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1. Introduction

A continuous complex-valued function f = u + iv is
said to be harmonic function in a simply connected
domain D if both u and v are real harmonic in D. In any
simply connected domain D c C, we can write f = h +
g, where h and g are analytic in D. We call h the
analytic part and g the co-analytic part of f. Note that
f = h + g reduces to h if the co-analytic part g is zero.
A necessary and sufficient condition for f to be locally
univalent and sense-preserving in D is that |h'(z)| >
lg'(2)]'in D (see [1]).

Let N; denote the class of function f = h + g that
are harmonic univalent and sense-preserving in the open
unit disk U = {z:|z| < 1} for which f(0) = £,(0) —
1=0. Then for f = h+g € Ny We may express the

analytic functions h and g as
h(z) =z+ Z a,z",
n=2

9(2) = Z b,z" by < 1. (1.1)
n=1

Also, Let Ry denote the subclass of N, containing all

functions f = h + g, where h and g are given by
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h(z) =Z—Zanzn ) g(2) = —anz" ,
n=2 n=1

(a, 20,b, 20,|b] <1). (1.2)
We denote by WN;, (4, a, 8) the class of all functions
of the form (1.1) that satisfy the condition:
Re { zf'(2) + 2*f"(2) }
Azf'(2) + 1 = Df (2)
zf'(2) + 2°f"(2)
A2f' (@) + A= Df (@)
where0<1<1, 0<a<l1 f=0andzeU.
Let WR4 (4, a, B) be the subclass of WNy (4, a, ),
where WRy (4, a,8) = Ry NWNy (A, a, B).
Note that for the case 1 =1 and g =0 the class
W R4 (4, «, B) reduces to the class UCT (a, B) studied by
Bharati et al. [2]. Also, for the case A =0, § =0 and

>p

(1.3)

1’+a,

g =0 the class WR4 (A4, a,8) reduces to the class
H(1, B) studied by Lashin [3].

Such type of study was carried out by various authors
for another classes, like, Atshan and Wanas [4], El-
Ashwah and Kota [5] and Ezhilarasi and Sudharsan [6].
In order to derive our main results, we have to recall

here the following lemmas:
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Lemma 1[7]. Let w = u + iv and B, « are real numbers.
Then Re(w) = Blw — 1| + a if and only if Re{w(l +
Be'?) — pet} > a.

Lemma 2[7]. Let w = u + iv. Then Re(w) = « if and
onlyiflw—-—_0Q+a)| <|w+ (1 —-a)l

2. Coefficient bounds

First, we give the sufficient condition for f = h + g to
be in the class WN3 (4, @, B).

Theorem 2.1. Let f = h + g with h and g are given by
(1.2). If

DR +1 - B +@0n -2+ Dllayl
n=2

£ [+ = B+ @0 =2+ D]ib,|
n=1

<1-aq,

(2.1)

where0 <A1<1,0<a<1,8=0,thenfis

harmonic univalent, sense-preserving in U and

f € WNy (A, a2, B).

Proof. If z; # z,, then

f(z1) — f(z2) 9(z,) — g(2z3)

h(z,) — h(z,) h(z,) — h(z;)
Yn=1bn (21" — 27)

(21 — z5) + Xy an(2]

_ Zianlb,|

1-2Yn-nla,l

—73)
>1

=1

Z;?:l [nz(ﬁ + 1) — (fi—g)(ln -+ 1)] |bn|

M?B+1)—B+a)Ain—21+1)]

1= 2 1-a

=0,

|ay|

which proves univalence. f is sense-preserving in U.

This is because

[ee)

@I = 1= nlayllz™

>1-— nla,|
> 1_z[n2(ﬁ+1)—(,[13-_|-z)(ln—ﬂ+1)]|an|
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> Z [n2(B+1) — (ﬁ’i—z)(/ln —1+1)] b |
n=1

> ) nlby| > ) nlb,llz|™?

=g’ (@)l

For proving f € WNy (4, a, B), we must show that
(1.3) holds true. By using Lemma (1), it is sufficient to
show that
Re { zf'(2) + 2°f"(2)
Azf'(2) + (1 - Df(z

>a (—m<6<n),

) (14 Bet?) - ,Bew}

or equivalently
Re {(1 + Bel®)(zf'(2) + z*f" (2))
Azf'(z) + (1 = Df (2)
_Be(Azf' (@ + (1 - /Df(Z))} o
Azf'(z) + (1 — Df (2)
If we put
Az) = (1 + Beig)(zf’(z) + zzf”(z))
—Be®(Azf'(2) + (1 = Df (2))
and
B(2) = 2zf'(z) + (1 — D f (2).
In view of Lemma (2) we only need to prove that
|[A(z) + (1 —a)B(2)| — |A(2) — (1 + a)B(2)|
=>0,for 0<a<1.
So, |A(2) + (1 — a)B(2)]

(1+pe'f) (z + Z n?a,z" + Z nzbn(E)">

n=2

(2.2)

—Bel? (z + Z(/ln -1+ 1)a,z"
+ Z(An —1+1) bn(E)")

+(1—-a) <Z+Z(/1n—/1+ Da,z"

+) n—1+1) bn(E)”>

=2~ a)z
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+Z[n2(1 +Bet®) = (Be' + a — 1) (An — A+ D]ayz"

n=2

£ (14 ) — (Be +a—1) Gn— 2+ D]b, D"
n=2

Also, |A(z) — (1 + a)B(2)|

Z+ Z na,z" + Z 1b, (Z)"
n=1

n=2

(1 + Be®?)

+ Zz(n —1Da,z" + Zn(n — l)bn(E)"]

—Be® |2 (Z + i na,z" + i nbn(z)n>
(e S+ S
U S S e
a-a{er S+ S

[n2(1+ pe®?) — (Be!? + a +1) An— A + 1)]a,z"

n?(1 + Be'?) — (Bel® + a + 1) (An — 4 + D]b, @™

)

"2,
n=2

)
n=1

Therefore,
|A(z) + (1 —a)B(2)| — |A(2) — (1 + a)B(2)|
=>2{(1-a)

=Y B+ 1 = (B +)0n =2+ Dllal

—Z[nz(ﬁ + 1) - (B+a)(n—1+ 1)]|an} > 0.

By inequality (2.1), which implies that
f € WNy(A, a,B).
The harmonic univalent function

f@=2+) oG n—G

[oe]

Xn, o
+a)(Ain—21+1)

Yn
+Zn2(,8+1)—(ﬁ+a)(/1n—/1+1)

n=1

@",  (23)
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where Y2, x| + Yozqly| =1 — a, show that
coefficient bound given by (1.3) is sharp.

The functions of the form (2.3) are in the class
W N3 (4, a, B), because

Z[nz(ﬁ F )B4+ a)n—1+1)]
n=2

||
"B+ D-B+an—2+1)

+Z[n2(ﬁ +1) = (B+a)(n—1+1)]
n=1

[y
BT D-Bron—1+1)

=D bl + ) Il = 1-a
n=2 n=1

The restriction placed in Theorem (2.1) on the moduli of

the coefficients of f = h 4+ g enables us to conclude for
arbitrary rotation of the coefficients of f that the
resulting functions would still be harmonic univalent
and f € WN+ (4, a, B).

In the following theorem, it is shown that the
condition (2.1) is also necessary for functions in
WRs (A, a, B).

Theorem (2.2). Let f = h+ g with h and g be given
by (1.2). Then f € WR4 (4, a, ) if and only if

[oe)

Z[nz(ﬁ +1) = (B +a)(n— 2+ Dla,

n=2

+Z[n2(ﬂ +1) = (B +a)(n— 1+ 1Dlb,

<l-a

where0<1<1,0<a<1 and f=0.
Proof. Since WRy (A, a,8) € WNy (4, a, 8), we only
need to proof the " only if " part of the theorem.

Assume that f € WRy (4, a, B). Then by (1.3), we have

ro { 2f'(2) + 22" (@)
22f'@ + (A= D )

(2.4)

(1+pe®) - ﬁeie} > a.
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This is equivalent to

Re {(1 +Be)(2f (D) + 21" (2))
Azf (@) + (L~ Df @)

_(Be +a)(Azf' (D) + (1 - l)f(Z))}
Azf'(2) + (1 - Df (2)

B (1—a) =32 ,[n*+ Be?n? — e An—21+1) —a(in — 2+ D]a,z"!
e 1—30,0n—A+ Da,z't — Yo ,(an — 2 + Db, @1
Yo [n?+ Ben? — e n— A1+ 1) —a(n — 1+ D]b,(@D" !
1-Y0,(n— 2+ Dapzm 1 =37 (An— 21+ Db, (7)1

> 0. (2.5)
The above required condition (2.5) must hold for all
values of z in U. Upon choosing the values of z on the

positive real axis where 0 < |z| = r < 1, we must have

(1—a) = 32,[n?+ Be’n? — e n— 21+ 1) —a(in — A + 1)]a,r"!
1-Y0,(An—214+Da,rv 1 =32 (An— 2+ Db,r*1
Tooa[n? + Betn? — e’ n— A+ 1) — a(in — A+ D]b,r™ ! 0
1-Y0 ,(An =214+ Da,r*t =3 (An— A1+ Db,rn1 -

Since Re (—e'?) > —|e’| = —1, and let r - 17. This
gives (2.4) and the proof is complete.

3. Extreme points

In the following theorem, we obtain the extreme points
of the class WRy (4, a, B).

Theorem 3.1. Let f be given by (1.2). Then f €
WRy (4, a, B) ifand only if f can be expressed as

@)= ) (k@) +8,9(2) G €V, GD)
where h,(z) = z,

1—«a
@) = 2 = S T DGt —A+D
n=23,..)
and

1—-«a _
gn(2) =z @m,

B+ D-B+a)(An—-21+1)
n=123,..),

Z(un +6)=1 (u,=0, 6,=0).

n=1

In particular, the extreme points of WR4 (4, @, B) are

{hn} and {g,}.
Proof. Assume that f can be expressed by (3.1). Then,

we have
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@) = ) liahn(2) + 6,0 (2)]
n=1

ZZ(Hn'i'(Sn)Z

n=1

<) - n
—;nz(ﬁ+1)—(ﬂ+a)(ln—z+1) UnZ

oo - .
—;n2(3+1)—([3+a)(/1n_1+ D n(2)

e -

:z—;n2(3+1)—(ﬁ+a)(gn_/1+1) UnZ

oo - .
_;nz(ﬁ+1)—(ﬁ+a)(,1n_l+ D M ks
Therefore,

Z[nz(ﬁ + DB+ a)An—1+1)]

1—«a
PR+ D-Bt+roan—i+1D M

+Z[n2(,8 + 1) - B+a)n—1+1)]

11—«
BT D -G ra)Un—AtD "

-(-a (Z(un +8,) —ul)

:(1—0!1)(1—/,{1)3 l1—a.
So f € WRy (A, a, B).
Conversely, let f € WRy (4, a, B), by putting

B+ -B+a)(In—-1+1)
h 11—« @

/Jn n

(n=23..)
and

nP+1)-PB+a)An—1+ 1)b

On = 1-—«a

n»

(n=123,..).

n
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We define py =1 = X7, un — Xa=1 6
Then,notethat 0 <y, <1 (n=23,...),
0<6,<1 (n=12..).
Hence,
f@=2-) au" =) b@"
n=2 n=1
- 1—a
‘Z_ZZnZ([H1)—(ﬂ+a)(/1n—/1+1) HnZ
D — 5."
2@+ D -Brafn—2+1 "
n=
= 2= ) = h(Ditn — ) (= gu(D)5,
n=2 n=1
= (1—2;1“—25,1)2
n=2 n=1

£t (@) + ) 8,90(2)
n=2 n=1

= by (@) + i bl (2) + i 69n(2)

[oe]

- z [tnhn(2) + 6,90 (2],

n=1
that is the required representation.
4. Convex combination
Now, we show WR;(4,a,B) is closed under convex
combination of its members.
Theorem (4.1). The class WR4 (4, a, B) is closed under
convex combination.

Proof. For j = 1,2,3,.., let f; € WRy (4, a, 8), where

fj is given by
fi) =2~ Z Gn; 2 Z by @

Then by (2.4), we have

Z[nz(ﬂ +1) = (B+)(n -2+ D] ay,

+Z[n2(ﬁ +1) = (B +a@)(An— A+ 1] by,

<(1-a). (4.1)
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For ¥2,t;=1, 0<t; <1, theconvex

combination of f; may be written as
n=2
n=1

Then by (4.1), we have

[oe]

Ztanl z"
thbn,j @

<

[oe]

Z[nz(ﬁ + DB+ a)An—1+1)] Z i,

=
+i[n
n=1
X
i nB+1D)-B+a)(n—-21+ 1)]bn,j}

_th(l—a)=1—a.

Jj=1

[ee]

28+ 1) — (B + a)(An — 1 + 1] Z tiby,
=1

(oo}

[Z[nzw +1) = (B + ) — A+ Dlay,

Therefore,

[oe]

Z t £,(z) € WRy (A, a, B).

j=1

This completes the proof.

Corollary 4.1. The class WR4:(4, a, B) is a convex set.
5. Distortion and growth theorems

We introduce the distortion theorems for the functions
in the class WRs (4, a, B).

Theorem 5.1. Let f € WR4 (4, ¢, 8). Then for |z| =

r < 1, we have

If ()l
(1-a)(1—-by) 5
= -br = -groa+rn &Y
and
If ()l
<A +b)r+ (1 =a)1 = by) 2, (52)

1B+D-Braa+D



Journal of AL-Qadisiyah for computer science and mathematics

‘ ISSN (Print): 2074 — 0204

ISSN (Online): 2521 — 3504

Vol.9 No.2 Year 2017

Proof. Assume that f € WR4(4, @, 8). Then, by (2.4),
we get

@I =|z=) anz"= ) bu@"
n=2 n=1
> (1= b)r— Z(an +b)r"

n=2
> (1 —b)r— Z(an +b,)r?

n=2
1

=(1—bl)r_4(ﬁ+1)—(ﬁ+0()(/1+1)

X D [4(8 + 1) = (8 + @A+ DI(an + b)r?
n=2

1
4B+ -B+a)(1+1)
X[1-a)—(1-a)b]r?
(1-a)(1—by) 2
4B+ -B+a@A+1)
Relation (5.2) can be proved by using similar

>1-b)r-—

=(1—-b)r—

statements. So the proof is complete.
Theorem 5.2. Let f € WR4 (4, a, 8). Then for |z| =

r < 1, we have

If' (@)
21 —a)( = by)
=A-b) T D Groar D" (5-3)
and
If' (@)
<(-by+ 20 ZDAb) (5.4)

ABFD-B+oG+D
Proof. The proof is similar to that of Theorem (5.1).

6. Integral operator

Definition (6.1)[8]. The Bernardi operator is defined by

L.(k(2)) :C;_Cl fec‘lk(e) de,
0

ceN={12..}. (6.1)
If k(z) =z+ Xy, e,z" then

o+ 1
Lc(k(z)) —Z+Z;C+nenz . (6.2)
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Remark 6.1. If f = h 4+ g, where

9@ = =) bu",
n=1

h(z) =z — Z anz™,

n=2

(a, = 0,b, = 0), then
L(f(@) = L(h()) + Lc(9(2)) . (6.3)
Theorem 6.1. if f € WRy (4, , B), then L.(f)(c € N)

is also in the class WR; (4, a, B).
Proof. By (6.2) and (6.3), we get

L(f(@) = Le (z - i ay2" - i b (@)" )
n=2 n=1

[oe] [oe]

c+1
=Z—z anzn—z

c+n
n=2 n=1

Since f € WR4 (4, a, B), then by (2.4), we have

[oe]

c+1
c+n

by (2)™.

n

[M2(B+1)—(B+a)An—21+1)]
1—a

n=

+Z[nz(ﬁ+1)—(ﬁ+a)(/1n—/1+1)] b <1

1—«a n=

n

[y

Since ¢ € N, then % < 1, therefore

)

[M2B+1)— (B +a)(An—21+1)] <c+ 1>a

) 11—« c+n
2B +1) - (B+a)Ain—A+1)] ;c+1
+; 1—a <c+n)bn
S [2B+1) — (B +a)(An— A+ 1)]
SZ 1-a n

n=2

M*B+1D-EB+a)(An—21+1)] b <1

1-a "o

+
s

S
ey

and this gives the result.
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