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1. Introduction

Unless otherwise noted, all rings in this paper are commutative with identity, and all modules are unitary left
modules. Suppose that R be a ring and D be an R-module. During the last 13 years, the notion of 2-absorbing sub-
modules and weakly 2-absorbing sub-modules has been previously investigated by Darani and Soheilinia [1], and its
generalizations to 2-absorbing ideal, where 2-absorbing ideal was first introduced in 2007 by Badawi A. [2] . A proper
sub-module 4 of an R-module D is called 2-absorbing (weakly 2-absorbing) if whenever r;7,d € A (0 # ry1,d € A)
for some r;,7, € R,d € D,thenr;d € Aorr,d € A or iy, € [A:g D]. Following that, Mostafanasab, Yetkin, Tekir and
Daran [3] introduced the concept of primary- 2-absorbing sub-module and weakly primary- 2-absorbing sub-module
as generalizations of primary sub-module and weakly primary sub-module, respectively, a proper sub-module A4 of
an R-module D is called a primary-2-absorbing, if r;7,d € A, for ry,r,€R, d € D, implies that either r,d € rad(A4) or
r,d € rad,(A4) or iy, € [A + Soc(D):g D]. The concept pseudo-primary-2-absorbing was introduced recently in [4].
A sub-module A ¢ D of an R-module D, is called a pseudo-primary-2-absorbing sub-module D, if ry7,d € A, for
r,1;€R, d € D, implies that either r;d € radp(A) + Soc(D) or r,d € radp(4) + Soc(D) or ryr, € [A + Soc(D): D].
The concept of weakly pseudo-primary-2-absorbing sub-module was introduced recently in [5]. A sub-module 4 ¢ D
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of an R-module D), is called a weakly pseudo-primary-2-absorbing sub-module D, if 0 # ryr,d € A, forry, 1, ER,d €
D, implies that either r;d € radp(A) + Soc(D) or r,d € radp(A) + Soc(D) or ryr, € [A + Soc(D):gx D]. An ideal Q of
a ring R is said to be a weakly pseudo-primary-2-absorbing ideal of R if Q is a weakly pseudo-2-absorbing R-
submodule an R-module R. Where the residual of A be D and denoted by [A:gr D] = {r € R:vD < A} [6]. And the
radical of A is the intersection of all prime sub-modules of an R-module D containing 4, denoted by radp(4) [6]. In
particular the ideal [0:; D] = {r € R:rD = (0)}is called annihilator of D and is denoted by Anng (D) [7]. An R-module
D is multiplication if every sub-module A of D is from A = QD for some ideal Q of R. Equivalent to A = [A:; D]D [8].
Recall an R-module D is faithful if Anng (D) = (0) [7].

In section two, we introduce the concept of the treble zero on a weakly pseudo-primary-2-absorbing sub-module.
Also, we show If A be a weakly pseudo-primary-2-absorbing sub-module of an R-module D with (1, 13, d), is weakly
pseudo-primary-2-absorbing triple-zero for some r;7, € R, d € D. Then, the following hold

1. nrA=(0)

2. [A:rDlrd = [A:;z D]ryd = (0)

3. n[AxrD]d=r[A:xD]d = (0)

4.  [AirD]rA = [Aig D]rpA = 1, [A:ig D]A = 1,[A:z D]A = (0)

5. [A:x D][A:z D]A = [A:z D]?A = (0), In particular [A:z D]? € Anng(D)

See Theorem 2.3, and steady the concept in some types of modules.

2. Treble zero on weakly pseudo-primary-2-absorbing

Definition 2.1. Let 4 be a weakly pseudo-primary-2-absorbing sub-module of an R- module D. And 71,7, € R,d €
D we say (11,15, d) is weakly pseudo-primary-2-absorbing triple-zero of A if ry1,d = 0, 11d € radp(4) + Soc(D) and
r,d & radp(A) + Soc(D) and 1y 7, € [A + Soc(DD):, D].

Example 2.2.

1.  Supposethat R = Z3, D = Zg,, and the sub-module 4 = (0), (9,9,1) is weakly pseudo-primary-2-absorbing
triple-zero of A since A is weakly pseudo-primary-2-absorbing by definition with 99.1 =0 € 4,9.1=9¢
radp(A) + Soc(D) = 0+ (27) = (27)and 9.9 = 81 ¢ [A + Soc(D):x D] = 27Z5.

2. It'sclear that 12Z is a proper sub-module of Z -module Z, 12 Z is weakly pseudo-primary-2-absorbing sub-
module of Z -module Z, but has not weakly pseudo-primary-2-absorbing triple-zero

Remark 2.3. Let A4 is a weakly pseudo-primary-2-absorbing sub-module of an R- module . Then, the following
holds.

1. If Ais nota pseudo-primary-2-absorbing sub-module of an R- module D. Then A has triple-zero.
2. If Ahasnot triple-zero. Then A pseudo-primary-2-absorbing sub-module of an R- module D.
Proof. It is clear by Definition 2.1 O

Example 2.4
3. By Example 2.2. (1) A is not pseudo-primary-2-absorbing sub-module then A has triple-zero.

4. By Example 2.2. (2) 127 has not triple-zero then 12Z is a pseudo-primary-2-absorbing sub-module .

Theorem 2.5. Let A be a weakly pseudo-primary-2-absorbing sub-module of an R-module D with (17,75, d), is
weakly pseudo-primary-2-absorbing triple-zero for some r;7, € R, d € D. Then, the following holds.

1. T'IT'ZA = (0).
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2. [AD]rd = [A: D]ryd = (0).

3. 1,[A:;p D]d = ry[A:x D]d = (0).

4. 1[A D]d = r,[A: D]d = (0).

5. [A:r D]rA = [A:x D]ryA = 1, [A:x D]A = 1,[A:x D]A = (0).

6. [A:r D][A:x D]A = [A:x D]?A = (0), In particular [A:x D] € Anng (D).
Proof.

(1) Assume that ;7,4 # (0), then ry;r,a # 0 for some a € A since (ry, 13, d). is weakly pseudo-primary-2-absorbing
triple-zero of A then r;r,d = 0, 1 d € radp(A) + Soc(D) and r,d € radp(A) + Soc(D) and 1y, € [A + Soc(D): D].
Since 0 # ry1r,a € A and A be a weakly pseudo-primary-2-absorbing sub-module, and r; 7, € [A + Soc(DD):g D], then
either r;a € radp(4) + Soc(D), or rya € radp(A) + Soc(D) Now, 0 # ryry,(d + a) = ryrpd + nrya = rra € A and
7,1, € [A + Soc(D):x D], since A be a weakly pseudo-primary-2-absorbing, then either r,(d + a) =r,d + rja €
radp(A) + Soc(D) or r,(d + a) = r,d + rya € radp(A) + Soc(D). If r,(d + a) = rd + r,a € radp(A4) + Soc(D) and
r,a € radp(A4) + Soc(D). We get r;d € radp(A4) + Soc(D), its contradiction. If r,(d + a) = r,d + ra € radp(4) +
Soc(D) and rya € radp(A) + Soc(D). We get r,d € radp(A) + Soc(D), its contradiction. Hence r; 1,4 = (0).

(2) Assume that [A:g D]r;d # (0), then xr;d # 0 for some x € [A:g D] since (1,75, d) is weakly pseudo-primary-2-
absorbing triple-zero of A then nryr,d =0, rd € radp(4) + Soc(D) and r,d € radp(A) + Soc(D) and nr, €
[A + Soc(ID):g D]. Since 0 # x1;d € A and A be a weakly pseudo-primary-2-absorbing sub-module, then either xd €
radp(A) + Soc(D), or r;d € radp(A) + Soc(D) or xr; € [A + Soc(D):x D] Now, 0 # (1, + x)r;d = ryrpd + xrd =
xr;d € A, since A be a weakly pseudo-primary-2-absorbing then either (r, + x)d = r,d + xd € radp(A4) + Soc(D) or
r;d € radp(A) + Soc(D) (its contradiction) or (r, + x)r; € [A+ Soc(D):x D). If (1, + x)d = r,d + xd € radp(4) +
Soc(D) and xd € radp(A) + Soc(D), we get r,d € radp(A) + Soc(D),its contradiction. If (r, + x)r; € [A+
Soc(D):z D] and xr; € [A + Soc(D):; D], we getry1, € [A + Soc(D):; D] ,its contradiction. Hence [A:; D]r;d = (0).

Similarly, we can prove [A:g D]r,d = (0).

(3) Assume that r;[A:x D]d # (0), then r;xd # 0 for some x € [A:x D] since (1,73, d) is weakly pseudo-primary-2-
absorbing triple-zero of A then rynr,d =o, rnd & radp(4) + Soc(D) and r,d € radp(A) + Soc(D) and nrr, &
[A + Soc(DD):g D]. Since 0 # r;xd € A and A be a weakly pseudo-primary-2-absorbing sub-module, then either r;d €
radp(A) + Soc(D), or xd € radp(A) + Soc(D) or r;x € [A+ Soc(D):x D] Now, 0 # r;(x + 15)d = ryxd + ryryd =
rxd € A, since A be a weakly pseudo-primary-2-absorbing then either r;d € radp(A4) + Soc(ID) (its contradiction)
or (x +1r)d = xd + r,d € radp(A) + Soc(D) or r(x +r,)d =rix + 1y, € [A+ Soc(D):g D]. If (x + ry)d = xd +
1,d € radp(A) + Soc(D) and xd € radp(A4) + Soc(D), we get r,d € radp(A) + Soc(D),its contradiction. If r; (x +
r,)d =1, x + 11y € [A + Soc(D):z D]. and ryx € [A + Soc(D):x D], we get ry7, € [A + Soc(D):g D] ,its contradiction.
Hence 1 [A:z D]d = (0).

Similarly, we can prove 1,[A:z D]d = (0).

(4) Assume that [A:; D], A # (0), then ryxa # 0 for some x € [A:z D] and a € a. Since (ry, 1,, d) is weakly pseudo-
primary-2-absorbing triple-zero of A then ryr,d = 0, 1,d € radp(4) + Soc(D) and r,d € radp(4) + Soc(D) and
1,1, € [A + Soc(D):g D). Since 0 # r;xa € A and A be a weakly pseudo-primary-2-absorbing sub-module, then either
rya € radp(A4) + Soc(D), or xa € radp(A) + Soc(D) or 1,x € [A+ Soc(D):x D] Now, 0# (r, + x)r,(a+d) =
rnra+nnrd+ xra+ xrd = xrya € A, (because ry1,d = 0 and ryra = 0,xr;a = 0 by (1). and xryd = 0 by (2)).
since A be a weakly pseudo-primary-2-absorbing then either (1, + x)(a + d) = r,a + r,d + xa + xd € radp(4) +
Soc(D) (its contradiction) or r;(a +d) = r,a + r;d € radp(A4) + Soc(D) (its contradiction) or (1, + x)r; =, +
xr; € [A+ Soc(D):; D].(its contradiction) Hence [A:zD]r;A = (0). Similarly, we can prove [A:zD]rA =
r,[A:g DA = 1y[A:x D]A = (0).

(5) Assume that [A:; D][A:z D]A # (0), then x;x,a # 0 for some x;, x, € [A:x D] and a € A. Since (1,1, d) is weakly
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pseudo-primary-2-absorbing triple-zero of A then ry;1,d = 0, r;d & radp(A4) + Soc(D) and r,d € radp(A) + Soc(D)
and 1, € [A + Soc(D):g D). Since 0 # x;x,a € A and A be a weakly pseudo-primary-2-absorbing sub-module, then
either x;a € radp(A4) + Soc(D), or x,a € radp(A) + Soc(D) or x;x, € [A + Soc(D):x D] Now, 0 # (x; +15)(x, +
r)(a+d) = xx,a + x,%,d + xyra + x,rd + rpx,a + ryx,d +ryra +rprd = x,x,a € A, (because ryr,d = 0 and
rir,a = 0by (1), xyrya = 0, ryx,a by (4), and x;7;d = 0 (2)). since A be a weakly pseudo-primary-2-absorbing then
either ((x; + p)(a+d) = xya + x;d + r,a + r,d € radp(A) + Soc(D) (its contradiction) or (x, +7r)(a+d) =
X,a + x,d + ria + rd € radp(A) + Soc(D) (its contradiction) or (x; +71,) (X, +17) = X%, + X177 + 13X, + 1377 €
[A + Soc(ID):g D]. (its contradiction).

Then we get [A:z D] [A:z D]A = [A:z D]?A = (0). We get [A:z D]® € [[A:z D]?A:x D] = [(0):z D] = Ann(D). O

Proposition 2.6. Let D be a multiplication R-module and 4 is a weakly pseudo-primary-2-absorbing sub-module
of an R-module D that is not a pseudo-primary-2-absorbing sub-module. Then 43 = (0).

Proof. We have that [A:; D]D = A since D be a multiplication R-module. Then A3 = [A:x D]3D = [A:z D]?4 = (0). (
by Theorem 3(5)). Consequently A% = (0). O

Proposition 2.7. Let D be a faithful multiplication R-module, and A # D be a sub-module of D. If A be a weakly
pseudo-primary-2-absorbing sub-module of an R-module D, but it’s not a pseudo-primary-2-absorbing sub-module.
Then A € radp(0). In addition radp (N) = radp(0).

Proof. by Theorem 2.5 (5) [4:z D]3 € Ann(D), since D is faithful, then [A:z D]® = 0. Assume that x € [A:z D], then
x3 =0, so a € /0. Hence [4:z D] € +/0 and thus A = [A:z D]D S radp(0) (since D is multiplication) In addition, by
Theorem 2.5 (5), [A:zr D]?4 = (0). Then [A:z D)3 = [A:x D]?[4:z D] € [[A:r D]?D:;r D] = Ann(D) and so [4:;z D] €
+JAnn(D). Thus \/[A:R D] = \/Ann(ID)). Hence radp(N) = /[A:g D]D = \/Ann(D)D = radp(0) O

Lemma 2.8. Let 4 is a weakly pseudo-primary-2-absorbing sub-module of an R-module D and let r;7,T € A for
some 1y,1, € R and some sub-module T of D such that (14, 5, t) is not weakly pseudo-primary-2-absorbing triple-zero
foreveryt € T.If ry1, € [A + Soc(D):g D], then either T < radp(A4) + Soc(D) or r,T € radp(A4) + Soc(D).

Proof. Assume that (ry,7,t) is not weakly pseudo-primary-2-absorbing triple-zero for every t € T. Let nT &
radp(A) + Soc(D), and r,T € radp(A) + Soc(D). Then rt & radp(A) + Soc(D) and r,t € radp(A) + Soc(D) for
somet € T.If 0 = ryryt € A with i1, € [A+ Soc(D):; D] and ryt € radp(A) + Soc(D),and r,t € radp(A) + Soc(D)
it contradiction since A be a weakly pseudo-primary-2-absorbing sub-module. If r;7,t = 0 with r;t & radp(4) +
Soc(D),r,t & radp(A) + Soc(D), 11, & [A + Soc(D):g D] and (1,75, t) is not weakly pseudo-primary-2-absorbing
triple-zero, that is a contradiction. Hence either T € radp(A4) + Soc(D) or r,T S radp(A) + Soc(D) O

Definition 2.9. Let A be a weakly pseudo-primary-2-absorbing sub-module of an R-module D and let (0) #
Q1Q,T < A for some Q be an ideal of R and some sub-module T of D. 4 is called weakly pseudo-primary-2-absorbing
free triple-zero in regard to Q;, @, T if (g, g, t) is not triple-zero for every q; € Q,,q, € @, andt €T

Theorem 2.10. Let A is a weakly pseudo-primary-2-absorbing sub-module of an R-module D, and (0) # Q,Q,T €
A, for some ideal Q,, @, in R, some sub-module T of D, where A is free triple-zero in regard to Q,, @,, T. Then either
Q.T < radp(A) + Soc(D) or Q,T < radp(A) + Soc(D) or Q;Q, S [A + Soc(D):x D].

Proof. Assume that A be a weakly pseudo-primary-2-absorbing sub-module of an R-module D, and (0) # Q,Q,T €
A, for some ideal @4, Q, in R, some sub-module T of D, where A is free triple-zero in regard to Q;, Q,, T. Suppose that
0,0, £ [A + Soc(D):; D]. Now, we must show that either Q; T < radp(4) + Soc(D) or Q,T < radp(A) + Soc(D). Let
Q.T & radp(A) + Soc(D) and Q,T & radp(A) + Soc(D). Then there exist x € Q; and y € Q, such that xT &
radp(A) + Soc(D) and yT € radp(A) + Soc(D). Where x € Q; and y € Q,. Since A be a weakly pseudo-primary-2-
absorbing sub-module and by Lemma 2.6, we get xy € [A + Soc(D):; D] since xyD € A + Soc(D), xT & radp(A) +
Soc(D) and yT € radp(A4) + Soc(D). By our assumption (0) # Q,Q,T € A, there exista € @, and b € Q,, with ab ¢
[A + Soc(D):g D].by Lemma 2.6, we get either aT S radp(A) + Soc(D) or bT S radp(A) + Soc(D), as (0) # abT €
Aand ab ¢ [A + Soc(D):; D]. We investigate (3) cases.

Case 1: Assume that aT € radp(A) + Soc(D) and bT & radp(A) + Soc(D). Since xbT € A and xT & radp(A) +
Soc(D) and bT & radp(A) + Soc(D). by Lemma 2.8, we get xb & [A + Soc(D):z D]. We have (x + a)T & radp(4) +
Soc(D) as (0) # (x + a)bT € A, xT & radp(A) + Soc(D) and aT < radp(A4) + Soc(D). Since bT & radp(4) +
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Soc(D) and (x + a)T ¢ radp(A) + Soc(D), then we obtain b(x + a) € [A + Soc(D):; D], by Lemma 2.8. Thus since
b(x+a) =bx+ ba € [A+ Soc(D):xy D] and xb € [A + Soc(D):x D], then xb € [A + Soc(D):; D], which is a
contradiction .

Case 2: Assume that aT € radp(A) + Soc(D) and bT S radp(A) + Soc(D). Itis clearly shown similarly to case (1).

Case 3: Assume that aT € radp(A) + Soc(D) and bT € radp(A) + Soc(D). Then (y + b)T & radp(A) + Soc(D) as
yT & radp(A) + Soc(D) and bT S radp(A) + Soc(D).by Lemma 2.8, we get x(y + b) € [A + Soc(D):; D] since
(0) # x(y + b)T € A, xT & radp(A) + Soc(D) and (y + b)T & radp(A) + Soc(D). Thenxb € [A + Soc(D): D] since
x(y+b) € [A+ Soc(D):xr D] and xy € [A + Soc(D):; D]. As aT € radp(A) + Soc(D) and xT & radp(A4) + Soc(D),
then (x + a)T & radp(A) + Soc(D). As (0) # (x + a)yT € A, and xT € radp(A) + Soc(D), then (x+a)T &
radp(A) + Soc(D). Since (0) # (x + a)yT € A, yT & radp(A) + Soc(D) and (x + a)T & radp(A) + Soc(D). by
Lemma 2.8, we get (x+a)y =xy+ay € [A+ Soc(D):; D]. Since xy € [A+ Soc(D):z D] and xy+ay €[4+
Soc(D):r D] then ay € [A+ Soc(D):zD]. by Lemma2.6, we get (x+a)(y+b)=xy+xb+ay+ab€e[A+
Soc(D):; D],since (0) # (x + a)(y + b)T € A, (x + a)T & radp(A) + Soc(D) and (y + b)T & radp(4) + Soc(D). As
xy,xb,ay,ab € [A + Soc(D):;z D], then xy + xb + ay + ab € [A + Soc(D):z D]. Thus ab € [A + Soc(ID):; D], since
xy +xb+ay+ab €[A+Soc(D):x D] and xy + xb + ay + ab € [A + Soc(D):; D] a contradiction . Hence either
Q:T S radp(A) + Soc(D) or Q,T < radp(A4) + Soc(D) O

Proposition 2.11. [5] Let A4 is a weakly pseudo-primary-2-absorbing sub-module of an R-module D with D is
semisimple, and T is sub-module of D with T € 4, then % is weakly pseudo-primary-2-absorbing sub-module of an R-
module g.

Proposition 2.12. Let A is a weakly pseudo-primary-2-absorbing sub-module of an R-module D with D is
semisimple and T is sub-module of D with T € A, then for any r € R and d € D, (ry,1,,d) be a triple-zero of 4 if and

only if (r,r,,d + T) is a triple-zero of %.

Proof. Assume that (ry, 1,, d) be a triple-zero of A forsome r € Rand d € D. Thenr;r,d = 0,11d & radp(A) + (D) and
r,d € radp(A) + Soc(D) and ryr, € [A + Soc(D):; D]. by Proposition 2.11, we get that % is weakly pseudo-primary-
2-absorbing sub-module of an R-module g. Thus rr,(d +T) =T, rnd & radp (g) + Soc (g) and r,d € radp (g) +
Soc (2) andnyr, € E + Soc (g) ‘R g] Hence (ry,7,,d + T) be a triple-zero of%

Conversely, Assume that (ry,1,,d + T) be atriple-zero of?. Suppose thatryr,d # 0. Thenryr,d € Asinceryr,(d + T) =

T. Thus r;d € radp(A) + Soc(D) or r,d € radp(A) + Soc(D) or ryr, € [A + Soc(D):; D] as A be a weakly pseudo-
primary-2-absorbing, a contradiction. So it must be r;,d = 0. Consequently, (ry, 15, d) is a triple-zero of A. O
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