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1. Introduction

The fuzzy measure, defined on o-field, was
introduced by Sugeno [4]. Ralescu and Adams
[10] generalized the concepts of fuzzy
measure and fuzzy integral to the case that
the value of a fuzzy measure can be infinite,
and to realize an approach from
Subjective.

Wang [7,11]and Kruse [17] studied
some structural characteristics of fuzzy
measures and proved several theorem about
fuzzy measure.

Wang [7, 11] introduced the
concept of ‘autocontinuity of a set
function’, used it with regard to the
above-mentioned researches, and
obtained a series of new results.

The notion of fuzzy measure was
extended by Avallone and Barbieri, Jiang and
Suzuki [14] Narukawa and Murofushi [8] ,
Ralescu and Adams [10] as a set function
which was defined on o-field with values in
[0,00] . After that, many authors studied the
fuzzy measure and proved some results about it
as Guo and Zhang [8] Kui [13], Li and Yasuda
[6] Lushu and Zhaohu [15] Minghu [16].

In this paper, we mention the definition of
Fuzzy Measure on Fuzzy
Set with some Properties, and prove some new
relations deal with fuzzy measure.

Definition (1): [18, 19]

Let Q be anon empty set, a fuzzy set A in Q(or

a fuzzy subset in Q) is a function from Q into I,

i.e. A €1 . A(x) is interpreted as the degree

of membership of element x in a fuzzy set A

for each x € Q . a fuzzy set A in Q is can be

represented by the set of pairs:
A={(x,A(x)):x€Q}

Note that every ordinary set is fuzzy set, i.e.

P(Q) c I

Definition (2): [1, 2]

A family F of fuzzy sets in a set 2 is called a

fuzzy o —field on a set 2 If,

1. ¢,N€F.

2. IfAeF, thenA€ e F.

3. If {4,3}cF,n=123,.., then
U1 A, € F.

Evidently, an arbitrary o —field must be fuzzy
o —field.
A fuzzy measurable Space is a pair(Q,F),
where ) is a set and F is a fuzzy o —field
on(. a fuzzy set A in Q is called fuzzy
measurable (fuzzy measurable with respect to
the fuzzy o —field ) if A € F, i.e. any member
of F is called a fuzzy measurable set.
Definition (3) [3]:
Let (Q,F) be a fuzzy measurable space. A set
function u: F — [0, o0] is said to be
(1) Finite if, u(A) < oo foreach A € F .
(2) Semi-finite, if for each A€eF
with u(4) = oo, there exists B € F
with B € A4 and
0 < u(B) < oo.


mailto:nfam60@yahoo.com
mailto:karrar638@gmail.com

Journal of AL-Qadisiyah for computer science and mathematics
ISSN (Print): 2074 — 0204

Vol.9 No.2 Year 2017
ISSN (Online): 2521 — 3504

3) Bounded, if
sup{lu(4):A € F|} < o

4) o-finite, if for each A € F, there is a
sequence {A,} of sets in F such that

ACUAn

n=1
And u(4,) < o forall n.
(5) Additive if,
u(AUB) =u(A) +u(B) whenever
A BEFand ANB=0.
(6) Finitely additive if,
n

u(U Ap) = zn: 1(Ay)
k=1 k=1

whenever 4,4, A, are disjoint sets
inF .

@) o-additive (sometimes called
Completely additive, or
A counably additive) if,

u(U Ap) = Z ©(Ay)
k=1 k=1

, whenever {A,}is a sequence of disjoint
setsin F.

(8) Measure, if p is o - additive and
u(A)=0 forallAeF.

9) Probability, if u is a measure and
p(2)=1.

(10) Continuous from below at A € F,
if lim,,_,,, p(4,) = u(A4),whenever
{A,} isasequence of setsin F ,and A, TA.
(1) Continuous from above at A € F,
if lim,,_,,, u(4,) = u(4),whenever
{A,} is a sequence of sets inF,
andA4, | A.
(12) Continuous atAeF, if it s
continuous both from below and from
above at A.
Definition (4): [4]
Let(Q, F) be a fuzzy measurable space. A set
function u: F — [0, 0] is said to be a fuzzy
measure on (Q,F) if it satisfies the following
properties:
(1) u(@®)=0
(2)IfA,B € Fand A < B, then
1(B)
Definition (5): [5]
Let (Q, F) be a fuzzy measurable space. A set
function p: F — [0, o] is called:
1) Upper semi continuous fuzzy
measure if and only if

Tim p(ay) = w(|_Jan

whenever {A,,} is increasing sequence.

u4) <

Noori .F/

2 Lower semi continuous fuzzy
measure if and only if

lim u(a) = w([ A0
n=1

whenever {A,} is decreasing sequence.

3) Semi continuous fuzzy measure
if it is both upper and lower semi
continuous fuzzy measure.

4) Regular if and only if

N €Fand pul2) =1.
Definition (6): [5]
Let (Q, F) be a fuzzy measurable space. A set
function u: F — [0, o) is said to be

1. Exhaustive if

u(A,) — 0 whenever {4, }is
sequence of disjoint sets in F
2. Order-continuous if u(4,) — 0,
whenever4, € F n=1,2,.. and
A, 1 0.
Definition (7): [6]
Let (Q, F) be a fuzzy measurable space. A set
function y: F — [0, ) is said to be
additive,if u(A U B) = u(A) + u(B) whenever
A BEFandANB =q.
Definition (8): [6, 7]
Let (Q, F) be a fuzzy measurable space. A set
function p: F — [0, ) is said to be
Null-additive,if u(A U B) = u(4)  whenever
A,Be€F suchthat AnB=0,and u(B) =
0.
Definition (9): [8]
Let (Q, F) be a fuzzy measurable space. A set
function u: F — [0, o) is said to be
weakly null-additive, if forany 4, B € F,
u(4) =pu(B)=0=pu(AUB) =0
Remark (10):
The concept of null-null additive stems from a
wings textbook which the book[8] derived
from , in which it is said to be weak null
additive. But we consider that it is more
precise and vivid to call it "null- null additive".
Definition (11):
Let (Q,F) be a fuzzy measurable space. A set
function p: F — [0, ) is said to be
finitely weakly null-additive, if for any
{A}cFu)=0

n
Jforalli=1, .. ... ,n=>,u(UAL->=O

i=1

infinite
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Definition (12): [6]

Let (Q,F) be a fuzzy measurable space. A set
function y: F — [0, o) is said to be
Countably weakly null-additive, if for any
{An} cFu(4,) =0

,foralln > 1z,u<UAn> =0

n=1
Definition (13): [6]
Let (Q,F) be a fuzzy measurable space. A set
function y: F — [0, o) is said to be
null-continuous, if u(Uy=; 4,,) = 0 for every
increasing sequence {A,} in F such
that u(A4,,)) =0,foralln>1.
Definition (14):[9]
Let (Q,F) be a fuzzy measurable space. A set
function u: F — [0, o) is said to be
null-subtractive, if we have
u(An B¢) =u(A) , whenever A,B € F and
uB)=0.
Definition (15):[9]
LetA € F, u(A) < oo. u is called pseudo-null-
subtractive with respect to A , if for any
B € AN F, we have
u(B N C) = u(B),whenever C € F, u(dn
C) = u(A).here
ANF={AND:D € F}.
Definition (16):[9]
Let (Q,F) be a fuzzy measurable space. A set
function u: F — [0, o) is said to be
auto  continuous  from  above  (resp.
autocontinuous from below), if u(B,) — 0
implies u(A U B,) — u(A)(resp.
u(ANnB,) - u(4))
, WheneverA e F,{B,}c F, n is called
autocontinuous if it is both autocontinuous
from above and autocontinuous from below.
Definition (17): [9]
Let Ae F ,u(A) <oo,u is called pseudo-
autocontinuous from above with respect to A
(resp. from below with respect to A), if for any
{B,} € F,when
u(B, N A) - u(A), then
u(BE N A)Y U C) - u(C),
(resp. u(B, N C) = u(C) whenever
CEANTF.
w is called pseudo-autocontinuous with respect
to A if it is both pseudo-autocontinuous from
above with respect to Aand pseudo-
autocontinuous from below with respect to A.
2. Main results
Theorem (1):
Let (Q,F, ) be a fuzzy measure space,if p is
o — additive then
F* ={AAB,A€F,B S Qand u(B) =0} is
fuzzy o —field on Q.

Proof:
1) Since AP =0,NEF
,0< O and u(®) =0
, We have 2 € F~
(2) LetV € F*, we have
V =AAB,A € F,B C Qwithp(B) =0
= V¢ = (AAB)° = [(A/B) U (B/A)]*
=A°NBYU(ANB)
= (A°/B) U (B/A)
= A°AB,where B € Q with u(B) =0
Since A € Fand F is a fuzzy o —field, we
have
A € Fand B € Q with p(B) =0
=V°¢ = A°AB, A€ € F and
B € Qwithu(B) =0

~VeeF*
3) Let {I;,} be a sequence of sets
in F* with
V, = A,AB,, A, € F,B, S Qandu(B,) =0
for all n.
We have

UAne:F

n=1
F is fuzzy o —field

[oe]

UBn QQandu(OBn> =§:H(Bn) =0

n=1 n=1 =1

So .
U =
- O[ (An/By)

U B/ ]

= UAnAUBn
=1 n=1

(o) n=
=>U v, € F*
n=1

Consequently F* is fuzzy o —field on Q..
Remark (2):

The union of a collection of fuzzy ¢ —field
need not be fuzzy o —field as in the following
example.

Example (3):

Let A,B,C,D are fuzzy sets and 0 =
{A(x), B(x), C(x),D(x)}, such that

_(2x 0<x<1/2
A(")‘{o 1/2<x<1
0 0<x<1/4
B(x)={2x 1/4<x <1/2
1 1/2<x<1
(1-2x 0<x<1/2
C(")‘{1 1/2<x<1
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1 0<x<1/4
D(x)={1—2x 1/4<x<1/2
0 1/2<x<1

Let Fi={0,Ax),C(x),n} , F,=
{@, B(x), D(x), 2} are two fuzzy ¢ —fields, but
F1 U F,is not fuzzy o —field.

Solution:

First we must prove that F; and F,is fuzzy
o —field.

F, Is fuzzy o —field

1) 0,0 € F,.
2) (i) Let A(x) €F, , to prove
A(x) € F,

From Definition (1.1.6) we get on
A(x) =1-A)

_ 2x 0=x<1/2
_1_{0 1/2<x<1
_(1—-2x 0<x<1/2
_{1 1/2<x<1
=C(x)

But C(x) € F;
= A°(x) € F,.

(i) Let C(x) € F,,toprove C°(x) € F,
Cx)=1-C(x)

=1
1-2x 0<x<1/2
h {1 1/2<x<1
_(2x 0<x<1/2
- {0 1/2<x<1
= A(x)
But A(x) € F,
= C(C°(x) EF,
(iii) Itis clear that ¢ = 2 € F;
And 2° =@ €F, )
©) (i) if o<x<1/2 2

= (AU C)(x) = max{A(x),C(x)}
= max{2x,1 — 2x} = 2x

(@ If x=0
= Aul)x)=0
=0@(x) €F, .
() If x=2 =
Aul)(x)=1=
N(x)EF,.

(i) 1/2<x<1
= (AU C)(x) = max{A(x),C(x)}
=max{0,1} =1
~AUC(x)=1=0(x)EF,.
~ F; Is fuzzy o —field
In the same way we can prove that F, is fuzzy
o —field.
Now to prove that F; U F,is not fuzzy
o —field
— F,UF, ={0,A(x),B(x),C(x),D(x), 2}

2x 0<x<1/4
A(x) =42x 1/4<x<1/2
0 1/2<x <1

10
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0 0=x<1/4

. B(x)=12x 1/4<x<1/2
1 1/2<x<1

(1 if 0<x<1/4

= (AU B)(x) = max{A(x),B(x)} =
max{2x,0} = 2x

(@) If x=0 =AU
B(x) =0=@(x) €
F, .

(b) If x=§=>(Au

B)Y(x) =1/2¢ F,.
~ Fy UF, is not fuzzy o —field
Theorem (4):
Let (Q,F,un) be a fuzzy measure space,
suppose that F*is o —field and u* is a
measure on(€, F*), for any A € F such that
u(B) =u*(AnB) For any B € F* is fuzzy
measure on (Q, F).
Proof:
(1) Since F*is o —field= ¢ € F*
~u@) =p(An) =u(B)= 0.
(2) Let A;,A, € F,if A; € A, , then
u(Ay) = (A, N B) < p*(4; N B) = u(4,)

~ w is fuzzy measure on (Q, F).
Theorem (5):
Let (Q,F, ) be a fuzzy measure space such
that there is B € F with
0 < u(B) < oo,define  u“:F —[0,0] by
u'(A) = u(ANnB) / u(B)then(Q, F,pu*) s
fuzzy measure space.
Proof:

©(®) =u@nB)/uB) = 0.

let AL BEF, if ACB, we have u(4) <

w(B)
Since ACB ,henceANB=A

= u(AnB) = u(4)
= u(AnB) = u(4) < uB)
= u(ANB)/u(B) < u(BnB)/uB)
= u@=u®B.
Consequently u* is a fuzzy measure.
Theorem (6):
Let (Q, F) be a fuzzy measurable space, u, v be
a fuzzy measures on Q , then u+ v which
denoted by
Ww+v)A) = ud) +v(4)

is fuzzy measure on Q.
Proof:
(1) Since u, v be two fuzzy measures
= wu+v)@)=0.
(2) letA,B € F,if A € B, we have

(w+v)(A) = p) +v(A) < uB) +v(B)
=@+v)(B).
So u+ v is fuzzy measure.
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Corollary (1):
Let (Q, F) be a fuzzy measurable space, u be a
fuzzy measure on Q,and a > 0, define a set
function(aw)(4) = au(A), then au is fuzzy
measure on Q .

Proof:
1) Since u be a fuzzy measure, we have
(ap)(@) = au(@) =0.

2 letA,B € F,if A € B, we have

1(A) < u(B)
= (apw)(4) = au(4) < au(B)

= (ap)(B) .

So au is fuzzy measure.

Remark (7)

The points (1) and (2) from Definition (5)
explain  fuzzy measure is upper semi
continuous and lower semi continuous; the
following results take us to the converse
direction.
Theorem (8)
Let (Q, F) be a fuzzy measurable space and let
u be a functionu: F — R, if u is additive,
non-decreasing and upper semi continuous,
then u is fuzzy measure.
Proof:

(1) SinceA=AUQ
Also u is additive we have

u(A) = u(Au ) = u(A) + u(d)

= u(@) =0
@ LetA,B e u,if A € B, we have
B=AU(B\A)
andAN(B\A4)=0
Since u is additive we have, we obtain
u(B) = u(A) + u(B\ 4)
Consequently
u(B\ 4) = u(B) — u(4)
In addition, u(B\ A) =0
Hence
u(A) < u(B)
Then u is fuzzy measure.
Theorem (9):
Let (Q,F) be a fuzzy measurable space , let
{A,.} be a sequence of disjoint fuzzy set in F
and it is decreasing , if u(A,) <ooand u is
lower semi continuous fuzzy measure at @ ,
then lim,,_,, u(A,,) = 0.
Proof:
Since {A,,} is lower continuous fuzzy measure
at @, we have
lim u(Aqn) = ()
But
u@®) =0
Consequently, we have
Al_)nc}o n(Ay) = 0.

Theorem (10):
Let (Q,F) be a fuzzy measurable space, and
for anyAeF, u(Ad) #0,thenpuis null
additive.

11

Proof:

If there exists some set B €F such
that u(B) = 0,then B = 0.

Consequently, for any A€ F, we have

1(A U B) = u(4).
Theorem (11):
Let (Q,F) be a fuzzy measurable space, if u is
autocontinuous from below, then it is null-
subtractive.
Proof:
Let A,B, €F
Since if u is autocontinuous from below, we
have
lim p(By) =0
Also we have
1(A N By) - pu(4)
Consequently u is null-subtractive.
Theorem (12):
Let (Q,F) be a fuzzy measurable space, if u
is pseudo-autocontinuous from below with
respect toA, then it is pseudo-null-
subtractice with respect to A.
Proof:
Let A,B, € F
Since if p is pseudo-autocontinuous from
below, we have
u(A) <o. AndCeAnF
1B, N C) = u(C)
Consequently u is pseudo-null-subtractice with
respectto A .
Theorem (13):
Let (Q,F) be a fuzzy measurable space, if u is
upper semi continuous fuzzy measure and
ccountably weakly null additive then u is
exhaustive.
Proof:
Let {A4,} be a disjoint of sequence of sets in F
Since u is countably weakly null additive
~ u(dy) =0, foralln>1

=) =0

n=1
Also u is upper semi continuous

= lim u(4,) =u (U An)
" n=1

= lim u(4,) =0
n—oo
~ u is exhaustive.

Theorem (14):

Let (Q, F) be a fuzzy measurable space, if p is
ccountably weakly null additive then u is null-
continuous.
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Proof:

Let {A4,} be a increasing sequence of sets in F,
such that

u(4,) =0, ,foralln>1

Since u is ccountably weakly null additive

()=

n=1
~ w is null-continuous .
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