZ(A) — 210/’{2(/’{ 1)

P (A—1)(61=5) 7 (A=1)(61=5)
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41 1 —r 449
Aé ) = —VE - 1)(;5—3/1 +505 A2 %ﬂﬁ), Ags(/l) _ ‘7’1(/1_1;[2’14_%’13"’@'12‘%'1]’
1Z (A—-1)(61-5) AZ (A—-1)(6A—5)
A-1)(— 22224322 z YEa-1)( 16 2 +16 1—25
AISI(O) — O, Alsl(l) — 6 = ( 3 15 3), Azs(o) — 24 3 ( )/
2Z(A—1)(6A-5) AZ (A1—-1)(6A-5)
7 Vr 2
Z - —A(A-1)(16 A*—56 A+35 ZA(A-1)(56 12— 76 1425
Ay = =24 ), A = Ee )
2 (1-1)(6A-5) /12 (1-1)(6A-5)

()
The following expansions on [x;, x;,] exist for f € C>[0,1].
2 3 4 5
frien) = FO) = hF'Ge) + = F7 () = = F @) + 1 @ () — T O (61,0),

fOI’ Xi—q1 < Ql,i < X,

F i) = FO) +RF () + 5 1 G0) + 2 () + 2 B () + 2 £ (6,,),
fOI’ X < 92'1' < Xit1s

(- VW (=D
Fimre2) = £ + (A= DAF () + =1 (x) + = " (x)

(/1 l)h = 1)h

f(4)( 1) t— f(s)(GSL) for X < 931 < Xi—1+21

f(xis2) = f(x) + Ahf' (x)+ f"( D+ f"'( D+ f(‘”( D+ f(s)(941)
fOI’ x; < 94,1' < Xit1s

FO 0 1420 = FPE) + A= DhfF(0s;), for x; < 0s; < xi_142,

F® i) = FB ) + ARfO(65;), Tor x; < 0g; < x142,

e = e - =i e - Do + Tt e + 5 LyiCles

Vr

- 158ﬁ hgf(3) (x;) — };—ch)( D+ mw_ hzf(4)(x )
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ht (2
+Zf(2)(xl-) - 945\/_h2f(5)(671) for,x;_; < 6;; < x;

R + - f( Ie)

By = FOa) + 2 m3f e + Oy + —
f (xl+1) f (xl)-l'\/Ehf(xl)-l'hf (xl)+3\/E

Ref @) + 5 0 ) + b @ ()

8 16
15Vm 105V

n* (2 32,2
+Zf(2)(xl) + 945\/Eh2f(5)(68,i)’ for X < 98,1' < Xit+1,

1 A2 3 2p2 s
PO = O+ a2nir e+ anr D) + =i + 5 1O

162% h2

+ 22 ha ) + 2 £ ) + 22 £ () + 2 ) )

9
AShZ 256
+ f(s)(ngl-), for x; < 99,1' < Xis1»

5! 63Vw
3 2p2 7 3 3
) = £O ) + anf D) + Tflthf”(x D+ O + ;jﬁ B (x)
+/13 3f( )i + —\/—ﬂ4h2f(4)( x;) + 1\2;/15},12f(5)(910,i) for x; <610; <xisa,

(6)
1.3 Theorems of Existence and Uniqueness:

This section presents and analyzes the existence and uniqueness theorem for degree five spline
functions that interpolate the lacunary data (0,4)

Theorem 1: The Spline Function is New and Unique
for specified random numbers f(x;),j = 0,1, ...,n, f®(x;42),i =0,1,.. ,n—1 and

1 1
FP(xy), f@(x,), there s a special spline S, (x) € S2 5 like that:
Sn(x) = f(x),i=01,..,n,
SP(xi) = F®(x:.,) i =01 -1

n (x]+/1) f (x]+l)J] L w,n )

@ & @ &
Spt (x0) = f2(x0), S, (xn) = 72 (x).

(7)
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Theorem 2:

Let f(x) € €°[0,1] and S, (x) € Sz 5 be a singular spline fulfilling Theorem 1 prerequisites, then

Q) ) s ).1y.,=1357
[s @ - P s v we®inr=5557
[ 2[(1922° — 110422 + 5402 + 15) (27 27 =220 36 L 227 )5 %% ga g 233 4 17 1907 4 723)|
16 72 504 126 63 9 2 2

%ﬁ(a —1)(64 — 5)(19243 — 110442 + 5401 + 15)

5 3 1
(12242122 ge 4 220 103 Mg 3895 4 099 (10p¢ + 2200 — 17 4 1801 - 120
4 252 84 84 126 252 2 2 3

3,123(,1 — 1)(64 — 5)(1922% — 110422 + 5401 + 15)
256
_6e3vm

27— D[(1924° — 11042% + 5402 + 15) Gr-Sas-Sat+20 -2+ 22+ )

3,123(,1 — 1)(64 — 5)(1922% — 110422 + 5401 + 15)
(152 +152-2) (S22 + T4 =22 + 131 -]
8 2 8 8 3

%ﬁ(z — 1)(64 — 5)(1922% — 110422 + 5401 + 15)

_ U 63Vm op(s). L =1
And (IS, (x) = fCONl SV — ——w(f®;—) where [ =

Theorem 1's first proof:
The evidence is dependent on the following examples of S, (x), for x; < x < x;41
i=0,1,..,m—1, wehave

Sn(0) = £ Ag(D) + £ (xi42) Ar(0) + f(xinr) A(0) + bz S,SE) (x;) A3 (t)

1

+hz S5
n

X=X

)(xm) Ay(t) + h*F® (x;4,) As(t) Where t =

Using the circumstances and equation (8)

s20) = F90),52) = O

As we can see, as provided by (8), it fulfills (2) and is finite in equation (1), i=0, 1,..., m-1.

Additionally, we must demonstrate if it is feasible to determine

3
S,(lz)(xi),i =0,1,...,m — 1, anything uniquely. We employ the knowledge that

(8)

(9)
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Sp(x) € €°[0,1] and the following criteria to this end:
) ©) .
S (xi4) =87 (x;-),i=0,1,...,m—1,
) G ) NG
Where S, * (x;4) = lim S, > (x) and S, (x;-) = lim_S,* (x)
n—>x?’ n—>xi

then decreased to with the aid of (8) and (9) to get:

3 L N4 TR S C) U Pr o 3 2 )
42 (A= 1)[-2427 + 404 — 15 ]h2 §;2) (i) + 542 (A = 1)(164° = 702 +35/1+5)hzs (x;)
5 1 (1 15 7 s 35 3 3
—2422( 1 — 1)h2 SSZ)(le) = - T‘/E(—6 Az + 14 2z — = Az + Z)f(xi‘l)
15\/_
16
15\/_ v

351, 4 (4
Xi+a) =525 A= 1) [12 /12—21/1+T]h f i)

15
\/— /12(6/1 7) f(xig1) + \/_f(xl 142)

(28 A5 — 3512 + 4) f () -

+ 20 -182— DR P (xip) Where i=12,..,m—1

126

Equation (11) has a single solution and is a strictly tridiagonal dominating system.

1

The system (11) that proved Theorem 1 may thus obtain i=1,2,..., m-1 S,SE) (x;), inasingle way.

1.4. Convergence and Bounds on Error:

(10)

(11)

The findings of the following tests are supported in this section by the upper limits for mistakes

explored first:

Lemma 1:
Let us write C; = |S(%)(xl-) — f(%)(xi)| , then for f(x) € €°[0,1] , we have

273 (12421 -2 4 S 1803 102 3095 665

665)
252 84 126 252

Lz - 1)(192/13 — 11042 + 5401 + 15) K
Max C; < T gW(f(5>; h)
2 .
+F’1 (-1 (152 + 152 - )]

ézz (A —1)(19223 — 110442 + 54021 + 15)
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i=1,2,..., m-1
Where 1 € (0,1)/{0.569374}
Proof:

From (6) and (11), we get

%ﬁu —1)[~2442 + 401 — 15 [k (5(_3 i) — & (xi_l))
£ = 1)(162° — 7042 + 351 + 5)hi ( s@n - FO, ))
2 L L

—245(1 - 1) b3 (si@)(xm) -G (xm))

_— 15;5 (—6 A+ 14 45 — % Az + )f(xl D+ %—(28 2% - 3522 + 4) f (x)
IV 62— 7) FCxin) + 2 f(pmran) = 2 (i)
Vr 35 Vi
—ﬁz(z -1 [12 A2 =211+ T] R (xi_142) + (ﬁzz(z (81— 7)h*fF® (x;,2)

—%Azl(l —1)[=2422 + 402 — 15 hif & (x,_))
—%,15(,1 —1)(164% — 7022 + 351 + 5)hzf &) (x) + 24224 — 1) haf @) (x,,)

15\/_ 15Vm

35
[ 625+ 1425 — = )12 Z 5'f<5)(9“)_ A2(64 —7) —f(5)(921)

+45” D 1) (p,) - ZEEE 63, )

16

T A= 1D)(1222 =212 + )RS - 1f S (605,)

252

(126/12(/1 (81 —7)) hSAf O (6,,)
330 2 _151—22_p5£(s) ; 5 £(5)
+542 (A - 1)[-2427 + 401 - 15] 45\/_h (6, )+24/1 (A—-1) 5\/_h £S(6g,)

(12)
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[15\/—

65 155 110

35 1
12&2+21AZ——/’1 — M —— B+ —1——1

252 84 84

.\ 25
63V

155

=2 (- 12/12+21/12——,1—+—,14 L5930 4 Mope 329,

252 126

6 1 5 45 1h®
(=152 + 151 = ) §<p1W<f

329 N 665)
126 252

(5). —

665
252

)
"m

)

Max C; <

5,12—(,1 - 1)(192,13 — 110422 + 5401 + 15)

256
63\/_

%,12—(,1 —1)(19223 — 110442 + 5401 + 15)

256 3(A—1) (1522 + 151 - %)

this is the complete of the proof.

Where |p;] <1,i=12,..,m—-1

Using the diagonal dominating property, the outcome (12) is what comes next.

Lemma 2:

Let £ (x) € C5[0,1]

sy - O] <

& e - O] <

3)12_()1— 1)(6A—5)(19243-1104A2+5401+15)

a(s154285) (12 23421 2222 a0 LS 0220y, 000

3
%AT(A— 1)(64-5)(19243-110442+5401+15)

1
256 .= 2 45 315\ 105 3 2
B (A-1)|(1522+152-27)(315 1-32) +13°(1924% 110422 +5401+15)

3
%17(1—1)(61—5)(19213—1104/12+54oa+15)

h
S oW

then
%A [< S5 p4t4122- 25/1+ Az Az )(192/13—1104/12+540/1+15)
%/12_(/1—1)(61—5)(19213—1104/12+540/1+15)
3
1 155 110 329, 665 3
-1890(2—3 )( 12 /12+21/12——/12 7422420003 —/12——/1+—)] hz
4 252 126" ' 252 (5).
1 W (F;h) (13)
5/12_(/1—1)(61—5)(19213—1104/12+540/1+15)
320/12(/1 1)[(192/14—1104/13+540/12+15/1)+1so (1-3)(2242-3)]
5/12 2 (A-1)(61-5)(19223-110412+5401+15)
15f[22—1<79—3/15—% 4420833 200)12+4/12 5/12)(192)13—1104/12+54o)1+15)

Zw(f®;n) (14)
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1 -
B [(192/13—1104/12+54oa+15)( 2108 G e 002 33, 10016805, 5%0)

48 48 48 48 48

—17(1—1)(61—5)(19213—1104AZ+5401+15)

7 315 =, 65 155 110 329 665 3
Dy - O < (315’1‘_)( 12254200532 4+ ) SW(F®;h)

—,12_(,1—1)(6/1—5)(19213—1104AZ+54OA+15)

256

+ 63T

256 37 (- D[32(42-3)(1922° 110442 +5401+15)—(3151-22) (1522 + 15202

1,3 (A1-1)(6A-5)(192A3 110412 +5401+15)

L 8 J

6_1,5_1081 34 853,3 215

15V 3_ 2 21 5
(192247 -110422 +5402+15)| 55 20— A5~ = At

1,5 213
)LZ+ )L+ Az Az +RM)

3
%/1?(/1 1)(6A—5)(19213-1104A2 +540A+15)

2 3 15)3 075)2,139) 15 ( 1223421 2528 234 S5 08 155, L0232 5—65)] z
5152) (xi+l) _ f(z)(le) < _ ( 2 8 ) 252 126" ' 252 Ew(f(s); h)

Eﬁ(l—1)(61—5)(192/13—1104&2+54o;1+15)

256

2 45) (135,3_675,2 135, 15 7455 392 3_ 2
Ggr/lz(/l D[(152%+152-12) (1222382592135 _15)4 273725364 8503_222)(1924° 110442 +5401+15)]

2

3
%ﬁ(a—n(aa—s)(wzﬂ—1104/12+54oa+15)

15VT, 5 15VTT 5 3 2 6847414534122 1,3 1
AT 2 2[2(A-1)(19243-1104A2 +5401+15) oo Aoy AP—5A+3 A2 ~7A2

—ﬁ(l 1)(64-5)(19243-1104A2+5401+15)
35 3y 4 85 41553, 110)2 329, 665 3_17;2.9; 2
( 12 43421 133 /12+252/1 234122 1261+252)(101 22422-10)] EW(f(s)-h)
— o H

—ﬁ(/l 1)(6A-5)(19243-1104A2+5401+15)

sV - )| <

256
_ 63V

13- 1[A2(19243 - 110412+540/1+15)( 20232 24+ (1522 4152- ) (23102422

§l2 (2-1)(6A-5)(19243-1104A2+5401+15)

Proof:

What we get from (5), (6), and (8) is:

e 315V (422~ 542 +1) 315V N ) (44— 5)
hzS,% (x;4) = 3 fx) +— f(xipa) + f(xi1)
8771 — 1)(61 — 5) 817 (A — 1)(61 — 5) A2(4 — 1)(61 — 5)

T
4)L()L—l)( 16 A2+16 1-25)

105 :
_M s@a - 0oy 1 a2

3 R (xi42)
12 (A-1)(61-5) AZ (A=1)(61-5) AZ (A=1)(64—5)

Hence

315«/_

_(4/1 5) h°
12(1—1)(6/1 5) st/

315vzl> R
812(1 — 1)(61 — 5) st/

D0 - B | = fO(64,) + £(62)

—91‘1—1 42 -3 1 . —21022( 1 —
N 2(A—1)( )h2 S,EZ)(xi)—f(E)(xi) 21042(A - 1)

Az — 1)(61 — 5) Az — 1)(61 — 5)

Sr(zz)(xiﬂ) - f(%)(le)

(15)

(16)

(17)
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5) 7T)F()L—l)( 16 22+16 1-25) 5)
t3 [’12(1 D ] 94577 (08,) +—2— h*f(86,:)
A2 (A-1)(6A-5) Az (A-1)(6A-5)
N 4 2 3 315 3 2 ]
272 [( Ex a1 -251+2 3 )7 — e )(192,1 — 110442 + 5401 + 15)
5/17(,1 —1)(64 - 5)(192,13 — 110442 + 5401 + 15)
1890 (A1) (—12 A 4 205 - 4 e 10 ps p 10gz 320, 4 S0 8
< 41 252 126 252 g <P2W(f(5) h)
5,1?(,1 —1)(61 — 5)(192,13 — 110442 + 5401 + 15)
ﬂa 2(1—1) [(192,14 — 110423 + 54042 + 151) + 180 (,1 - -) (,12 Ty -)]
g/12—(,1 — 1)(6A — 5)(19213 — 110412 + 5401 + 15)

Where |p,] <1

By using (12) , we get (13). The proofs of (14)-(17) are similar, and we only mention that

( ) —315\/5(4 Ag—s /121+1>
th (x-) =

315(
315w T)Z (4 1-5)
3 fxis) +———— u ficge) +—7——— f(xp)
812 (1-1)(6A-5) 812 (1-1)(6A-5) Az (A-1)(61-5)

ﬁaz (A-1)(41- 3)

5@ - oiumn 2 0

n ( i) -
AZ (A-1)(6A-5)

VT

72M2-1)(16 42+16 1-35)
3

AZ (A-1)(6A-5)

3 h4f(4) (xi—142)
22 (A-1)(6A-5)

7
hZS( )(xlu) - ﬂ

5 3 315“—/1* (4 1-5)
(4 Az —5122 + 1)f(xi) + ﬂ;ﬁf(xwa) +F—
817 (A-1)(61-5)

3 f(xis1)
812 (1-1)(61~5) It (A-1)(61-5)

—10517(1 1)(41- 3) 21012(1 1) .
S 460 gy - 2200y 6)

A(/l 1)(56/12—761+25)
,12 (A-1)(6A-5) A2 (A-1)(61-5)

(xi41) +2

h4f(4) (xi+2)
/12 (A-1)(61-5)

15V

s () = e LT e R [{CO I
A7 (A—=1)(61-5) 4 z 4

ﬁ 21 11
(22224 1) fO)
2z (A-1)(6A-5)

15&125

1
b (922 =824 ) fayy) - U (S0 370y 13515 160
22 (A-1)(61-5) 4 2 22(A-1)(62-5) 8 !

/12(/1 1)(452%- 36/1)h_5()(x Y + gl(l—l) [2/14_ﬂ/13+44 22
i+1

9 7
== -2 h4— (4) (4.
12 (A-1)(6A-5) ,'{z (A-1)(61-5) 21 84 3 ] f (xl+l)
and
1 (L _15W 1 15(/1/1 I
hESr(LZ)(xHA) = (427 - 11 B+ 705 474 — 1147 + 42) f () _ 3 AeT

A2 (A-1)(6A-5)

f(xivn)

AZ (A-1)(6A-5)

15(/12 (A-1)(41-7)
+—

3 1
Az (1-1) 5 57 57 5\,L (5
ft) — (- L+ 22 -5k 9
A2 (A-1)(61-5) A2 (A-1)(61-5)
/12(,1 1)(5 A— 6)h S( )(x ) —— 2B2A-)Vr (_g
i+1

Bt 12— S+ ) R D ()
12 (1-1)(61-5) 2z (A=1)(61-5) 9 1008 1008 *
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Proof of the Theorem 2:

For 0 <y <1, we obtain

A () + A )+ A (y) =L, (18)
Let X; < X< X;,;,0n using (18) and (8) we obtain
G - 1O = <s,(5) (i) — £G) (x)) Ao(®) + (s,(E) (xi32) - £ (x)) 4,(6)

( s -G )(x>> Ay(6) = Uy + Uz + Uy (19)

From (4), it is evident that:

A =( s ) - £G )<x)> Ao(®) > U =

( D) - 16 )(x)) Ao(t)

5Dy = FO )| 1 4001 = [Py = )

|Ag(®)] <1,|A; ()| <1and|A,(t)|]<1 on 0<x<1
since &)@ = r0) ) + 25227 0 () + (- x)f D () + 2522 60 (g, )
for x; < 910'1' < Xit1s

Therefore, on using (13) and ‘X - Xi‘ <h. We obtain

BL

3 1 -
2 [(—%514+41AZ—25/1+Z—3 ﬁ—%ﬁ)(wzﬁ—1104AZ+540/1+15)

3
%)12_(1—1)(6/1—5)(192/13—1104/12 +5401+15)

5 3
B Y- 3 35 .1 65,, 155 3,110, 329, 665 3
1890()L 4)( 12 22421 227 A2 49 S A% == P A+ A = oA 252>] hz I’I’(f(s)'h) (20)
5! ’

U4 <

3
%/12_(1 1)(64-5)(192A3—1104A2+5401+15)

32012()1 1)[(192/14—1104/13+540/12+15/1)+180 (2-3)(22+2-3)|

gaz (A1-1)(6A-5)(19213-1104A2+5401+15)

Similarly,
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105 191 ,4 1019
4

15‘/— (19213—1104AZ+5401+15)< Az —AZ +og A A M

3,1934,7 1638 959)
48

l/12_()L 1)(6A— 5)(19213 110422 +5401+15)

315 155 110 329 665 3
—-(3152-== ( 12 12+21 12——12 +5 4 St AZ——A+—)] 5
|U3| < ( 4 ) 252 126" ' 252 %W(f(S); h) (21)
l/12_(/1—1)(6/1—5)(192/13—1104/12+540,1+15) '
256 105, . 3 2 315 2 45
+63rz (A-1)[32(42-3)(19243 ~1104A2 +5402+15)—(3152-2°) (1542 +152- )|
3
| 217 (A-1)(61-5)(19243-1104A2 +5401+15) |
and

0, = (9 - 1O | 4,0 = (P - O ) 4, (£2) (22)

'15\/1_1&25352480832002 _ 3_ 2
= [2<9,1 At 2 +47LZ 57LZ (19223-11042 +5407L+15)

3
%,12_(/1—1)(6/1—5)(19213—1104/12+54OA+15)

65 155 110 329, , 665 3

2% 13 AZ A+ >] hz
i 252 126" ' 252 = W(f(s); h) (23)
l/12_(/1—1)(6/1—5)(1927L3—1104/'L2+540/1+15)

5
| /1(315/1+¥)<—12 AZ+21 )L%—i—s A7 4
2

IA

256

63V

A7 1)[(15)12+15/‘1——)(315 1-25)+1252(19223-11042%+5401+15)]

512_(1—1)(6/1—5)(19213—1104/12+54OA+15)

Therefore, by using (20)-(23) and putting in (19) we obtain

15\/—

1597 (19243 - 1104/12+540/1+15)( 10537 +222

511 ;5_1387,4 1815 2 919 /12+ )

IR+ 22— ,1+42,12 —a215—

—AZ (A-1)(6A— 5)(192/13 1104/12+540/1+15)

15751 )( 12/12+21/12——/1?+6—5,14—E,13 11052 329, , @)]
_ 4. 252 84 126 252

sP00 - A < ’;-?w(f@; ) (24)

—Az (A1-1)(614-5)(19213-110412+5401+15)

256
_63vm

AZT(— 1)[4725( —3)(A242-3)+25(2+3) (19223110442 +5402+15) |

gaz (A1-1)(62-5)(19213-110422+5401+15)

This proves Theorem 2 for r = % To Prove the Theorem 2 for r = g:
s - 1060 = 17, (890 - 800 ) + 80 - 1D = 7, (960 - 00

since SYE;)(XHA) = f@)(xiu)

On using (24) we get
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Since

s - )| <

and using (16) and (25) we obtain

/1[(192/13 1104,12+54o,1+1s)(ﬁ,15 13S7A4+ﬁ13+§,12 919,1+4z,12 42/12—ﬂ,12 +—)
—,12 (A-1)(6A-5)(192A3-110412+5401+15)
155 10 329 665 5
_ srsa)(ceeabim -t - ) 2w (f®;h) (25)
—/12 (A-1)(6A—5)(19223-1104A2+5401+15) 5!
,12(,1 1)[4725(,1 )(,12+/1 )+E(/1+ )(192/13—1104,12+5401+15)]
glz (A-1)(6A-5)(19213-110412+5401+15)
. 5 3
which proves Theorem 2 for r = e To Prove the Theorem 2 for r = Pt
3 : ( ) 3
2 > —
570 -0 = [ (57w - 000 e + 5,7 G - 1B o)
[(192/13—1104/12+54oa+15)< A 2623607,1+"ﬁ+353ﬁ 2797 3/17+137>

sDe - Ol <

—/12 (1-1)(62-5)(19223-110412+5401+15)

_12 25421 A28 4 5 1853, 1102 329, +e) (L
252 126 252 2

5/12 (1-1)(62-5)(19213-110412 +5401+15)

256 1 2 45)(135,3_675,2 279, 33
o A-D[(1522+151-2) (2322224223 - 2)

3
l)E()L—1)(6,1—5)(192,13—1104,12+540,1+15)

+(192,13—1104AZ+540,1+15)(27A7 45,15+ 23— 9,12 —A+ )]

EAZ (2-1)(6A-5)(19223-1104A2+5401+15)

which proves Theorem 2 for r = % To Prove the Theorem 2 for r = %:

Since

%) £B ) = j sD60 = FD0 e + 5P ) - FO 0xinn)

and using (17) and (26) we get

7
EW(f(S);h)

(26)
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15‘/—)L[(192/13—1104/12+540/1+15)<6847 4728500 64 22 3535 a4y 2345 a7 iz +7,12>

%ﬁ(a—1)(6/1—5)(192/13—1104)12+54011+15)

5 1
2 65 j4_155,3 110,, 329, 665 4,103;3 1415 140
- 2 2__ 2 2279209 i
< 1222+21 22 Az +2521 841 /1 126/1+252>(1OA —=A3- A +1802— )]

2 L B Liza- _ 3_ 2 h%
S,EZ)(x) —f(z)(x) _ ;12 (A-1)(61-5)(19243~ 110422 +540A+15) EWU(S); h)

256

/12 Qa- 1)[(19213 110422+5402+15)(327 =326 -2 14422322 + oA+

gﬁ(a— 1)(64—5)(19243-1104A2+5401+15)

2 _45\(15,4 15,3 93,2 _u
+(1522+152-2) (TA*+ A3 -2A%+134-11)]

3
%AZ_(A—l)(él—S)(1922.3 —1104A2+5401+15)

(27)

which proves Theorem 2 for r = % To Prove the Theorem 2 for r = 0:

Since S, (xi42) = f(xi42)

S(0) — f(x) = j s = FB @) )de + $u (i) — FGrenn) = j sD 0 - FD o) ) ae

XitA Xit+

and using (27) we get

7
15(1[(192/13 1104/12+540/1+15)<6847/17 e L S VA /12 /17+7/12—>

%AZ_(A— 1)(61-5)(192A3-1104A2+5401+15)

5 1
35 65 4_155 3,110,5 329, 665 4,103,3 141, 140
( 12 23421 13 Sz +252}‘ 234200 126/1+252>(10/1 SE3-1A2 41802200

B l— _ _ 3_ 2 63\/_h
|S(x) _f(x)l < 12 (A-1)(6A-5)(19213-1104A2+5401+15) T W(f(S) h)

256 3_ 2 7_5,6_5 4 3_92, 1,5, 1
63\/_/12 (A-D)[(19223-11042%+5402+15)(327-226-2 A* 422322+ -2+ )

%)12_()1— 1)(6A—5)(19213-1104A2+5404+15)

2 _25)(15,4 15,3 93,2 _1u
+(15/1 +150-2) (2at+ 223 -22%4131- 1))

3
%27(2—1)(62—5)(19213 —1104A2+5401+15)

N

=5 1 135
|si7@ = FO@| < v wir®inir =102
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and IS, (x) — fOI <V TS.

15W 6847 47 _ 48509 6+22—715—§l4+93/13+%122—175/121+7122)_

T A(1922° - 110447 + 5402 + 15) (22
504 126

—Az (A —=1)(6A —5)(19223 — 110412 + 5401 + 15)

(-2 +212: -2 22 +—/14—E,13+ﬂzz—ﬁ,1+“5)(10/14 +18 8 -2 4 1802 - 1))
252 126 252

5/12 (A —1)(64 —5)(1922% — 110442 + 5401 + 15)

256 3_ 2 3,7
GMA (A= 1)[(1924% — 110422 + 5401 + 15) (2,1

—I IR - A+
4 8 324,

gﬁ(a — 1)(64 — 5)(1922% — 110422 + 5401 + 15)

(152 +152-2) (22 + 223 -2 + 131 - 2]
+ 8 2 8 8 3

%/123(/1 —1)(64 — 5)(19243 — 110442 + 5401 + 15)

Irs 63\/— (f(S) 1)

This completes the proof of theorem 2

Conclusions

We were able to demonstrate gap interpolation in the general case (0,4) with a quintic spline and
also showed that this is the case. It exists, unique, and the margin of error for this case has been found.
Spline functions have been showed that the developed scheme produced better results in terms of
errors and performance norms. As a result, the fractional spline interpolation function was proposed
as a way to identify the fractional initial value problem.
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