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A B S T R A C T 

In this paper, we aim to show many results from the weakly pseudo-primary-2-absorbing sub-
module, including triple-zero of the weakly pseudo-primary-2-absorbing sub-module. 
Furthermore, weakly pseudo-primary-2-absorbing triple-zero have been characterized in 
some module types, including content, finitely generated, and multiplication modules. 
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1. Introduction 

Unless otherwise noted, all rings in this paper are commutative with identity, and all modules are unitary left 
modules. Suppose that 𝑅 be a ring and 𝔻 be an 𝑅-module. During the last 13 years, the notion of 2-absorbing sub-
modules and weakly 2-absorbing sub-modules has been previously investigated by Darani and Soheilinia [1], and its 
generalizations to 2-absorbing ideal, where 2-absorbing ideal was first introduced in 2007 by Badawi A. [2] . A proper 
sub-module 𝐴 of an 𝑅–module 𝐷 is called 2-absorbing (weakly 2-absorbing) if whenever 𝑟1𝑟2𝑑 ∈ 𝐴 (0 ≠ 𝑟1𝑟2𝑑 ∈ 𝐴) 
for some 𝑟1, 𝑟2 ∈ 𝑅 , 𝑑 ∈ 𝐷, then 𝑟1𝑑 ∈ 𝐴 or 𝑟2𝑑 ∈ A or 𝑟1𝑟2 ∈ [𝐴:𝑅 𝐷]. Following that, Mostafanasab, Yetkin, Tekir and 
Daran [3] introduced the concept of primary- 2-absorbing sub-module and weakly primary- 2-absorbing sub-module 
as generalizations of primary sub-module and weakly primary sub-module, respectively, a proper sub-module 𝐴 of 
an 𝑅–module 𝐷 is called a primary-2-absorbing, if 𝑟1𝑟2𝑑 ∈ 𝐴, for r1,r2∈R, 𝑑 ∈ 𝐷, implies that either 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝐷(𝐴) or 
𝑟2𝑑 ∈ 𝑟𝑎𝑑𝐷(𝐴) or 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝐷):𝑅 𝐷]. The concept pseudo-primary-2-absorbing was introduced recently in [4]. 
A sub-module 𝐴 ∉ 𝔻 of an 𝑅–module 𝔻, is called a pseudo-primary-2-absorbing sub-module 𝔻, if 𝑟1𝑟2𝑑 ∈ 𝐴, for 
r1,r2∈R, 𝑑 ∈ 𝔻, implies that either 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. 
The concept of weakly pseudo-primary-2-absorbing sub-module was introduced recently in [5]. A sub-module 𝐴 ∉ 𝔻 
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of an 𝑅–module 𝔻, is called a weakly pseudo-primary-2-absorbing sub-module 𝔻, if 0 ≠ 𝑟1𝑟2𝑑 ∈ 𝐴, for 𝑟1, 𝑟2 ∈ 𝑅, 𝑑 ∈
𝔻, implies that either 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. An ideal 𝑄 of 
a ring 𝑅 is said to be a weakly pseudo-primary-2-absorbing ideal of 𝑅 if 𝑄 is a weakly pseudo-2-absorbing 𝑅–
submodule an 𝑅–module 𝑅. Where the residual of 𝐴 be 𝔻 and denoted by [𝐴:𝑅 𝔻] = {𝑟 ∈ 𝑅: 𝑟𝐷 ⊆ 𝐴} [6]. And the 
radical of 𝐴 is the intersection of all prime sub-modules of an 𝑅-module 𝔻 containing 𝐴, denoted by 𝑟𝑎𝑑𝔻(𝐴) [6]. In 
particular the ideal [0:𝑅 𝔻] = {𝑟 ∈ 𝑅: 𝑟𝐷 = (0)} is called annihilator of 𝔻 and is denoted by 𝐴𝑛𝑛𝑅(𝔻) [7]. An 𝑅-module 
𝔻 is multiplication if every sub-module 𝐴 of 𝔻 is from 𝐴 = 𝑄𝐷 for some ideal 𝑄 of 𝑅. Equivalent to 𝐴 = [𝐴:𝑅 𝔻]𝔻 [8]. 
Recall an 𝑅-module 𝔻 is faithful if 𝐴𝑛𝑛𝑅(𝔻) = (0) [7]. 

In section two, we introduce the concept of the treble zero on a weakly pseudo-primary-2-absorbing sub-module. 
Also, we show If 𝐴 be a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 with (𝑟1, 𝑟2, 𝑑), is weakly 
pseudo-primary-2-absorbing triple-zero for some 𝑟1𝑟2 ∈ 𝑅, 𝑑 ∈ 𝔻. Then, the following hold 

1. 𝑟1𝑟2𝐴 = (0) 

2. [𝐴:𝑅 𝔻]𝑟1𝑑 = [𝐴:𝑅 𝔻]𝑟2𝑑 = (0) 

3. 𝑟1[𝐴:𝑅 𝔻]𝑑 = 𝑟2[𝐴:𝑅 𝔻]𝑑 = (0) 

4. [𝐴:𝑅 𝔻]𝑟1𝐴 = [𝐴:𝑅 𝔻]𝑟2𝐴 = 𝑟1[𝐴:𝑅 𝔻]𝐴 = 𝑟2[𝐴:𝑅 𝔻]𝐴 = (0) 

5. [𝐴:𝑅 𝔻][𝐴:𝑅 𝔻]𝐴 = [𝐴:𝑅 𝔻]2𝐴 = (0), In particular [𝐴:𝑅 𝔻]3 ⊆ 𝐴𝑛𝑛𝑅(𝔻) 

See Theorem 2.3, and steady the concept in some types of modules. 

2. Treble zero on weakly pseudo-primary-2-absorbing 

Definition 2.1.  Let 𝐴 be a weakly pseudo-primary-2-absorbing sub-module of an 𝑅- module 𝔻. And 𝑟1, 𝑟2 ∈ 𝑅, 𝑑 ∈
𝔻 we say (𝑟1, 𝑟2, 𝑑) is weakly pseudo-primary-2-absorbing triple-zero of 𝐴 if 𝑟1𝑟2𝑑 = 0, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 
𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. 

Example 2.2. 

1. Suppose that 𝑅 = 𝑍3, 𝐷 = 𝑍81, and the sub-module 𝐴 = (0), (9,9,1) is weakly pseudo-primary-2-absorbing 
triple-zero of 𝐴 since 𝐴  is weakly pseudo-primary-2-absorbing by definition with 9.9.1 = 0 ∈  𝐴, 9.1 = 9 ∉
 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) = 0 + (27) = (27) and 9.9 = 81 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] = 27𝑍3. 

2. It's clear that 12ℤ is a proper sub-module of ℤ -module ℤ, 12 ℤ is weakly pseudo-primary-2-absorbing sub-
module of ℤ -module ℤ, but has not weakly pseudo-primary-2-absorbing triple-zero 

Remark 2.3.  Let 𝐴 is a weakly pseudo-primary-2-absorbing sub-module of an 𝑅- module 𝔻. Then, the following 

holds. 

1. If 𝐴 is not a pseudo-primary-2-absorbing sub-module of an 𝑅- module 𝔻. Then 𝐴 has triple-zero. 

2. If 𝐴 has not triple-zero. Then 𝐴 pseudo-primary-2-absorbing sub-module of an 𝑅- module 𝔻. 

Proof. It is clear by Definition 2.1 ◻ 

Example  2.4 

3. By Example 2.2. (1) 𝐴 is not pseudo-primary-2-absorbing sub-module then 𝐴 has triple-zero. 

4. By Example 2.2. (2) 12ℤ has not triple-zero then 12ℤ  is a pseudo-primary-2-absorbing sub-module . 

Theorem 2.5.  Let 𝐴 be a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 with (𝑟1, 𝑟2, 𝑑), is 

weakly pseudo-primary-2-absorbing triple-zero for some 𝑟1𝑟2 ∈ 𝑅, 𝑑 ∈ 𝔻. Then, the following holds. 

1. 𝑟1𝑟2𝐴 = (0). 
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2. [𝐴:𝑅 𝔻]𝑟1𝑑 = [𝐴:𝑅 𝔻]𝑟2𝑑 = (0). 

3. 𝑟1[𝐴:𝑅 𝔻]𝑑 = 𝑟2[𝐴:𝑅 𝔻]𝑑 = (0). 

4. 𝑟1[𝐴:𝑅 𝔻]𝑑 = 𝑟2[𝐴:𝑅 𝔻]𝑑 = (0). 

5. [𝐴:𝑅 𝔻]𝑟1𝐴 = [𝐴:𝑅 𝔻]𝑟2𝐴 = 𝑟1[𝐴:𝑅 𝔻]𝐴 = 𝑟2[𝐴:𝑅 𝔻]𝐴 = (0). 

6. [𝐴:𝑅 𝔻][𝐴:𝑅 𝔻]𝐴 = [𝐴:𝑅 𝔻]2𝐴 = (0), In particular [𝐴:𝑅 𝔻]3 ⊆ 𝐴𝑛𝑛𝑅(𝔻). 

Proof.  

(1) Assume that 𝑟1𝑟2𝐴 ≠ (0), then 𝑟1𝑟2𝑎 ≠ 0 for some 𝑎 ∈ 𝐴 since (𝑟1, 𝑟2, 𝑑). is weakly pseudo-primary-2-absorbing 
triple-zero of 𝐴 then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. 
Since 0 ≠ 𝑟1𝑟2𝑎 ∈ 𝐴 and 𝐴 be a weakly pseudo-primary-2-absorbing sub-module, and 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], then 
either 𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), or 𝑟2𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) Now, 0 ≠ 𝑟1𝑟2(𝑑 + 𝑎) = 𝑟1𝑟2𝑑 + 𝑟1𝑟2𝑎 = 𝑟1𝑟2𝑎 ∈ 𝐴 and 
𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], since 𝐴 be a weakly pseudo-primary-2-absorbing, then either 𝑟1(𝑑 + 𝑎) = 𝑟1𝑑 + 𝑟1𝑎 ∈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2(𝑑 + 𝑎) = 𝑟2𝑑 + 𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). If 𝑟1(𝑑 + 𝑎) = 𝑟1𝑑 + 𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 
𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). We get 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), its contradiction. If 𝑟2(𝑑 + 𝑎) = 𝑟2𝑑 + 𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻) and 𝑟2𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). We get 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), its contradiction. Hence 𝑟1𝑟2𝐴 = (0). 

(2) Assume that [𝐴:𝑅 𝔻]𝑟1𝑑 ≠ (0), then 𝑥𝑟1𝑑 ≠ 0 for some 𝑥 ∈ [𝐴:𝑅 𝔻] since (𝑟1, 𝑟2, 𝑑) is weakly pseudo-primary-2-
absorbing triple-zero of 𝐴 then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟1𝑟2 ∉
[𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Since 0 ≠ 𝑥𝑟1𝑑 ∈ 𝐴 and 𝐴 be a weakly pseudo-primary-2-absorbing sub-module, then either 𝑥𝑑 ∈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), or 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑥𝑟1 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] Now, 0 ≠ (𝑟2 + 𝑥)𝑟1𝑑 = 𝑟1𝑟2𝑑 + 𝑥𝑟1𝑑 =
𝑥𝑟1𝑑 ∈ 𝐴, since 𝐴 be a weakly pseudo-primary-2-absorbing then either (𝑟2 + 𝑥)𝑑 = 𝑟2𝑑 + 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 
𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) (its contradiction) or (𝑟2 + 𝑥)𝑟1 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. If (𝑟2 + 𝑥)𝑑 = 𝑟2𝑑 + 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻) and 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), we get 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻),its contradiction. If (𝑟2 + 𝑥)𝑟1 ∈ [𝐴 +
𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑥𝑟1 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] , we get 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] ,its contradiction. Hence [𝐴:𝑅 𝔻]𝑟1𝑑 = (0). 

Similarly, we can prove [𝐴:𝑅 𝔻]𝑟2𝑑 = (0). 

 
(3) Assume that 𝑟1[𝐴:𝑅 𝔻]𝑑 ≠ (0), then 𝑟1𝑥𝑑 ≠ 0 for some 𝑥 ∈ [𝐴:𝑅 𝔻] since (𝑟1, 𝑟2, 𝑑) is weakly pseudo-primary-2-
absorbing triple-zero of 𝐴 then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟1𝑟2 ∉
[𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Since 0 ≠ 𝑟1𝑥𝑑 ∈ 𝐴 and 𝐴 be a weakly pseudo-primary-2-absorbing sub-module, then either 𝑟1𝑑 ∈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), or 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1𝑥 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] Now, 0 ≠ 𝑟1(𝑥 + 𝑟2)𝑑 = 𝑟1𝑥𝑑 + 𝑟1𝑟2𝑑 =
𝑟1𝑥𝑑 ∈ 𝐴, since 𝐴 be a weakly pseudo-primary-2-absorbing then either 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) (its contradiction) 
or (𝑥 + 𝑟2)𝑑 = 𝑥𝑑 + 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1(𝑥 + 𝑟2)𝑑 = 𝑟1𝑥 + 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. If (𝑥 + 𝑟2)𝑑 = 𝑥𝑑 +
𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), we get 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻),its contradiction. If 𝑟1(𝑥 +
𝑟2)𝑑 = 𝑟1𝑥 + 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. and 𝑟1𝑥 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] , we get 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] ,its contradiction. 
Hence 𝑟1[𝐴:𝑅 𝔻]𝑑 = (0). 

Similarly, we can prove 𝑟2[𝐴:𝑅 𝔻]𝑑 = (0). 

 
(4) Assume that [𝐴:𝑅 𝔻]𝑟1𝐴 ≠ (0), then 𝑟1𝑥𝑎 ≠ 0 for some 𝑥 ∈ [𝐴:𝑅 𝔻] and 𝑎 ∈ 𝑎. Since (𝑟1, 𝑟2, 𝑑) is weakly pseudo-
primary-2-absorbing triple-zero of 𝐴 then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 
𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Since 0 ≠ 𝑟1𝑥𝑎 ∈ 𝐴 and 𝐴 be a weakly pseudo-primary-2-absorbing sub-module, then either 
𝑟1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), or 𝑥𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1𝑥 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] Now, 0 ≠ (𝑟2 + 𝑥)𝑟1(𝑎 + 𝑑) =
𝑟1𝑟2𝑎 + 𝑟1𝑟2𝑑 + 𝑥𝑟1𝑎 + 𝑥𝑟1𝑑 = 𝑥𝑟1𝑎 ∈ 𝐴, (because 𝑟1𝑟2𝑑 = 0 and 𝑟1𝑟2𝑎 = 0,𝑥𝑟1𝑎 = 0 by (1). and 𝑥𝑟1𝑑 = 0 by (2)). 
since 𝐴 be a weakly pseudo-primary-2-absorbing then either (𝑟2 + 𝑥)(𝑎 + 𝑑) = 𝑟2𝑎 + 𝑟2𝑑 + 𝑥𝑎 + 𝑥𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻) (its contradiction) or 𝑟1(𝑎 + 𝑑) = 𝑟1𝑎 + 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) (its contradiction) or (𝑟2 + 𝑥)𝑟1 = 𝑟1𝑟2 +
𝑥𝑟1 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻].(its contradiction) Hence [𝐴:𝑅 𝔻]𝑟1𝐴 = (0). Similarly, we can prove [𝐴:𝑅 𝔻]𝑟2𝐴 =
𝑟1[𝐴:𝑅 𝔻]𝐴 = 𝑟2[𝐴:𝑅 𝔻]𝐴 = (0). 

 
(5) Assume that [𝐴:𝑅 𝔻][𝐴:𝑅 𝔻]𝐴 ≠ (0), then 𝑥1𝑥2𝑎 ≠ 0 for some 𝑥1, 𝑥2 ∈ [𝐴:𝑅 𝔻] and 𝑎 ∈ 𝐴. Since (𝑟1, 𝑟2, 𝑑) is weakly 
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pseudo-primary-2-absorbing triple-zero of 𝐴 then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) 
and 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Since 0 ≠ 𝑥1𝑥2𝑎 ∈ 𝐴 and 𝐴 be a weakly pseudo-primary-2-absorbing sub-module, then 
either 𝑥1𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), or 𝑥2𝑎 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑥1𝑥2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] Now, 0 ≠ (𝑥1 + 𝑟2)(𝑥2 +
𝑟1)(𝑎 + 𝑑) = 𝑥1𝑥2𝑎 + 𝑥1𝑥2𝑑 + 𝑥1𝑟1𝑎 + 𝑥1𝑟1𝑑 + 𝑟2𝑥2𝑎 + 𝑟2𝑥2𝑑 + 𝑟2𝑟1𝑎 + 𝑟2𝑟1𝑑 = 𝑥1𝑥2𝑎 ∈ 𝐴, (because 𝑟1𝑟2𝑑 = 0 and 
𝑟1𝑟2𝑎 = 0 by (1), 𝑥1𝑟1𝑎 = 0, 𝑟2𝑥2𝑎 by (4), and 𝑥1𝑟1𝑑 = 0 (2)). since 𝐴 be a weakly pseudo-primary-2-absorbing then 
either ((𝑥1 + 𝑟2)(𝑎 + 𝑑) = 𝑥1𝑎 + 𝑥1𝑑 + 𝑟2𝑎 + 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) (its contradiction) or (𝑥2 + 𝑟1)(𝑎 + 𝑑) =
𝑥2𝑎 + 𝑥2𝑑 + 𝑟1𝑎 + 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) (its contradiction) or (𝑥1 + 𝑟2)(𝑥2 + 𝑟1) = 𝑥1𝑥2 + 𝑥1𝑟1 + 𝑟2𝑥2 + 𝑟2𝑟1 ∈
[𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. (its contradiction). 

Then we get [𝐴:𝑅 𝔻] [𝐴:𝑅 𝔻]𝐴 = [𝐴:𝑅 𝔻]2𝐴 = (0). We get [𝐴:𝑅 𝔻]3 ⊆ [[𝐴:𝑅 𝔻]2𝐴:𝑅 𝔻] = [(0):𝑅 𝔻] = 𝐴𝑛𝑛(𝔻). ◻ 

Proposition 2.6.  Let 𝔻 be a multiplication 𝑅-module and 𝐴 is a weakly pseudo-primary-2-absorbing sub-module 

of an 𝑅-module 𝔻 that is not a pseudo-primary-2-absorbing sub-module. Then 𝐴3 = (0). 

Proof. We have that [𝐴:𝑅 𝔻]𝔻 = 𝐴 since 𝔻 be a multiplication 𝑅-module. Then 𝐴3 = [𝐴:𝑅 𝔻]3𝐷 = [𝐴:𝑅 𝔻]2𝐴 = (0). ( 
by Theorem 3(5)). Consequently 𝐴3 = (0). ◻ 

Proposition 2.7.  Let 𝔻 be a faithful multiplication 𝑅-module, and 𝐴 ≠ 𝔻 be a sub-module of 𝔻. If 𝐴 be a weakly 

pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻, but it’s not a pseudo-primary-2-absorbing sub-module. 
Then 𝐴 ⊆ 𝑟𝑎𝑑𝔻(0). In addition 𝑟𝑎𝑑𝔻(𝑁) = 𝑟𝑎𝑑𝔻(0). 

Proof. by Theorem 2.5 (5) [𝐴:𝑅 𝔻]3 ⊆ 𝐴𝑛𝑛(𝔻), since 𝔻 is faithful, then [𝐴:𝑅 𝔻]3 = 0. Assume that 𝑥 ∈ [𝐴:𝑅 𝔻], then 

𝑥3 = 0, so 𝑎 ∈ √0. Hence [𝐴:𝑅 𝔻] ⊆ √0 and thus 𝐴 = [𝐴:𝑅 𝔻]𝔻 ⊆ 𝑟𝑎𝑑𝔻(0) (since 𝔻 is multiplication) In addition, by 
Theorem 2.5 (5), [𝐴:𝑅 𝔻]2𝐴 = (0). Then [𝐴:𝑅 𝔻]3 = [𝐴:𝑅 𝔻]2[𝐴:𝑅 𝔻] ⊆ [[𝐴:𝑅 𝔻]2𝐷:𝑅 𝔻] = 𝐴𝑛𝑛(𝔻) and so [𝐴:𝑅 𝔻] ⊆

√𝐴𝑛𝑛(𝔻). Thus √[𝐴:𝑅 𝔻] = √𝐴𝑛𝑛(𝔻). Hence 𝑟𝑎𝑑𝔻(𝑁) = √[𝐴:𝑅 𝔻]𝔻 = √𝐴𝑛𝑛(𝔻)𝔻 = 𝑟𝑎𝑑𝔻(0) ◻ 

Lemma 2.8.  Let 𝐴 is a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 and let 𝑟1𝑟2𝑇 ⊆ 𝐴 for 

some 𝑟1, 𝑟2 ∈ 𝑅 and some sub-module 𝑇 of 𝔻 such that (𝑟1, 𝑟2, 𝑡) is not weakly pseudo-primary-2-absorbing triple-zero 
for every 𝑡 ∈ 𝑇. If 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], then either 𝑟1𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). 

Proof. Assume that (𝑟1, 𝑟2, 𝑡) is not weakly pseudo-primary-2-absorbing triple-zero for every 𝑡 ∈ 𝑇. Let 𝑟1𝑇 ⊈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), and 𝑟2𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Then 𝑟1𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟2𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) for 
some 𝑡 ∈ 𝑇. If 0 ≠ 𝑟1𝑟2𝑡 ∈ 𝐴 with 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑟1𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻),and 𝑟2𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) 
it contradiction since 𝐴 be a weakly pseudo-primary-2-absorbing sub-module. If 𝑟1𝑟2𝑡 = 0 with 𝑟1𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻),𝑟2𝑡 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and (𝑟1, 𝑟2, 𝑡) is not weakly pseudo-primary-2-absorbing 
triple-zero, that is a contradiction. Hence either 𝑟1𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) ◻ 

Definition 2.9.  Let 𝐴 be a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 and let (0) ≠

𝑄1𝑄2𝑇 ⊆ 𝐴 for some 𝑄 be an ideal of 𝑅 and some sub-module 𝑇 of 𝔻. 𝐴 is called weakly pseudo-primary-2-absorbing 
free triple-zero in regard to 𝑄1, 𝑄2, 𝑇 if (𝑞1, 𝑞2, 𝑡) is not triple-zero for every 𝑞1 ∈ 𝑄1,𝑞2 ∈ 𝑄2 and 𝑡 ∈ 𝑇 

Theorem 2.10.  Let 𝐴 is a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻, and (0) ≠ 𝑄1𝑄2𝑇 ∈

𝐴, for some ideal 𝑄1, 𝑄2 in 𝑅, some sub-module 𝑇 of 𝔻, where 𝐴 is free triple-zero in regard to 𝑄1, 𝑄2, 𝑇. Then either 
𝑄1𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑄2𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑄1𝑄2 ⊆ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. 

Proof. Assume that 𝐴 be a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻, and (0) ≠ 𝑄1𝑄2𝑇 ∈

𝐴, for some ideal 𝑄1, 𝑄2 in 𝑅, some sub-module 𝑇 of 𝔻, where 𝐴 is free triple-zero in regard to 𝑄1, 𝑄2, 𝑇. Suppose that 
𝑄1𝑄2 ⊈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Now, we must show that either 𝑄1𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑄2𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Let 
𝑄1𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑄2𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Then there exist 𝑥 ∈ 𝑄1 and 𝑦 ∈ 𝑄2 such that 𝑥𝑇 ⊈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑦𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Where 𝑥 ∈ 𝑄1 and 𝑦 ∈ 𝑄2. Since 𝐴 be a weakly pseudo-primary-2-
absorbing sub-module and by Lemma 2.6, we get 𝑥𝑦 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] since 𝑥𝑦𝔻 ⊆ 𝐴 + 𝑆𝑜𝑐(𝔻), 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻) and 𝑦𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). By our assumption (0) ≠ 𝑄1𝑄2𝑇 ∈ 𝐴, there exist 𝑎 ∈ 𝑄1 and 𝑏 ∈ 𝑄2, with 𝑎𝑏 ∉
[𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻].by Lemma 2.6, we get either 𝑎𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑏𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), as (0) ≠ 𝑎𝑏𝑇 ∈
𝐴 and 𝑎𝑏 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. We investigate (3) cases. 

Case 1: Assume that 𝑎𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑏𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Since 𝑥𝑏𝑇 ⊆ 𝐴 and 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) +

𝑆𝑜𝑐(𝔻) and 𝑏𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). by Lemma 2.8, we get 𝑥𝑏 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. We have (𝑥 + 𝑎)𝑇 ∉ 𝑟𝑎𝑑𝔻(𝐴) +
𝑆𝑜𝑐(𝔻) as (0) ≠ (𝑥 + 𝑎)𝑏𝑇 ∈ 𝐴, 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑎𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Since 𝑏𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) +
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𝑆𝑜𝑐(𝔻) and (𝑥 + 𝑎)𝑇 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), then we obtain 𝑏(𝑥 + 𝑎) ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], by Lemma 2.8. Thus since 
𝑏(𝑥 + 𝑎) = 𝑏𝑥 + 𝑏𝑎 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑥𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], then 𝑥𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], which is a 
contradiction . 

Case 2: Assume that 𝑎𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑏𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). It is clearly shown similarly to case (1). 

Case 3: Assume that 𝑎𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑏𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Then (𝑦 + 𝑏)𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) as 

𝑦𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑏𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻).by Lemma 2.8, we get 𝑥(𝑦 + 𝑏) ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] since 
(0) ≠ 𝑥(𝑦 + 𝑏)𝑇 ∈ 𝐴, 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and (𝑦 + 𝑏)𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Then 𝑥𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] since 
𝑥(𝑦 + 𝑏) ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑥𝑦 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. As 𝑎𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), 
then (𝑥 + 𝑎)𝑇 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). As (0) ≠ (𝑥 + 𝑎)𝑦𝑇 ⊆ 𝐴, and 𝑥𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻), then (𝑥 + 𝑎)𝑇 ⊈
𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). Since (0) ≠ (𝑥 + 𝑎)𝑦𝑇 ⊆ 𝐴, 𝑦𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and (𝑥 + 𝑎)𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). by 
Lemma 2.8, we get (𝑥 + 𝑎)𝑦 = 𝑥𝑦 + 𝑎𝑦 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Since 𝑥𝑦 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑥𝑦 + 𝑎𝑦 ∈ [𝐴 +
𝑆𝑜𝑐(𝔻):𝑅 𝔻] then 𝑎𝑦 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. by Lemma 2.6, we get (𝑥 + 𝑎)(𝑦 + 𝑏) = 𝑥𝑦 + 𝑥𝑏 + 𝑎𝑦 + 𝑎𝑏 ∈ [𝐴 +
𝑆𝑜𝑐(𝔻):𝑅 𝔻], since (0) ≠ (𝑥 + 𝑎)(𝑦 + 𝑏)𝑇 ⊆ 𝐴, (𝑥 + 𝑎)𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and (𝑦 + 𝑏)𝑇 ⊈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻). As 
𝑥𝑦, 𝑥𝑏, 𝑎𝑦, 𝑎𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], then 𝑥𝑦 + 𝑥𝑏 + 𝑎𝑦 + 𝑎𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. Thus 𝑎𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻], since 
𝑥𝑦 + 𝑥𝑏 + 𝑎𝑦 + 𝑎𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] and 𝑥𝑦 + 𝑥𝑏 + 𝑎𝑦 + 𝑎𝑏 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] a contradiction . Hence either 
𝑄1𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑄2𝑇 ⊆ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) ◻ 

Proposition 2.11. [5]  Let 𝐴 is a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 with 𝔻 is 

semisimple, and 𝑇 is sub-module of 𝔻 with 𝑇 ⊆ 𝐴, then 
𝐴

𝑇
 is weakly pseudo-primary-2-absorbing sub-module of an 𝑅-

module 
𝔻

𝑇
. 

Proposition 2.12.  Let 𝐴 is a weakly pseudo-primary-2-absorbing sub-module of an 𝑅-module 𝔻 with 𝔻 is 

semisimple and 𝑇 is sub-module of 𝔻 with 𝑇 ⊆ 𝐴, then for any 𝑟 ∈ 𝑅 and 𝑑 ∈ 𝔻, (𝑟1, 𝑟2, 𝑑) be a triple-zero of 𝐴 if and 

only if (𝑟1, 𝑟2, 𝑑 + 𝑇) is a triple-zero of 
𝐴

𝑇
. 

Proof. Assume that (𝑟1, 𝑟2, 𝑑) be a triple-zero of 𝐴 for some 𝑟 ∈ 𝑅 and 𝑑 ∈ 𝔻. Then 𝑟1𝑟2𝑑 = 𝑜, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + (𝔻) and 

𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) and 𝑟1𝑟2 ∉ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻]. by Proposition 2.11, we get that 
𝐴

𝑇
 is weakly pseudo-primary-

2-absorbing sub-module of an 𝑅-module 
𝔻

𝑇
. Thus 𝑟1𝑟2(𝑑 + 𝑇) = 𝑇, 𝑟1𝑑 ∉ 𝑟𝑎𝑑𝔻 (

𝐴

𝑇
) + 𝑆𝑜𝑐 (

𝔻

𝑇
) and 𝑟2𝑑 ∉ 𝑟𝑎𝑑𝔻 (

𝐴

𝑇
) +

𝑆𝑜𝑐 (
𝔻

𝑇
) and 𝑟1𝑟2 ∉ [

𝐴

𝑇
+ 𝑆𝑜𝑐 (

𝔻

𝑇
) :𝑅

𝔻

𝑇
]. Hence (𝑟1, 𝑟2, 𝑑 + 𝑇) be a triple-zero of 

𝐴

𝑇
. 

Conversely, Assume that (𝑟1, 𝑟2, 𝑑 + 𝑇) be a triple-zero of 
𝐴

𝑇
. Suppose that 𝑟1𝑟2𝑑 ≠ 𝑜. Then 𝑟1𝑟2𝑑 ∈ 𝐴 since 𝑟1𝑟2(𝑑 + 𝑇) =

𝑇. Thus 𝑟1𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟2𝑑 ∈ 𝑟𝑎𝑑𝔻(𝐴) + 𝑆𝑜𝑐(𝔻) or 𝑟1𝑟2 ∈ [𝐴 + 𝑆𝑜𝑐(𝔻):𝑅 𝔻] as 𝐴 be a weakly pseudo-
primary-2-absorbing, a contradiction. So it must be 𝑟1𝑟2𝑑 = 0. Consequently, (𝑟1, 𝑟2, 𝑑) is a triple-zero of 𝐴. ◻ 
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