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1. Introduction:

Kelly In 1963 [3] defined bitopological spac . In 1966[4] Murdeshwar studied the concepts of pairwise- T, and
weak pairwise T, spaces. In [5] 1982 Tong introduced definition of D-set . Tallatha In [1] studied continuous and
pairwise continuous functions of bitopological spaces. In [6] O.Ravi investigated open set in bitopological space .
Rupaya in [7] presented defined T,-bitopological space . In [2] Khadiga investigated defined subbitopological spaces.
In this paper we introduce and study the definition of D-set in bitopological space and some types of D, -bitopological
spaces for k =0,1.

2. D-set in bitopological space
Definition (2.1)[5]

Let (X, 7) is topological space .The subset H of X is said to be difference set (D-set ) if there exist two open sets M
and NinXsuchthatM #X,H=M —N.

Definition (2.2)[3]

+Corresponding author: Hadeel Husham Kadhim
Email addresses: : hiadeel.husham@qu.edu.iq

Communicated by ‘sub etitor’


mailto:hiadeel.husham@qu.edu.iq

16 Hadeel Husham Kadhim, Journal of Al-Qadisiyah for Computer Science and Mathematics, Vol.16.(1) 2024, pp. Math 16-22

If X non-empty set and oy , g, are two Topologies on X . A space (X, 04, 0;) is called bitopological space .

Definition (2.3)[6]
In bitopological space (X, 04, 0,) the subset K is said to be 0,0,-open set if K= UUV where Ueo; and Vea, . The
complement of ¢, 0,-open is called 0,0, -closed .

Definition (2.4)
A subset W of bitopological space (X, 04, 0,) is called g, 0,-difference set (0,0, -D -set) if W= U, U U, where U, is D-
setin (X, 0;) and U, is D-setin (X, 0, ) .

Remark (2.1)
Every g,0,-open (is not equal to X) is 0,0,-D-set.

But the converse is not true for example

Example (2.1)

Let X={hy, h, , h3, hy} and o;={ @, X,{h;, hy, h3}, {h; h3}} , 0,={0, X{h,,h,}, {h4}} are two topologies on X. Since
A={hy, h; }={h;}U{h,}. Since {h;}¢ o, and {h,}¢ o, hence {h,, h,} is not 0,0, -open . But {h,} is 0;-D- set and {h,} is
0,-D- set then A is 0, 0,-D- set

Definition (2.5)[1]
Afunction f:(X,04,0,)— (Y, p1, p2 ) is called continuous if f:(X,01)—(Y,p;) and f:(X,0,)—(Y, p,) are continuous where
(X, 01,0,) and (Y, p1, p2 ) be two bitopological spaces

Theorem (2.1)

If f:(X,04,0,)— (Y, p1, p2 ) is continuous therefore the inverse image of p, p,-D-set is o,0,-D-set .
Proof
Suppose G is p;p,-D-set in Y .Then G =AUB suchthat A is p;-D-set and B is p,-D-sets in Y thus A=U—V and B=0—-S
where UV #Y and ( UV €p;) and (0,S € p,) .Since f:(X,04,0,)— (Y, p1,p2) is continuous hence f:(X,
0,)—(Y,p;) and f:(X, 05)~(Y, py) are continuous . Thus f ~*(U) ,f! (0)€Ec; and f “1(U), f ~*(V) € 0,. And f ~1(U)
, f71(0) #X. Therefore f 1 (U) —f "} (V)= fY(U—-V) = f~1(A) hence f '(A) is o, -D-set and f ~1(0) —
f ()= fY(0-5) = fY(B)is g,-D-setin X. Thus the inverse image of p; p,-D-set is ¢,0,-D-set

3. D, -bitopological spaces
Definition (3.1)[7]

Bitopological space (X ,04, 03) is said to be T, if and only if for each different points in X there exists U is a10,-open
set containing one not containing other.

Definition (3.2)
A bitopological space (X,04,0,) is called D, if and only if for each different points in X there exists o;0, -D- set
containing one but not containing other .

Theorem (3.1)

Every T, bitopological space is D, .
Proof:

Let (X,04,03) is T, and x,y in X such that x # y .Then there exist A is 0;0,-open set suchthatx € A, ygA . Thus A is
0,0,-D-set we have (X,04,0,) is D,

Theorem (3.2)
If (X,0,) and (X, ;) is D, then (X, 04,0, )is D, .
Proof:

Suppose x#yinX.Thus 3 G,={x € G, , yeG,; }is 0,-D-set in (X, 0;) and G,={x¢G,,y € G, }is g,-D-setin (X, 0;)
because (X, 0,) and (X, g,) are D, .Let G= G, U G, thenx €G and y¢G then (X, g;,0,)is D, .
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The following example shows the opposite of Theorem (3.2) is not true
Example (3.1)

Suppose X={m,n,o0,p},0, ={0,X,{m,o0},{o}}and o, ={ 0, X, {n, p},{p}}.Itisclear that (X, gy, 7,) is D, . But
n # p and there is no ¢;-D-set containing n not containing p thus (X,0;) is not D, . And m # o and there is no o,-D-
set containing 1 not 3 thus (X, g;) isnot D, .

Theorem (3.3)

If f:(M,04,6,)— (N, py, pz) is continuous and one to one and N is D, -space then M D,-space.
Proof:

Let Nis D, and x=#yin M. Then there exista,b inY and a # b, (f(x)=a, f(y)=b ). Since f is one to one hence
f(x) # f(y) .SinceYis D, thenthereexistUis p; p, -D-setin N suchthat a € U and b& U. we have the inverse image
of U is 0, 0,-D-set in M containing x not y. Therefore (M, ¢4,0,)is D, .

Definition(3.3)[2]
For a bitopological space (Y,04,0,) and A € X. (A ,olA,ozA) is said to be subspace of (Y,01,0,) when o, ,={ U;NA :
Ul € 0'1} and 02A={ UznA: Uz € 0'2} .

Theorem(3.4)
If (Y,01,0;) is D, and A subset of X then (A, 0,,,0;,)is D,
Proof:
Suppose a and b are two distance points in A thus a and b in Y.SinceY is D, then there exist G is g, 0,-D-set in
Y and G containing anot b .Hence G=V; U V, where V; is g;-D-setand V, is ,-D-setin Y. Then V; = 0, — S; and
V, =0, — S, such that (04, S1€0¢), (0,, S,€0,) and 04, O,#Y .
ANG=AN[(0; = S$) U ( 0, = S3)]
=[(AN0)=(ANS;)]U[(ANO,)=(ANS,)]
Since(An0,), (ANS;)€o0y, and (ANO;) #Y
(AN0y), (ANS;)€o0;,, and (ANO,) #Y
LetO7 — S{=(AN0y)—(ANS;) and 0; — S;=(AN0,)—(ANSy)
Hence O; — S is 01 ,-D-set and A3=0; — S; is 0,,-D-setin A
Then ANG =A™ = A] U A} is t404-D-setin A . Since x €G, x € A thusx € A* and ygG ,y€ A thus y@A*. we have
hence (A, 0y,,0,,) isD, .

The following example shows that converse of Theorem(3.4) is not true

Example (3.2)
LetY={i,g,h,k},0={0,X,{g}}and 0,={0, X, {g, h}} . Let A={i} then oy, =0,,={ 9, X} . It is clear that (A
,01,,02,) is D, . Buti# kand 2 U is 0y0,-D-setandi € U, kgU hence (Y, 01, 03) isnot D,, .

Definition (3.4)
Bitopology (Y, 0y, 0,) is said to be D if and only if for each distance points m and n there are H and K ¢,0,-D-
sets such that meH, ngH and mg¢K, nek .

Theorem (3.5)

If (Y,o;) and (Y, 0,) are D, then (Y, 0y, 0,) is D;.
Proof:

Suppose i #jin X. Since (Y, a;), (Y, 0,) are D, then there exist U; and U, are o,-D-sets such that (i €U, , jeU,
and i¢U, , j€ U,) and V; and V, are o,-D-sets such that (i €V, , je¢V; andigV, , je V,).LetU=U; UU, and V=
Vi UV, .Hence UandV are g,0,-D-setsand i € U, jAU,i@Vandj € V.Thus (Y, 0;,0,) isD;.
The following example converse of Theorem(3.4) is not true for

Example (3.3)
Suppose Y={u,v,w}},o0={0,Y {u,v}{u}}and 0, ={0,Y {v,w}{w}}.Itisclearthat (Y, 0y, 05) is D;. Butu#w
and 4 C,, C, are o;-D-setsasu€ C; ,veC; ,ugC, ,ve C, .Thus (Y ,0;) not D;. Similarity we have (Y, 0,) isnot D, .
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Theorem (3.6)

If f:(Y; ,01,05)— (Y2, p1, p2) is continuous and one to one and Y is D;-space thenY; D, -space.
Proof:

LetY, isD; and x #y inY, . Then there exista,b €Y, where a # b f(x)=u, f(y)=v. Since f is one to one hence
f(x) is not equal to (y) . Since Y, is D, then there exist E and H are p,p,-D containinginY and u €E ,vgE ,ugH
and v €H . The inverse image of E and H are ¢,0,-D-sets in Y; because f is continuous . And the inverse image of E
containing u notv .We have (Y;,04,0,) isD; .

Theorem(3.7)

Every subspace of D,-bitopological space is D,-bitopological space
Proof:

Suppose (A, 01 ,,02,) is subspace in (M, 04,0,) . Let u and v are two different points in A thus u,v € M. Since M is
D, then there exist G and W are ¢;0,-D-setsin M and (u €G, veG,u ¢ Wandv € W) . Since ANG and ANW are
01,0, ,-D-setsin A. Let G* = ANG and W* = ANW. Therefore G* containing u notvand W* containing v not u then (A
,01,,02,) is Dy

Theorem (3.8)

Every D;-bitopological space is D,, .
Proof:

Let a=b in X. Since (X,04,0,) is D; then then there exist G={€ G, bgG}and W ={ag W, b €W } are g,0,-D
.Then (X,04,0,) is D, .

4. Pairwise and weak pairwise D, - bitopological spaces

Definition(4.1)

(N, gy,0,) is said to be

1- pairwise T, ifand onlyif Vc,d€N and c#d 3K, is o,-open(c€ K; ,d¢K; )or 3 K, is o,-open (d € K,
,cgK, ). [4]

2- pairwise D, ifand onlyif Vu,vEN u#v3G;isog-D-set(u€ G;,de¢G;)or3a G, g,-D (v E€ G, ,uehG,).

Theorem (4.1)

Bitopological (X, 04,0,) pairwise T, if and only if pairwise D,
Proof:

Let x # yinXand (X, 04,0;) is pairwise T, then there exist either A is g;-open A containing x not y.Or thereis B
is 0,-open set containing x not y thus o;-D-set containing x not y . Therefore X is pairwise D, .

Let m # nin X and (X, g4,0,) is pairwise D, then either A is 0,-D-set, m € A andn £A . Thus A= A; — A, such that
A; #X where A;, A, are o;-openhencem € A; andy ¢A; .OrBis o0,-D-setsuch that mgB and n € B thus B=B; —
B, suchthat B; #X and B, , B, are g,-open hence m g B;and n € B, .Therefore X is pairwise T, .

Theorem (4.2)

Every D, is pairwise D, .
Proof:

Let x # yinXand (X, gy, 0,) is D, thus 3G is g,0,-D-set where G={m € G and n £G } .Thus G =AUB such that A is
0,-D-setand B is 0,-D-set thus x containing in A or not containing in B and y not containing in A . Thus there exist A
is 0;-D-set, A={x € Aand y¢A } or there exist B is g,-D-set, B{ x zBand y € B}. Hence (X, g4,0;) is pairwise D,, .

Theorem(4.3)

If M, g, 0, ) is pairwise- D, and A subset of X therefore (A, o0y,,0,, ) is pairwise- D,
proof
Suppose ¢, d are different points in A thus x# yin M . Since M is pairwise- D, then either G is ( ;-D-set oris g,-D )
inM where G={ ¢ €Gand dgG} or G={ c¢Gand d €G}.Itis clear that GNAis g, ,-D-setoris o,,-D-setin A, let G*
= GNA .We have that c €G* and d¢G* or c¢G* and deG*. Therefore (A, 01, ,0,,) is pairwise- D, .
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Definition (4.2)[1]
A function f:(X,04,0,)— (Y, p1, p,) said to be pairwise continuous if f~1(A) € g; U o,forall A € p; U p,

Theorem (4.4)

If g:(N,04,0,)— (H, p1, p;) is pairwise continues and one to one and Y is D, -space then X D, -space .
Proof:

Let H pairwise- D, where x#yinX.Wehave3a,b inY, a # b and g(x)=a, g(y)=b. Since g is one to one hence
g(x) # g(¥). Since N is pairwise-D, then there exist G is (p,-D-set suchthata € G and b¢ G ) or ( G is p,-D-set
suchthatae¢ G and b € G . Hence then there exist S;,S, are p;open or p,-open suchthat S; #Hand G=S; — S, . We
have S;,S, € p; U p,. Since f is pairwise continuous thus the inverse image of S; , S, are g;-open or g,-open sets in
N.Therefore the inverse image of S; , S, containing in 7; U g, suchthat f ~3(G) = f "Y(U) — f ~}(V) thus f ~1(G) not
equal to N thus f ~1(G) is (o;-D-set suchthat f 2(G) ={x € f “*(G) and y¢ f “1(G) } or ( G is 0,-D-set suchthat x ¢
Gand y € G).Hence LetXis pairwise-D, .

Definition(4.3)

A space (K,04,0,) is said to be
i) Weak pairwise T, if and only if ¥ m and n are distinct pointsink 3 U is g;-open set or g,-open ,m €U and neU.
[4]

ii)Weak pairwise D, if and only if ¥ m and n are distinct pointsinK 3 U is ¢y-D-set or ,-D-setm €U and n¢U.

Remark(4.1)
Every pairwise D, is weak pairwise D,

Theorem(4.5)

A bitopological space (X, g, , 0;) is weak pairwise T, if and only if weak pairwise D,
Proof:
Similarity to Theorem (4.1)

Remark(4.2)
Every D, is Weak pairwise D,, .

Theorem (4.6)
If (M,0;, ) or (M, g, ) D, then (M, gy, 0,) is waek pairwise- D,, .
Proof:
Suppose x and y are different points in X. Since (M, o; ) or (M, 0, ) are D, thus there exist Wis ¢;-D-set or g,-D-
set such that x EW and y@W . Therefore (M, g, 0,) is weak pairwise- D,, .

But the converse is not true for example

Example (4.1)
LetM={c,d,e}suchthato, ={®,M {c}} and g,= { @, M ,{d}} . Itis clear that M is weak pairwise-D, but (M, g, )
and (M, g, ) not D,

Theorem(4.7)
If (X, 0y, 03) is waek pairwise- D, and A subset of X then (A,0y,, 0, ) is weak pairwise- D,
Proof: Clear

Remark (2.1)
If 0; or o, discrete then (X, oy, 0,) is weak pairwise- D,

Definition(4.4)

(M, g, , 0,) is said to be
i) pairwise D;-space if and only if V i,j EM where i#j.3 0,-D-set U and o,-D-set V where U ={i €U, jgU}and V
{igV,jevy}
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ii) Weak pairwise D;-space if and only if V i, j EM where i#j.3 og;-D-set A and o,-D-set B such that eitheri € A ,
jeAandj€eB,igB or iEB, jgBand igA, jEA.

Theorem (4.8)

1) Every D, is pairwise D, .

2) Every pairwise D; is weak pairwise D, .

3) Every weak pairwise D, is pairwise D, .

Proof:

1) Let x=yin X . And (X, g4, 0,) is D; thus there exist A and B are g,0,-D-sets , A containing x not y , B
containingy not x,y € B. Then A=SuU O and B= G U W such that S and G are ¢;,-D-sets, O and W are g,-D-sets
hence there exits S is o;-D-setsuch that x €S, y ¢S or O is g,-D-set such that x¢O, y €0 . We have X is pairwise
D, .

2) Suppose x=yinW.And (W, gy, g,) is pairwise D, thus there exist A is o;,-D-set and B is g,-D-set such that x €A
,ygAand x¢B,y €eB.We have W is pairwise D, .

3) Let x=yin X.And (X,ay,0,) is weak pairwise D, thus there exist K is g;-D-set and G is g,-D-set such that
either K={x €K, ygK }and G={ x¢G,y e G }or G={x €G, y¢G } and K={ x¢K , y € K }. Hence there exist K
is o;-D-set such that x €K, yK or there exist G is o,-D-set such that x¢G, y € G. We have (X, gy, g;) is pairwise
D,

Theorem (4.9)

If h:(M,64,6,)— (N, p1, p2) is pairwise continues and one to one and N is D; then Mis D; .
Proof:

Similarity to Theorem (4.4)

Theorem (4.10)
If (X,04,0,)is waek pairwise- D; and A subset of X then (A,t,, 0, ) is weak pairwise- D,

Proof: clear

The following diagram explain the relations of types of Dy for K =0, 1, as shown in Fig. 1.

(—=—0)—=@
_ G

\ 4

Weak Pair
wise-D,

Weak Pair weak Pair

wise-D, wise-T,

Fig. 1. Relationship of types of Dy
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