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cases for our results.
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1. Introduction

Symbolized by A the class of functions of the form:

fz)=z+ Z a,z" (1.1)
n=2

which are analytic in the open unit disk U =
{z:z € Cand |z| < 1}. Also, symbolized by § the class
in A which are univalent and

normalized by f(0) =0=f'(0) —1 in U. The well-

of all functions
investigated subclasses of the univalent function class §
are the class of starlike functions of order a (0 < a <
1), symbolized by §*(a) and the class of convex
functions of order a symbolized by K (a) in U.

The Koebe One-Quarter Theorem [1] shows that the
image of U under every function f from § contains a
disk of radius 1/4. Thereby every such univalent
function has an inverse f~1 which satisfies
@)=z (zeU)

and

33

PO w) =w (Wl <n (s n(h) 25),

where

F) = g0) = w = ayw? + (263 — ay)w’ - (503
(1.2)

The function f € A is considered bi-univalent in U if

—5a,a; + al))w* + .

both f and f~1 are univalent in U. Given by the Taylor-
Maclaurin series expansion (1.1), the class of all bi-
univalent functions in U can be symbolized by .

For each function f € S, the function

h(z) = "[f(z™) (z€UmEeN) (1.3)
is univalent and the unit disk U can be mapped into a
region with m-fold symmetry. It is considered m-fold
symmetric (see [2, 3]) if the function has the following

normalized form:

fz)=z+ Z Ami+12™ 1 (z€eUymeN). (1.4)

k=1
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The class of m-fold symmetric univalent functions in
U, which are normalized by the series expansion (1.4)
can be symbolized by §,, and the functions in the class
S are one-fold symmetric (that is, m=1).

In [4] Srivastava et al. specified that m-fold
symmetric bi-univalent function analogues to the
concept of m-fold symmetric univalent functions and
these gave some important results, such as each function
f €X generates an m-fold symmetric bi-univalent
function for each m € N, in their study. As for as the
normalized form of f given by (1.4) is concerned, they

obtained the series expansion for £~ as follows:

f7w) =gw) =w = apywm*?

+0n + Daj,1 — G W™ —

1
E(m +1DBm+2)ag s — Bm+ 2)apmy1aomer + a3m+1]

w3 (1.5)
where f~1 =g. The class of m-fold symmetric bi-
univalent functions in U can be symbolized by X,,. For
m = 1, formula (1.5) coincides with formula (1.2) of
the class 2.

Mathematicians such as Lewin [5], Brannan and
Clunie [6] as well as Netanyahu [7] studied the
functions in X and proved the following, the first
investigated the bi-univalent function class X and

showed that |a,| < 1.51 , the second showed that

la,| < /2, whereas the third showed that max |a,| =
4/3if f(z) € Z, but the best known estimate for
functions in X were obtained by Tan [8] in 1984, that is,
la,| < 1.485. The estimate

coefficient problem

involving the bound of |a,| (n € N\{1,2}) for each
f € X given by (1.4) is still an open problem. In fact,
the aforecited work of Srivastava et al. [9] essentially
revived the investigation of various subclasses of the bi-
univalent function class X in recent years. Recently,
many authors investigated bounds for various subclasses
of bi-univalent functions (see[10, 11, 12, 13, 14, 9,

15]).
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The object of the present paper is to obtain estimates

on the Taylor-Maclaurin coefficients |a,,,,] and
|a,m41| for functions belonging to the new general
subclasses Ry (t,4,m;a) and Ry (t,4,m;B) of X,
Also, some interesting applications of the results
presented here are also discussed.

In order to derive our main result, we have to recall here
the following lemma [1].

Lemma 1.1. If h € P, then |c,| <2 for each k € N,
where P is the family of all functions h, analytic in U,
for which
R(h(2)>0 (z€e),
where

h(z)=1+cz+c 2>+  (z€U).

2. Coefficients bounds for the function class

Rz, (T, A4M;a)

Definition 2.1. A function f € X,,, given by (1.4) is said
to be in the class Ry (tr,4,m;a) if the following
conditions are satisfied:

@ +Af'(2) +nzf"(2) - 1])‘

arg <1 +%[(1 )

an
< - (zeU (2.1)
and
1 gw) , "
arg 1+; (I—A)T+Ag W) +qwg"(w) — 1
an
<o e, (2.2)

where (t € C\{0}; 1 >1;,0<n<1,0<a<1)and
the function g is given by (1.5).

Theorem 2.1. Let the function f(z), given by (1.4), be
in the class Ry, (z,4,m; @). Then

|am+1| <

2a|7|

\/|m’(m + 1)(1 + 22m + 2nm(2m + 1)) +01- a)(l + Am +nm(m + 1))Z|

~(23)
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and
2a%|t)?(m + 1)
|a2m+1| < 2
(1 + Am + nm(m + 1))
+ 2alt] (2.4)
(14 2Am+2nm@2m+ 1))’ '
Proof. Let f € Ry (7,A4,m; ). Then
1 f(2) , "
1 +; 1 —/1)7+/1f @) +nzf"(2) -1
= [p(@)]* (2.5)
and
1 g(W) ! "
1 +; 1 —A)T+lg W) +qwg”"(w) -1
= [qgw)]%, (2.6)
where g = £, p(2), q(z) in P and have the forms
P(2) = 14 pmz™ + Pomz®™ + Pamz®™ + -+ (2.7)

and
qw) =1+ qw™ + gumW?™ + q3pw3™ + -, (2.8)
Now, equating the coefficients in (2.5) and (2.6), we get

1+ Am+mym(m+ 1)
( . Am+1 = AP, (2.9)
14 2Aim 4+ 2nym(2m + 1)
7 Arm+1
1
= APy + Ea(a —1)p2, (2.10)
1+ Aim+nmmim+ 1)
- T Am+1 = A4m (2.11)
and
1+ 2Am + 2nm(2m + 1)
< T [((m + 1)ag, 1 — Aama1]
1
=aqm + Ea(a - 1)g3. (2.12)
From (2.9) and (2.11), we find
Pm = —Adm (2.13)
and
1+ Im+nmm(m+1) 2 5
2 T Am+1
= a?(pp + qm)- (2.14)

From (2.10), (2.12) and (2.14), we get

<1 + 22m + 2nm(2m + 1)
T

) (m+ Daj 1
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ala—1)
= aPam + dom) + ——— (or + a7)
= a(pZm + QZm)

+(a—1)(1+lm+nm(m+1)>2 5

a .
a T m+1

(2.15)

Therefore, we have

i1 =
@’ (Dam + d2m)
at(m+1) (1 + 2am + 2nm2m + 1)) + (1 — a)((1 + Am + nm(m + 1))?’

..(2.16)
Applying Lemma (1.1) for the coefficients p,,, and

Q2m, We immediately have

lamsal <

2al|t|

\“m’(m + 1) (1+22m +2ym@m + 1) + (1 — @)(1 + Am +nm(m + D)’
.. (2.17)

The last inequality gives the desired estimate on |a,,,1|

given in (2.3).

Next, in order to find the bound on |ay,4+4], by

subtracting (2.12) from (2.10), we obtain

1+ 2im + 2nym(2m + 1)
2 ( > Aoym+1

T

14 2Am+2nym(@2m+1
_( i )> (m + 1aj44

T
ala—1)
= aPem = Gam) + ——— (P — qm). (2.18)
It follows from (2.13), (2.14) and (2.18) that
a’t?(m+ 1) (ph + q4)

Aoym+1 = >

4(1+ Am+nm(m + 1))

at(P2m — qam) (2.19)

2(1+2Am+ 2nm@2m+ 1))
Applying Lemma (1.1) once again for the coefficients
Pms Dzm> Gm @Nd ¢,y , We readily get

2a%|t)?(m + 1)
(1+Am +nm(m + 1))2

lazma1| <

N 2at|
(1+24m+2nm@2m+ 1))’

This completes the proof of Theorem (2.1).
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3. Coefficients bounds for the function class

Rz, (T, 4m; B)

Definition 3.1. A function f € X, given by (1.4) is
said to be in the class Ry (t,4,n;p) if the following

conditions are satisfied:

re(1+2[a-pl2

A =D+ 4f"(@) +nzf"(2) - 1])

>pB (zel) (3.1)
and
Re ( (1—A)M+Ag W) +nwg” (w) — 1])

>B (weU), (3.2)
where (t € C\{0}; 1 >1;0<n<1,0<pB<1)and
the function g is given by (1.5).

Theorem 3.1. Let the function f(z), given by (1.4), be
in the class Ry_ (z,4,7m; B). Then

o] < 471 - B) (33)
T Jm+ D(1+ 2Am + 2nm(2m + 1)) '
and
2?1 - p)’(m+1)
lazm+sl <
(1+Am +nm(m + 1))
2|tI(1 - B) (3.4)

(1+22m+2nm@2m+1))
Proof. It follows from (3.1) and (3.2) that there exist
p,q € P such that

[(1 ) & +Af'(2) + nzf"(2) - 1]

=+ 1 -B)p2) (3.5)
and

1+ % [(1 - A)M +Ag'w) + nwg"' (w) — 1]

=p+ (1-B)qw), (3.6)

where p(z) and q(w) have the forms (2.7) and (2.8),
respectively. Equating coefficients in (3.5) and (3.6), we
get

1+ Aim+nmm(m+ 1)
T Am+1

=1 =B)pm (3.7)
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(1 + 22m + 2nm(2m + 1)>
Aam+1
T
=1 - Bpm
(1 +Am+nmm(m+ 1)
T

(3.8)

) Am+1 = (1 - ﬁ)qm (39)

and

(1 + 2Am + 2nm(2m + 1)
T

) [(m + 1)a72n+1 — Am1]

=1 -Bazm- (3.10)
From (3.7) and (3.9), we find
Pm = —qm (311)
and

(1 + Am + nm(m + 1))2 5
2 An+1

T

= (1 - B)*(ph + q7)- (3.12)
Adding (3.8) and (3.10), we have

14+ 2Am+ 2 2Zm+1
(LezimmGm s D) e
=1 = B)@P2m + g2m)- (3.13)
Therefore, we obtain

1 —

a12n+1 — T( ﬁ)(sz + qu) (314)

(m+1)(1+2im+2nmC2m+1)) "
Applying Lemma (1.1) for coefficients p,,, and q,,,,

we obtain

| < 4l(1— )
T Jm+ D(1+ 2Am + 2nm(2m + 1))

This gives the bound on |a,,,| as asserted in (3.3).
In order to find the bound on |a,,,41], by subtracting
(3.10) from (3.8), we get
1+ 2Am + 2nm(2m + 1)
2 ( > Arm+1

T

14+ 22m+2mmQ2m+1
—< nm( )> (m+ Dag4q

T
=1 = B)Pzm = 42m) (3.15)
or equivalently
(m+1) ,
Aom+1 = Tam+1
(1 = B)(P2m — 92m) (3.16)

2(1+42Am + 2nm@2m + 1))
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Upon substituting the value of a2, from (3.12), we
get
2 (1= B)P(m+ D + qim)
Arm+1 = 2
4(1 + Am +nym(m + 1))

T(l - ﬂ)(pZm - qu)
2(1+2am+2nm@2m + 1))

(3.17)

Applying Lemma (1.1) once again for the coefficients
Pms D2 Gm And Gz, We find

2|7|?(1 = B)*(m + 1)
(1+Am +nm(m + 1))2

2|z|(1 - p)
(1+24m+2nm@2m+ 1))’

|a2mael <

This completes the proof of Theorem (3.1).
4. Corollaries and Consequences

For one-fold symmetric bi-univalent functions, the
classes Ry (7,4,m; @) and Ry, (7, 4,n; B) reduce to the
classes Rz(t,A,m;a)and Rs(t,A,m;B) and
Theorem (2.1) and Theorem (3.1) reduce to Corollary

thus,

(4.1) and Corollary(4.2), respectively.
Corollary 4.1. Let f(z) given by (1.1) be in the class
Rs(t,A,m; ). Then

| @1l
2alT|
< 4.1)
JI2at(1 + 22+ 6n) + (1 —a)(1 + A + 21)?|
and
4a?|t|? 2alt]
(4.2)

< .
laamal < T2 Y @22+ o)
Corollary 4.2. Let f(z) given by (1.1) be in the class
Rs(t,A4,m; B). Then

, 2|t|(1—-B)
lamer] < m (4.3)
and

421 -p)?  2l7l(1 - p) (4.4)

lazmal < 14+2+2m)2 (A +21+61)°
The classes R (7, 4,1; @) and Ry (t, A, m; B) are defined

in the following way:

Definition 4.1. A function f(z) € X given by (1.1) is
said to be in the class Rz(t,A,n; a) if the following

conditions are satisfied:
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1 f(2) , "
arg 1+; (1—/1)7+/1f (@) +nzf'"(z) -1
an
< 7 (Z [S U) (45)
and

989 | 2gr ) + g () - 1])‘

arg (1 +%[(1 -A)

aT
< -5 (w e ), (4.6)

where (t € C\{0}; 1 =1, 0<n<1,0<a<1)and
the function g is given by (1.2).

Definition 4.2. A function f(z) € X given by (1.1) is
said to be in the class Ry (z,4,m; B) if the following

conditions are satisfied:

f(@)

Re (1 +%[(1 —/1)7+ Af'(2) +nzf"(2) — 1])

>B (z€eU) 4.7)
and

1 gw) , .
Re 1+; (I—A)T+Ag w) +nmwg"(w) — 1

>pB (weluU), (4.8)
where (t € C\{0}; 1 =1, 0<n<1,0<B8<1)and
the function g is given by (1.2).

Remark 4.1. For m-fold symmetric bi-univalent
functions, if we put A =1 in Theorem (2.1) and
Theorem (3.1), we obtain the results which were given
by Srivastava et al.[16]. In addition , if we put n =0 in
Theorem (2.1) and Theorem (3.1), we obtain the results
which were given by Srivastave et al. [17]

Remark 4.2. For one-fold symmetric bi-univalent
functions, if we put 7 =1and A =1 in Theorem (2.1)
and Theorem (3.1), we obtain the results which were
given by Frasin [12]. In addition , if we put7 =1 and
n = 0 in Theorem (2.1) and Theorem (3.1), we obtain

the results which were given by Frasin and Aouf [13].
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