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1. Introduction

Let H = H(D) be the class of analytic functions in the open unit disk D = {z € C: |z| < 1}. Forn € Nand a € C. Let
H[a, n] be the subclass of H, of the form:

f(z) =a+ayz" +ap 2"+ (@€ Q).
Let A denote the subclass of H, of functions f of the form:
f(z) =2+ Xn=;anz", (z € D), (1.1)

which are analytic in the open unit disk D = {z € C: |z| < 1}. Let f and g are analytic functions in H, f is said to be
subordinate to g, or gis said to be superordinate to fin D and write f < g, if there exists a Schwarz function Kin D,
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which with K(0) = 0, and |[K(z)| < 1, (z € D) where f(z) = g(K(z)). In such a case we write f < gor f(z) < g(z) (z €
D). If gis univalent in D, then f < g if and only if f(0) = g(0) and f(D) < g(D) . ([12,13]).

Definition(1)[12]: Let @: C® X D — C and h(z) be univalentin D. If p(z) is analytic in D and satisfies the second-order
differential subordination:

B(p(z),zp'(2),2°p" (2); 2) < h(z), (1.2)

then p(z) is called a solution of the differential subordination (1.2), and the univalent function q(z) is called a
dominant of the solution of the differential subordination (1.2), or more simply dominant if p(z) < q(z) for all p(z)
satisfying (1.2). A univalent dominant §(z) that satisfies q(z) < q(z) for all dominant q(z) of (1.2) is said to be the best
dominant is unique up to a relation of D.

Definition(2) [12]: Let p,h € A and &(r,s,t7):C3 xD > C . If p and @(p(2),zp’(z),z?p" (z);z) are univalent
functions in D and if p satisfies:

h(z) < 0(p(2),zp'(2),2°p" (2); 2), (1.3)

then p is called a solution of the differential superordination (1.3). An analytic function q(z), which is called a
subordinat of the solutions of the differential superordination (1.3), or more simply a subordinant if p < q for all the
functions p satisfying (1.3). A univalent subordinant § that satisfies q < { for all the subordinates q of (1.3) is said to
be the best subordinat.

Several authors [7,12] obtained sufficient conditions on the functions h, p and @ for which the following implication
holds

h(z) < 6(p(2),zp' (2),2°p" (2); 2),
then q(z) < p(z). (1.4)

Using the results (see [2,3,4,5,9,10,13]) to obtain sufficient conditions for normalized analytic functions to satisfy:

!

f
0 () < % < q,®),

where q; and q, are given univalent functions in D and q;(0) = q,(0) = 1. Also, several authors (see[2,4,5,6,8])
derived some differential subordination and superordination results with some sandwich theorems.

For f € A, Abbas-Atshan Operator[1] defined the following generalized integral operator:

“AnBN* (o go2n—
Tapsf@) = =1 Jy VOB E@v)dv, (1.5)
wherea,s e Nand 3 > 2.
For f(z) € A given by (1.1), we have
o T(a+n-1)
Tapsf@) = 2+ Lo (Grpnciromss) and™ (1.6)

From (1.6), we note that

2 (Tupsf@) = Wrapsf@ = (o = D psf@). (1.7)

The main object of the present investigation is to find sufficient conditions for certan normalized analytic function f
to satisfy:
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1
Tapsf@)]x
ql(z)<[ﬁ% < 0.
and
() |
ga+1,B,S zZ)|~
7) < |—5——| <q:(»),
ql( ) [ ga'Blsf(Z) qz( )

where q; and q, are given univalent functions in D with q,(0) = q,(0) = 1.

In this paper, we derive some sandwich theorems, involving the operator J, g sf(z).
2-Preliminaries

We need the following definitions and lemmas to prove our results.

Definition 2.1 [12]. Denote by Q the set of all functions q that are analytic and injective on D\E(q), where D =D U
{z € aD}, and

B@) = {¢ € 0D:1im q(2) =

and are such that q'(e) # 0 for € € dD\E(q). Further, let the subclass of Q for which q(0) = a be denoted by Q(a), and
Q(0) = Qo,Q(1) =Q; = {q € Q:q(0) = 1}.

Lemma 2.1 [13]. Let q be a convex univalent function in D and let a € C, B € C\{0} with

Re {1 + Z:;,,;S)} > max {O, —Re(g)}.
If p is analytic in D and
ap(z) + Bzp’(z) < aq(z) + Pzq’(2), (2.1

then p < g and q is the best dominant of (2.1).

Lemma 2.2 [3]. Let q be univalent in the unit disk D and let 8 and ¢ be analytic in a domain D containing q(D) with
d(w) # 0,when w € q(D). Set Q(z) = zq'(2)$(q(2)) and h(z) = 8(q(2)) + Q(z). Suppose that

(i) Q(7) is starlike univalent in D,

(i) Re {%} > 0forz € D.

If p is analytic in D, with p(0) = q(0), p(D) < D and
8(p(2) +2p' @ P(p(2) < 8(a(2)) + 29" @ d(a(@), (2.2)
then p < g and q is the best dominant of (2.2).

Lemma 2.3 [13]. Let q be a convex univalent in D and let § € C, that Re(B) > 0. If p € H[q(0),1] n Q and p(z) +
Bzp'(z) is univalent in D, then

q(z) + Bzq'(z) < p(z) + Bzp'(2), (2.3)

which implies that q < p and q is the best subordinant of (2.3).



14 Qasim Ali Shakir, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol. 15(4) 2023, pp math. 11-20

Lemma 2.4 [11]. Let q be univalent in the unit disk D and let 8 and ¢ be analytic in a domain D containing q(D).
Suppose that

; 8'(a@)
(i) Re {m} > (0 forz €D,

(ii) Q(2) = zq'(z)$(q(z)) is starlike univalent in D.
If p € H[q(0), 1] n Qwith p(D) D, 8(p(z)) + zp’(z)d(p(z)) is univalent in D and
8(a(2) + 29’ @A) < 8(p(2)) + 20" (2)d(p(2)), (2.4)
then q < pand q is the best subordinant of (2.4).
3-Differential Subordination Results
Here, we introduce some differential subordination results by using the Abbas-Atshan Operator.

Theorem 3.1. Let q be convex univalent function in D with q(0) = 1,0 # € € C, u > 0 and suppose that q satisfies:

n 1
Re {1 + Zq, (Z)} > max {0, —Re <—>} (3.1)
q'(z) ENL
If f € A satisfies the subordination condition :
f(z) i f(z) . f(z)
Ja,,sf(2) 0 Ja,8,5f()u Ja+1,8sf@) ’
[ z ] + S[ b4 ] [0(< Ta,8,5f(2) 1)] = CI(Z) +euzq @) (.2)
then
@7
I, 5sf(z)|m
[“%] <q(@), (3.3)

and q is the best dominant of (3.2).

Proof. Define the function p by

p(z) = [@]ﬁ (3.4)

then the function p(z) is analytic in D and p(0) = 1, therefore, differentiating (3.4) with respect to z ,we get
zp'(z) 1|2 (ja,B,Sf(Z))
P | Jupsf(z)

(3.5)

Now, by using the identity (1.7) in (3.5) ,we get

zp'(z) 1 [a <3a+1,3,sf(z) B 1)]

p@) | \ Jepsf@

Therefore,

s apsf@TE [ (Tarrpsf@
uzp'(z) = [—Z ] [a<—7a,3,sf(2) —1)].
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The subordination (3.2) from the hypothesis becomes

p(z) + epzp’'(z) < q(z) + euzq' (2).

An application of lemma (2.1) with § = gpand a = 1, we obtain (3.3).
Putting q(z) = (1—:) in Theorem (3.1), we obtain the following corollary:
Corollary 3.1.Let 0 # e € C, . > 0 and
27 1
Re {1 + —} > max {0, —Re <—>}
1—-7z £u

If f € A satisfies the subordination

Tupsf @) aa,s,sf@]i[ <:1a+1,3,sf(z)_ )] (1—22+2€uz>
[ 7 ]”[ 7 | [N\ T )" Ta—r )

then

[fhx.s,zf(z)]i - (1 J_r 2)

and q(z) = (i—tz) is the best dominant.

Theorem 3.2. Let q(z) be convex univalent function in D with q(0) =1, q'(z) # 0 (z € D) and assume that q

satisfies
@ _ d@ d"@
Re{1+ e @ +Zq’(z)}> 0.
where € € C\{0} and z € D. Suppose that zt:](—(zz)) is starlike univalent in D. If f € A satisfies
) q'@
PaBsez) <tt+q(@) +ez 5
where,
1
7 f@]n e 7 sf(@  Jgt1,8,5f(@
(o Bs,g5z) =t+ [ Tapst@ | 01" T psf@  Teopsf@
then
@
Jar1 B sf(z)|»
———| <d@
[ ga,B,Sf(Z)

and q is the best dominant of (3.7).

Proof. Define the function p by

1
_ 7q+1,ﬁ,sf(2)]ﬁ
P@) = [ Tapsf@ |

)|

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Then the function p(z) is analytic in D and p(0) = 1 differenitating (3.10) with respect to z and using the identity
(1.7), we get,

zp'(z) 1[ (-7a+2,B,Sf(Z) 7a+1,ﬁ,sf(2)>]

—=—|a —
p(z) [ -7a+1,B,Sf(Z) 7a,B,Sf(Z)

By setting 8(w) =t + wand ¢p(w) = %, w # 0,
we see that 8(w) is analytic in C and ¢(w) is analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also, we get

o _., 9@
Q) =29’ @ d(q(2)) = ¢z )

and

q'(z)
qz)’

h(z) =0(q(®) + Q@) =t+q(2) + &z

We see that Q(z) is starlike univalent in D, we gat

zh'(2)) _ q@) 9@ 9"
RE{Q(Z)}_Re{1+ e Zq(z)”q'(z)}>°'

Through simple calculation, we find that

Y, aB,s,¢2) =t+p(z) +ez 2@ (3.11)
where W(u, a, B, s, € ) is given by (3.8).
From (3.7) and (3.11), we have
p'(@) q'(z)
t+p(z) + ¢z 0@ <t+q(z) +ez @ (3.12)

Therefore, by Lemma(2.2), we get p(z) < q(z). By using (3.10), we obtain the result.

1+Az
1+Bz

Putting q(z) = ( ), (=1 < B < A <1)inTheorem(3.2), we obtain the following corollary:

Corollary 3.2.Let—1 < B < A < 1and

1+A A—-B 2
Re{1+ i 2( ) i }>O,

e(1+Bz) (1+Bz)(1+Az) 1+Bz

where € € C\{0} and z € D, if f € A satisfies

Az) A-B

1+
lIJ , 4P, S, & <t ’
(b B.s,e2) +( T AT A + By

1+ Bz

where is given W(y, o, B, s, €; 7) by (3.8), then

1
[7a+1,3,sf(2) " - (1 + Az>
ja,B,Sf(Z) 1+ BZ
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and q(z) = (1:—;::) is the best dominant.

4-Differential Superordination Results

Theorem 4.1. Let q be convex univalent function in D with q(0) = 1, p > 0 and Re{e} > 0. Let f € A satisfies

[ﬁ%#QFEHmm)unQ

and

1 1
oM m f
[ja'ﬁ’s (Z)]” +€ [7“'6'5 (Z)]” [(x (7—““'3'5 @ _ 1)] be univalent in D. If
Z Z J0,8,5f()

1 1
' rim To,8,5f@) 0 Jar1,85f@
q(z) + epzq'(z) < [ ” ] + s[ ; ] [(x( e psi® 1)] (4.1)

then

q(z) <

Tupsf @
[T] 42)

and q is the best subordinant of (4.1).

Proof. Define the function p by

T st
p(z) = [—’B’S (Z)] :

4.3
Z (4.3)
Differentiating (4.3) with respect to z, we get
7p'(z) 1|z (7a,[3,sf(2))
=— —-1|. (4.4)
P 1| Tupsf(@)

After some computations and using (1.7), from (4.4), we obtain

[ﬂa,&sf@]ﬁ .. [ﬂa,g,sf(z)]ﬁ [a (vaﬂ,g,sf(z) )
4 4

Tupsf@) 1)] = p(z) + euzp'(2),

and now, by using Lemma(2.3), we get the desired result.
Putting q(z) = G—J_rz) in Theorem (4.1), we obtain the following corollary:

Corollary 4.1. Let p > 0 and Re{e} > 0. If f € A satisfies

[@]“ € H[q(0),1] N Q

and
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1 1
1o gsf@Ta Tepsf@Ta [ (7 fi
[ “’B'ZS (Z)]u + a[ “'B'ZS (Z)]” [a( ar1pst@) 1)] be univalent in D. If

go(,B,Sf(Z)
X 1 1
1—27°+4 2¢ 9, 5 sfl m 9, 5 sfl m N} fi
( “ 2 uz) - [ B (Z)] N s[ B (Z)] [a( ar1,p5f(@) 1)]
(1-2) Z Z Ja,p,sf(@)

then

(<P

and q(z) = (1—:'2) is the best subordinant.

Theorem 4.2. Let q be convex univalent function in D with q(0) = 1,q'(z) # 0 and assume that q satisfies

Re {%Z) q’(z)} >0, (4.5)
where € € C\{0} and 7 € D.
Suppose that z (:1(—(22)) is starlike univalent in D. Let f € A satisfies

[M "€ Hq(0),1]nQ,

Ja,p5(2)
and W(u, a, B, s, € z) is univalent in D, where is given W(u, a, B, s, €; z) by (3.8). If

!

t+q(z) + szq (@)

<¥(o B s 52), 4.6
1@ wo,f (4.6)
then
@]
Jar1,8sf(@) [m
@) < [ = 4.7
1= [ Tpsf@ &7
and q is the best subordinant of (4.6).
Proof. Define the function p by
@]
Ja+1 Bsf Z) |+
(2) = [“7 : 4.8
P = sl @8

Differentiating (4.8) with respect to z, we get

zp'(@) _ 1 [a <~7a+2,3,sf(2) B 7a+1,B,Sf(Z)>]

P@ 1| \Jarrpsf@  Tupsf()

By setting 6(w) = t+ w and d(w) = %, w %0,
we see that 8(w) is analytic in C and ¢ (w) is analytic in C\{0} and that ¢(w) # 0, w € C\{0}. Also, we get

q'(z)

Q@ =29’ @ d(q(2)) = ez "
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Itis clear that Q(z) is starlike univalent in D,

Re {%} =Re {@ CI'(Z)} > 0.

By a straightforward computation, we obtain

lp(u, a, B' S, € Z) =t + p(Z) + ‘C'Z p(Z) ) (49)
where W(u, a, B, s, € z) is given by (3.8).
From (4.6) and (4.9), we have
q'(@ p'(z)
t+q(z) + 20 <t+p(z) + ez o (4.10)

Therefore, by Lemma(2.4), we get q(z) < p(z).
5-Sandwich Results

Theorem 5.1. Let q; be convex univalent function in D with q;(0) = 1, 0 > 0 and Re{e} > 0 and q, be univalent D,
g2(0) = 1 and satisfies (3.1). Let f € A satisfies

TupsfD]E
[?] € H[1,1]nQ

and

1 1
ja,B,Sf(Z) n 7a,B,Sf(Z) E[ (7a+1,3,sf(2) _ )]
[ z ] te [ 7 ] « T0.,8,5f(2) 1

be univalent in D. If

o [apsf@ [apsf@T [ (Taripsf@ ,
q,(z) + epzq, (Z)<[T] +£[ Z ] [a< ) —1>]<Q2(Z)+EHZQ2 (),

then
1
n

ja,B,Sf(Z) <q (Z)

q:1(z) < [

and g, and g, are respectively the best subordinant and the best dominant.

Theorem 5.2. Let q; be convex univalent in D with q,(0) = q,(0) = 1. Suppose q, satisfies (4.5) and q, satisfies
(3.6). Let f € A satisfies

[ﬂ "eH[L1NQ

ga,B,Sf(Z)
and W(u, a, B, s, € z) is univalent in D, where is given W(y, o, B, s, €; ) by (3.8). If

q.'(2) ) q2'(2)
OB Yo B s &2) <t+qx(z) + ey

t+q:(z) +ez
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then

1
JarrpsfR¥

< Z
Topsf@) | < 92

q:(z) < [

and g, and q, are respectively the best subordinant and the best dominant.
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