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1. Introduction

Legendre [18] studied orthogonal polynomials Comprehensively. The importance of orthogonal polynomials for
contemporary mathematics as well as for a wide range of their applications in physics and engineering, is beyond any
doubt. It is well-known that these polynomials play an essential role in problems of the approximation theory. They
occur in the theory of differential and integral equations as well as in mathematical statistics. Their applications in
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quantum mechanics, scattering theory, automatic control, signal analysis, and axially symmetric potential theory are
also known [6,11]. In practical, the Gegenbauer polynomials is special case of orthogonal polynomials. They are
representatively related with typically real functions Ty as discovered in [17]. Typically, real functions play an
important role in the geometric function theory because of the relation T = coSy and its role of estimating coefficient
bounds, where S indicates the family of univalent functions in the unit disk with real coefficients and coS, denotes
the closed convex hull of Sp.

Denote by A the family of all functions f which are holomorphic in the open unit disk U = {z € C : |z| < 1} and
have the type:

f(z)=z+ Z az", (1.1)
n=2

Symbolized by S the subfamily of A consisting the functions that are univalent in U. According to the "Koebe One-
Quarter Theorem" [12] each function f from S has an inverse £, which fulfills
fl(f(z))zz, (zev)

and

1
f(f1w))=w, (|W|<ro(f), ro(H> Z)'
where
gw) = (W) = w — ayw? + (2a2 — az))w® — (5a3 — 5ayas + a)w* + . (1.2)

A function f € A is named bi-univalent in U if together f and f~* are univalent in U. Let ¥ indicate the family of
bi-univalent functions in U satisfying (1.1). Beginning with Srivastava et al. pioneering work [32] on the subject, the
large number of works associated with the subject have been presented (see, for example
[1,2,8,9,10,13,16,19,22,26,27,28,30,33]). We see that the set X' is not empty. We see that the functions

z 1 1+z
T, 2 log (1 — z) and —log(1—2z)
Are in the set ¥ with the corresponding inverse functions

w e?W-1 e"-1
, and )
1+w = e?"+1 eV
respectively. But the functions
2
z—— and
2 1—22

are not a member of the set 2.

We say that a function f € S is starlike with respect to symmetrical points if (see [24])

(2D 120, e
VUt~ =
The set of all such functions is denoted by S .
The family of starlike functions with respect to symmetric points obviously includes the family of convex functions

with respect to symmetric points Cg, satisfying the following condition:

(zf (2))
Re {m} >O, zeU.

Recently, Frasin [15] introduced and studied the family S(y,m,n) consisting of functions f € A which satisfy the

condition
(m-n)zf'(z)
Re {f(mz)-f(nz)} Y
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forsome 0 <y < 1,m,n € Cwithm # n, |[n| < 1 andforall z € U. We note that the family S(y,1,n) was given by Owa
etal. [25] while the family S(y,1,-1)=S,(y) was considered by Sakaguchi [24] and is called Sakaguchi function of order
y. Also, S(0,1,-1)=S; is the family of starlike functions with respect to symmetrical points in U and S(y,1,0) =S"(y)
which is the family of starlike functions of order y (0 <y < 1).In [7] Babalola defined the family L,(y) of A-
pseudostarlike functions of order y which are the function f € A such that

2(f ()
Re{—————>v,
e{ @ 77
where 0 <y <1,1>=1, and z € U. In particular, Babalola [7] showed that all A- pseudo-starlike functions are
1

Bazilevic of type 1 — 71 and order y7 and are univalent in U. Itis observed that for A = 1, we have the family of starlike
functions.

For the functions f and g be holomorphic in U. We say that the function f is said to be subordinate to g, if there
exists a Schwarz function w holomorphic in U with w(0) = 0 and |w(z)| < 1 (z € U) such that f(z) = g(w(z)). This
subordination is indicated by f < g or f(2) < g(2)(z € U). It is well known that (see [21]), if the function g is
univalentin U, then f < g ifand only if £(0) = g(0) and f(U) c g(U).

Recently, Amourah et al. [5] studied the generating function of Gegenbauer polynomials Hs(z, t) that are given by
the following recurrence relation:

Hs(zt)=——7———=,
520 (1-2tz+z%)3

where § € R\ {0}, t€[-1,1] and z € U. For fixed t, the function Hy is holomorphic in U, so it may be expanded in a
Taylor-Maclaurin series as note that if t = cos 5, where B€(- g,g), then

1 Z
— — [
HS(Z't)_ (1'2tZ+Z2)8 - Gn(t)Zn )

where gj(t) is Gegenbauer polynomial of degree n.

Clearly, Hs generates nothing when 6 = 0. Thus, the generating function of the Gegenbauer polynomial is
Ho(zt)=1-log(1-2tz+2z%) = Z Go(t)z".
n=0

Furthermore, it is worth to mention that a normalization of § to be greater than —iis desirable [11,23]. Also,
Gegenbauer polynomials can be introduced by the following recurrence relations:

1
G (D= 5 [2t(n+8-1)G5,; (1)-(n+28-2)GS 4 (D],
with the initial values
G3()=1, G{(t)=28t and G5()=26(8+1)t%-§. (1.3)

Remark 1.1. Choosing the special values of §, the Gegenbauer polynomial gfl (t) reduces to the following well-known
polynomials:

1) Taking § = 1, we have the Chebyshev Polynomials.
2) Takingd = %, we obtain the Legendre Polynomials.
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In geometric function theory, the so-called Fekete-Szego type inequalities (or problems) which estimate some
upper bounds for |a; — ua3| for holomorphic univalent functions. Its origin was in the disproof by Fekete and Szego
[14] conjecture of Littlewood and Paley that the coefficients of odd univalent functions are bounded by unity.

The results related to initial coefficient estimates and Fekete- Szego functional problem for special subcalsses of
associated with special polynomials appeared like the ones in [4,20,29,31,36].

2. Main Results
This section start with defining the families By (8,a,4,m,n,t) and F5(8,A,y,m,n,t) as follows:
Definition 2.1. A function f € X is called in the family By (8,0,A,m,n,t) if it fulfills the subordinations:
A
) 2 ,
(m—-n)z (f (z)) (m—mn) ((Zf (Z)) ) 1
+ «a — < oY
f(mz) — f(nz) (f(mz) _ f(nz)) (1 -2tz +2%)

(1-

and

(m-n)w(g' (w))A a (m-n) ((wg' (W))) - 1
g(mw)-g(nw) (g(mw)-g(nw))' (1-2tw+w?)3’

(1-a)

where 0<a<1AA>1,te (%,1] ,mn€C, m#n, |n|<1, § is a nonzero real constantand g = f~! is given by (1.2).

Definition 2.2. A function f € X is called in the family Fy (8,A,y,m,n,t) if it fulfills the subordinations:

(m—n)z (f'(z)))l ' (m—n) ((Zf,(z)),))l - 1

f(mz) ~ f(nz) (om0 — ) | A2+ 2)
and
(m-n)w(g' W) ((m-n)((wg'w)))* ”< 1
g(mw)-g(nw) (g(mw)-g(nw))’ (1-2tw+w?)?’

where A>1,0<y<1,te (%,1] ,m,neC, m#n, |[n|<1, § is a nonzero real constantand g = f~1is given by (1.2).
Remark 2.1. If we choose

1) & = 1in Definition 2.1, the family By (8,a,A,m,n,t) reduces to the family Ry (a,A,m,n,t), which Wanas studied in
[37].

2) m=1andn = —1in Definition 2.2, the family Fy(8,A,y,m,n,t) becomes family S;(8,A,y,t), which Al-Shbeil et
al. defined in [3].

3) § =m=1andn = —1 in Definition 2.2, the family F5(8,A,y,m,n,t) reduces to the family T;(Ay,t), which
Wanas gave in [34] .

4) §=A=m=1 and n = —1 in Definition 2.2, the family Fy(§,,y,mn,t) becomes family D§(y,t), which
Wanas and Swamy introduced in [35].

Ifwe choose a = 1 in the Definition 2.1, the family By (8,a,4,m,n,t) reduces to the family My (8,A,m,n,t) of bi-convex
functions which fulfills the conditions:
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(m —n)((zf'(2)))* 1
— <
(f(mz) - f(nz)) (1 -2tz +z2)°

and

(m-n)((wg'(w)) )* 1
v < )
(g(mw)-g(nw))  (1-2tw+w?)®

where the function g = f~1 is given by (1.2).

If we choose y = 1 in Definition 2.2, the family Fy(8,A,y,m,n,t) reduces to the family Hy(8,A,m,n,t) of bi-starlike
functions which fulfills the conditions:

(m —n)z(f'(2))! ) 1
f(mz) — f(nz) (1 -2tz + z%)°

and

(m-n)w(g'(w))" ) 1
g(mw)-g(nw)  (1-2tw+w?)?’

where the function g = f~1 is given by (1.2).

Theorem 2.1. For 0<a<1,A>1,t€e (%,1] ,m,neC, m#n, |[n|<1 and § is nonzero real constant, let f € A be in the family
By (8,a,A,m,n,t). Then

2|8t/ 2]8]¢

J|252t2[2(ﬂ(a, Ammn) —mn) — (a+ 1)?(21 —m —n)?] — 6(a + 1)2(21 — m — n)?(2t* — 1)|

|a2| <

and

o< 48%? . 2|8t
37 (a+1)2(2A-m-n)?  (2a+1)(3A-m2-n%-mn) ’

where
Qa, A, mn) = a[(m? +n? +4mn) —6A(m+n— D]+ A(1 - 2(m+n—-2)). (2.1
Proof. Let f € B;(8,a, A, m,n,t). Then there exists two holomorphic functions u,v:U—U given by
u(z) = uz + uyz? + uzzd + - (zel) (2.2)
and
v(w) = vyw + v,w? + vawd + - (w e ), (2.3)

with u(0) = v(0) = 0, |u(2)| < 1, |[v(w)| < 1, z,w € U such that
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n-me(F ) - ()

(1 — a) +a 7
f(mz) = f(nz) (F(m2) - f(n2))

and

A

m-now(g ) = ((vw))
+a 7
glmw) =g(uw) = (g(mw) - g(nw))

(1-a)

=1+ G Ovw) + GOV (W) + -

Combining (2.2), (2.3), (2.4) and (2.5), we obtain

(m—n)z (f'(z))/1 (m—n) ((zf(z)))
+ «a T
f(mz) — f(nz) (f(m2) - f(n2))

(1-a)

=1+G7(Ouz + [Q{S(t)uz + Qés(t)u%]zz +

and

(m—-n)w (g'(w))/1 (m—mn) ((WQV(W))I)A

(1 — o() +a 7
g(mw) =g(mw) = (g(mw) - g(nw))

=14 G Onw + [GE(O)v, + GEOVE|W? + - .

It is quite well-known that if |u(z)| < 1 and |v(w)| < 1, zw€U, then
lu;/] <1 and |y <1 foralli€N.
Equating the coefficients in (2.6) and (2.7), we deduce that
(a+1)(2A-m-n)a,=G3 (D) uy,
(2a+1)(32- m? -1 -mn) a;+(3a+1) [(m+n ) -2A(m+n-a+1)]a, =G5(O) u,+G3( 2,
—(a+1)(2A—m—n)a, = G (v,
and

[(6A —m?—n?) —2A(m+n—21+1) —a(6A(m+n—21—1) + (m —n)?)] a3
— (2a+1)(BA—m? —n® —mn)a; = gf(t)vz + g‘;(t)v%. (2.12)

From (2.9) and (2.11), we conclude that

U, = —v;

=1+ G (Ou(2) + G (Ou*(2) + -

(2.4)

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.13)
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and
2
2(a + 1?21 — m —n)?a? = (gf(t)) @2 + v2). (2.14)
Adding (2.10) to (2.12), yields
2{a[(m? + n® + 4mn) —6A(m +n — D]+ A(1 — 2(m + n— 1)) —mn}a? = GZ(O) (u, + v,) + G (O)WF + v¥).

where(Q(a, A, m, n) is given by (2.1). Consequently, we have

[10)

( ; )2 (@ +1)2Q2A-m—-n)?|a3 = GZ(O)(u, +v,). (2.15)
G: (©)

2|Q(a, A, m,n) —mn —

Further computations using (1.3), (2.8) and (2.15), we obtain

2|6t/ 2|5]t

\/|262t2 [2(0(a, 2, m,n) —mn) — (a + 1)?2(2A —m —n)?] — §(a + 1)2(21 — m — n)?(2t* — 1)| |

|a2| <

Next, if we subtract (2.12) from (2.10), we deduce that
2Q2a + DB =m? —n? —mn)(az — a3) = G7 () (up — v2) + G2 (O) (i — v}). (2.16)
In view of (2.13) and (2.14), we get from (2.16)

GO GO —v,)
%= 2(a+1)2(2A—m—-n)?  2Qa+1)(BA—m? —n? —mn)

Thus applying (1.3), we obtain

| < 468%t? . 2|6t
4l = (e +1)22A-m—-n)? (Qa+1)(BA—m?—n?—mn)

Putting « = 1 Theorem 2.1, we obtain the next result:

Corollary 2.1. For A>1,te G,l],m,nec, m#n, [n|<1 and § is nonzero real constant, let f € A be in the family
M; (8,4, m,n,t) Then

|8]t\/2]58]t
Iazl <

\/|62t2[(‘{’(/1,m, n)—mn) — 2021 -—m—n)?] - 6021 —m —n)?(2t* - 1)|

and

o< 5%t? s 2|8t
37 (2A-m-n)? ' 3(3A-m2-n?-mn)

where
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¥(A,m,n)=(m?+n?+4mn)-6A(m+n-1)+A(1-2(m+n-1)).

(2.17)

Theorem 2.2. For A>1, 0<y<1, te (%,1],m,nEC, m=#n, |n|<1 and § is nonzero real constant, let f € A be in the

family F5(8,A,y,m,n,t). Then

|a,|
2|8t/ 2]8]¢t
52t2 [4 ((3 -2y)(31 —m? —n? —mn) + %y(y - 1)(2A—m—n)*+ (4 - 3y) ((m +n)?—2A(m+n—-21+ 1)))‘
22 -y)?2A-m—-n)?]-62-y)?(2A—m—n)?(2t* - 1)
and

| < 45%t? 2|8t
as| < + .
T 2=-v)2r-m-n)? (3-2y)(31—m? —n? —mn)

Proof. Let f € F5(8, 4, ¥, m,n,t). Then there exists two holomorphic functions u, v:U — U

<(m - n)z(f'(z))l>y ((m —n)((zf"(2)))*
f(mz) — f(nz) (f(mz) - f(nz))

and

((m - n)w(g'(z))l>y ((m - n)((wg'(2))"
g(mz) — g(nz) (g(mz) — g(nz))

where u and v have the forms (2.2) and (2.3). Combining (2.18) and (2.19), yield

((m - n)z(f'(z)ﬂ)y <(m - n)((zf’(z))'ﬂ)l‘y
f(mz) - f(nz) (f(mz) — f(nz))

=1+G5(uz+ [gf(tf)u2 + gf(t)uf]zz oo
and

((m - n)w(g'(z)ﬂ)y <(m - n)((wg'(z))')ﬂy‘y
g(mz) — g(nz) (g(mz) — g(nz))

=1+ G5(®)vw + [GE (v, + GEOVE|w? + .

Equating the coefficients in (2.20) and (2.21), we deduce that

(2-y)(2A-m-n)a, =G} (Duy,

> =1+ G Oul2) + G(Ou*(2) + -

) =1+ G Ov(w) + GOV (W) + -

(2.18)

. (2.19)

(2.20)

(2.21)

(2.22)
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(3-2y) (3A-m?*-
n?-mn)a, + Ey(y-l)(Zk-m-n)2+(4-3y) ((m+n)2-zx(m+n-;\+1))] 22=G (D u+G (D2, (2.23)
-2-NCi-m—-n)a, =G (O, (2.24)
and
(3 -2y)(31 —m? —n? —mn)(2d3 — a3)
+ %y(y ~ D@m=+ 4 3) (n+n) — 240m+n -2+ 1))] 2
= Gl (v, + G5 ()v1. (2.25)
In view of (2.22) and (2.24), we have
u = —v, (2.26)

and

2
22 - y)*@A—-m—n)*a} = (G5(®)) (u + v}). (2.27)

If we add (2.23) to (2.25), we conclude that

1
2 [(3 —2Y)BA—m? —n? —mn) + EY(Y —DRA-m-n)?+ @ -3y)((m+n)?-2A(m+n—-1+ 1))] a?
=GP () (up + v2) + 63 (O +vD), (2.28)

By substitute the value of u? + v? from (2.27) in (2.28), yields

1
[2 ((3-2y) (37\-m2-n2-mn)+Ey(y-l)(ZA—m-n)2+(4-3y) ((m+n)2-27\(m+n-7\+ 1))) -

2(2-y)*(22-m-n)?G5(t)
(&)’

or equivalently

] a3=Gj (1) (up+v,),

. (@) (w+v,)
2 [((3-2y)(3)\-m2-n2-mn)+%y(y-l)(ZA-m-n)2+(4-3y) ((m+n)2-2}\(m+n-?\+1))> (G2 ®)°
-(2-v)?(2A-m-n)2G3 (V)]

a

(2.29)

Further computations using (1.3), (2.7) and (2.29), we obtain
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|a,|
2|8t/ 2]8]¢t
52¢2 [4 ((3 —-2y)(31—m? —n? —mn) + %y(y —1)2A—m—-n)*+ (4 - 3y) ((m +n)?—2A(m+n—-21+ 1)))‘
202 -9)?2A-m—-n)?]1 -6 -9y)*(2A—m—n)?(2t2 - 1)

Next, if we subtract (2.25) from (2.23), we deduce that
23 -2y)Br—m? —n* —mn)(az — a3) =GP (O)(u, —v,) + GI ()i —v}) (2.30)
In view of (2.26) and (2.27), we get from (2.30)

GO 6 (s — 1)
22 -9)2(22 —m —n)? * 23 -2y)(31—m?% —n%? —mn)’

as

Thus applying (1.3), we obtain

| < 46%¢? 2|68t
as| < + .
T R=-y2r-m-n)? (3-2y)(31—m? —n? —mn)

Putting y = 1, in Theorem 2.2, we obtain the next result:

Corollary 2.2. For A>1, te G,l],m,nec, m#n, [n|<1 and § is nonzero real constant, let f € A be in the family
Hy(6,A,m,n,t). Then

2|68t/ 218]¢

5%t2 [4((3/1—m2 —n2—mn)+m+n)?-22(m+n—21+ 1)) —2(2/1—m—n)2]
-5(22 —m —n)2(2t* - 1)

|a2| =<

and

45%t? 2|6t

asz| < + .
las| 2A-m—-n)? 31-m?—-n?-—mn

In the next theorems, we discus "Fekete-Szego problem" of the families By (§,0,A,m,n,t) and Fy(§,A,y,m,n,t).

Theorem 2.3. For 0<a<1A>1,te (%,1] ,m,neC, m#n, [n|<1, §ER and § is nonzero real constant, let f € A be in the
family By (8,a,A,m,n,t). Then
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( 28|
(2a+1)(3A-m?-n?-mn) ’

|282t2 2(2(a,A,m,n)-mn)-(a+1)?(2A-m-n)?]-8(a+1)%(2A-m-n) ? (2t2- 1)|
482t2(2a+1) (3A-m?-n%-mn)

for |¢-1]|<

|as-gaj|< 1
8t°|8%|[&-1]

| 282t2[2(Q(a,A,m,n)-mn)-(a+1)2(2A-m-n)2]-8(a+1)2(2A-m-n) 2 (2t2-1) | ;

|28 t2[2(Q(a,A,m,n)-mn)-(a+1)?(2A-m-n)?]-8 (a+1)?(2A-m-n)? (2t>- 1)|
48%t2(2a+1) (3A-m?-n%-mn)

for |E-1|=

Proof. In the light of (2.15) and (2.16), we deduce that

HOICPE)
2(2a + 1)(3A — m? — n? — mn)

—¢a5 = (1-8a3 +

(G?(t))3 (uz+vy) G8(t) (up-vy)
] 2(2a+1)(3A-m2-n%-mn)

= (1_5) 2
2 [(Q(a,;\,m,n)-mn) (@) 630 (@+1)?2A-m-n)?

G

1 1
(¢(§)+ a+ 1)(3}\-m2-n2-mn)) uzt (LIJ(E)_ (2a+1) (37\-m2-n2-mn)) Vz] ’
where
(o) @y
(Q(a,A,m,n)-mn) (Gf(t))2 GO (a+ D)2 (2A-men)?

V()=

According to (1.3), we deduce that

( 2t|8]|
(2a+1)(3A-m?-n2-mn) ’

1
0<b(®)l< (20+1)(3A-m?-n?-mn)

|az-€a5|< 4

2t[8[lw (@),

1
\ W®I= (2a+1)(3A-m?-n?-mn)

After some computations, we obtain
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2t|8]|
(2a+1)(3A-m?-n?-mn) ’

|2’62 [2(Q(a,A,m,n)-mn)-(a+1)?(2A-m-n)?]-8(a+1)2(2A-m-n)? (2t 1)|

for |&-1|<
Ie-1l= 48%t2(2a+1) (3A-m?-n%-mn)

|as-gaj|< 4
8t’|8°|e-1] .
|28*2[2(Q (e, m,n)-mn)-(a+1)?(2A-m-n)?]-8(a+1)2 (2A-m-n)?(2t2-1) | ’

|262 [2(Q(a,A,m,n)-mn)-(a+1)?(2A-m-n)?]-8(a+1)2(2A-m-n)? (2> 1)|

for |&-1|>
IE-11= 48*t2(2a+1) (3A-m?-n%-mn)

Putting £ = 1 in Theorem 2.3, we obtain the next result:

Corollary 2.3. For 0<a<1A>1,t€e (%,1],m,nec, m#n, |n|<1 and § is nonzero real constant, let f € A be in the
family By (8,a,A,m,n,t). Then

2 < 2t|5|
2T Qa+1)Br—m?2—n?—mn)

|a3 -

Putting @ = 1 in Theorem 2.3, we obtain the next result:

Corollary 2.4. For A>1,te (%,1] , m,n€C, m#n, |n|<1, £€R and & is nonzero real constant, let f € A be in the family
M; (8,4, m,n,t). Then

( 2t§|
(2a+1)(3A-m?-n?-mn)

|<‘52t2 [(W(A,m,n)-mn)-2(2A-m-n)?]-8(2A-m-n)?(2t%-1) |

for [5-1]< 82t2(2a+1) (3A-m?-n?-mn) '
|as-gaj|< <
263|8%||&-1] _
|82t2[(‘P(A,m,n)-mn)-Z(ZA-m-n)z]-S(ZA-m-n)z(2t2-1)| '
for [e-1> |8 t2[(¥ (A, m,n)-mn)-2(2A-m-n)?]-8(2A-m-n)? (2> 1)|
\ or [&- 82t2(2a+1) (3A-m?-n%-mn)

Theorem 2.4. For A>1, 0<y<1, te G,l] ,m,neC, m#n, |[n|<1, {ER and § is nonzero real constant, let f € A be in the
family F5(8,A,y,m,n,t). Then
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2t15] .
(B-2y)(31—m2%—n2 —mn) "’

§5%t? [4 ((3 -2Y)BA—m* —n* —mn) + %y(y -1DRA-m—-n)2+@-3y)(m+n)? —2A(m+n—-1+ 1)))|

=2Q2-7)*2r-m-n)?-562-y)?2A-m—n)?(2t* - 1)
forl§ =11 < 462t2(3 — 2y)(31 — m2 — n2 — mn)

las — §aj| < 8t318%(1§ — 1]

62t2 [4 ((3 —2y)(31 —m? —n? —mn) + %y(y -DA-m—-—n)?2+ (4 - 3y)((m +n)2—-2A(m+n—21+ 1)))| '
22 -y)2Q2A-m—-n)?]-82-y)?QRA-m—n)2(2t2—-1)

52t? [4 ((3 —-2Y)(3A—m? —n? —mn) + %y(y -1DECA-m-n)?+“-3)((m+n)? - 2A(m+n—21+ 1)))‘

22 -y)2@A-m—-n)?]1-862 —y)?*A-m—n)?(2t> - 1)
forlE—1l= 462t2(3 — 2y)(31 —m? —n? —mn)

Proof. In view of (2.29) and (2.30), we deduce that

G0 (w, — vy)
(3-2y)(32 —m? —n? —mn)

as—s‘a%=(1—€)a§+2

(62©®) w + v -
2 [((3 —2Y)(3A—m? —n? —mn) + %y(y -DR2A-m—-n)?+ (4 - 3y)((m +n)2-2A(m+n—-A1+ 1))) (gf(t))z
~2-1)?22a-m-n?Gi ()]

GY () (up — v,)
23-2y)(31 — m? —n? —mn)

)
= GlT(t) [(‘p@” G2y (3?\-1m2-n2-mn)> uz¥ (‘P@' (3-2y)(3x-1rl12-n2-mn)> "2] '
where
®() ,
(62®) a-9
((3 —2)(BA—m? = nZ —mn) +2y(y — (A —m —m)2 + (4= 3y)((m+n)2 — 2A(m +n— 1 + 1))) (gf(t))T
—(2-y)?(22 —m —n)?Go(t)

According to (1.3), we deduce that

( 2t[8|
(3-2y)(3A-m2-n?-mn) ’

0< <
-t <O G2y Gaemr )

2t[8]lo(®)I,

\ le®l= (3-2y)(3A-m?-n?-mn)
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After some computations, we obtain

2t1] .
B-2y)Br—m2—n2—mn)’

§5%t? [4 ((3 —2y)(31—m? —n? —mn) + %y(y -1DEA-m-n)?+ @4 -3 ((m+n)?—-2A(m+n—-21+ 1)))‘

-2Q2-7)?RA-m—-n)?1-82-y)*(QA-m—n)?(2t? - 1)
forl§—11< 462t2(3 — 2y)(31 — m2 — nZ — mn)

la; —¢ai| < 8t3|531¢ — 1] )
62t2 [4 ((3 —2y)(31 — m? —n% —mn) +%y(y -DRA-m—-n)?+ (4 - 3)/)((m+n)2 —2A(m+n—-21+ 1)))| ,
22 -y)?QA-m—-n)?]-82 -y)?QA-m—n)?2(2t2-1)

5%t2 [4 ((3 —2Y)(31—m? —n? —mn) + %y(y -1D2A-m-n)?+ @ -3 ((m+n)? —2A(m+n—-21+ 1)))‘

22 -p)?2QA-m—-n)?1 =52 -y)?*A—m—n)?(2t2 - 1)
forlf—1l= 462t2(3 — 2y)(31 — m? —n? —mn)

Putting £ = 1 in Theorem 2.4, we obtain the next result:

Corollary 2.5. For A>1, 0<y<1, te (%,1] ,m,neC, m#n, |[n|<1, and § is nonzero real constant, let f € A be in the
family F5(8, 4, y,m,n, t). Then

2t|8]

a; —a;3| < :
2 4l (3 -2y)(31 —m? — n? —mn)

Putting y = 1, in Theorem 2.4, we obtain the next result:
Corollary 2.6. For A>1, te (%,1] , m,n€C, m#n, |[n|<1, {ER and § is nonzero real constant, let f € A be in the family
Hy(8,A,m,n,t) Then

2t|8|

3A-m2-n?-mn ’

|8%t2[4(3A-m?-n?-mn+(m-+n)?-2A(m+n-A+1))-2(2A-m-n)?]-8(2A-m-n)?(2t>-1)|

1)<
for [¢-11< 482t2(3A-m?-n2-mn)
az-fad|<
ol 86°15°15-1| ,
|52t2[4(37\-m2-nz-mn+(m+n)2—27\(m+n-7\+1))-2(2)\-m—n)2]-S(ZA-m-n)z(th—l)| ’
¢ > |82t2[4(3A-m?-n®-mn+(m+n)?-2A(m+n-A+1))-2(2A-m-n)?]-8(2A-m-n)? (2t3-1)|
or [¢-11= 482t2(3A-m?2-n2-mn) ’
Conclusion

The fact that we can obtain many unique and effective uses of a large variety of interesting functions and specific
polynomial in Geometric Function Theory provided the primary inspiration for our analysis in this article. The
primary objective was to define the families By (8,a,A,m,n,t) and Fy(8,A,y,m,n,t) of bi-univalent functions associated
with A-pseudo-starlike and convex functions defined by Sakaguchi type functions which governed by Gegenbauer
polynomials. We generated Taylor coefficient inequalities for functions in the families By(8,a,A,m,n,t) and
F5(8,A,y,m,n,t) and viewed the famous Fekete-Szego problem.
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