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1. Introduction:

Zadeh introduced the concept of fuzzy reasoning [1]. In contrast to conventional reasoning, which
determines whether a component belongs or does not belong to fuzzy logic indicates a set to which the
membership of an element in a set is a numerical value within a specific range [2]. Zadeh was motivated to
investigate fuzzy set theory to address the issue of uncertainty, which is a fundamental aspect of real-world
problems. The concept of the fuzzy space metric, the value for a point fixed can be approached from various
perspectives, one of which involves the use of fuzzy logic [3]. Heilpern introduced fuzzy mapping as a
conceptand demonstrated a fixed-pointtheorem in linear spaces metric of fuzzy contraction mapping. This
theorem serves as a hazy extension of the contraction of Banach principle, which has attracted the attention
of numerous authors who have since explored different contraction circumstances inside the context of
mapping fuzzy. The imprecision resulting from non-exact distances between elements is accounted for
within the fuzzy metric spaces, as defined the Seikkala and Kaleva [3,4]. Aside from fuzzy metric spaces,
numerous expansions exist between metric space and metric concepts. Czerwik and Bakhtin proposed a
framework in which a less strict requirement, rather than the triangle inequality, was observed. This was
done to generalize the Banach contraction idea. We called these spaces b-metric . [2], [5]. Fuzzy spaces
metric and B-metrics are compared in [6]. In contrast, Sedghi et al.,, 2012 presented a b-metric space that
is fuzzy relaxes triangle inequality. The study targets a certain spatial category. We prove the utility of a
lemma in fuzzy b-metric spaces by using a countable extension of the t-norm [7]. The lemma proves that
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{u,}The sequence is Cauchy. This Lemma simplifies the evidence of numerous well-known theorems of
fixed points. In this current paper, we streamline the demonstrations of numerous renowned fixed-point
theorems.

Definition 1.1 [8]

A binary operation T : [0, 1] x [0, 1] = [0, 1] is a continuous
t-norm if T satisfies the following conditions:

(b1) T is associative and commutative,

(b2) T is continuous,

(b3) T(a,1)=aforalla€ [0, 1],

(b4) T(a, b) < T(c,d) fora, b, c,d € [0, 1] such thata < candb < d. Typical examples of a continuous t-
norm are T, (a,b) =a - b, Ty (a, b) = min{a, b} and T}, (a, b) = max{a+b - 1, 0}.

Definition 1.2 [9] A 3-tuple (X,M,T) is called a fuzzy metric space if X is an arbitrary (nonempty) set, T is
a continuous t-norm, and M is a fuzzy set on X? x (0,00) satisfying the following conditions for all u, v, we
Xand

t,s>0:

(fm1) M(u,v,t) > 0,

(fm2) M(u, v, t) =1 ifand only if u = v,

(fm3) M(u, v, t) = M(v, u,t),

(fm4) TM(u, v, t),M(v, w,s)) < M(u, w, t +s),
(fm5) M(u, v,+) : (0,00) = [0, 1] is continuous.
Remark 1.3
We use X?= X X X in this paper.

Definition 1.4 [7]

A 3-tuple (X,M,T) is called a fuzzy b-metric space if X is an arbitrary (nonempty) set, T is a continuous t-
norm, and M is a fuzzy set on X? x (0,0) satisfying the following conditions for allu,v,w € X,t,s >0 and a
given real numberb = 1:

(bF1) M(u, v, t) >0,
(bF2) M(u, v, t)=1 ifand only if x = y,
(bF3) M(u, v, t) = M(v, u, t),

(bF4) T(M(u, v, D M(Y, 7, 3 )) < M(u, w, t+5),
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(bF5) M(u, v,-) : (0,00) = [0, 1] is continuous
Note 1.5:

The class of fuzzy b-metric spaces is effectively larger than that of fuzzy metric spaces, since a fuzzy b-
metric is a fuzzy metric when b = 1. The next example shows that a fuzzy b-metric on X need not be a
fuzzy metric on X.

Example 1.1 [10]

lu—v|P
t
=2P~1 Noted that in the preceding example, for p = 2, it is easy to see that (X,M,T) is not a fuzzy metric

space.

Assume that M (u,v,t) =Exp (

), where p > 1 is a real number. Then M is a fuzzy b-metric with b

Example 1.2 [10]

—f(u,v) t
LetM(u,v,t)=e t orM(x yt) —Exp(Hf(u’v)
[0, 1]. Then it is easy to show that M is a fuzzy b-metric.

), where fis a b-metricon X, and let T(a,c) =a-c fora,c€

Definition 1.6 [10]

A function f: R - R is called b-no decreasing if u > b vimplies f (u) = f (v) forall u, v € R.

Lemma 1.7 [7]

Let M(u, v,-) be a fuzzy b-metric space. Then M(u, v, t) is b-no decreasing with respect to t for all u, v € X.
Definition 1.8 [7]

Let (X,M,T) be a fuzzy b-metric space. For t > 0, A sequence {u,}:

(a) converges to uif M (up, u,t) = 1 as n — oo for each t > 0. In this case, we write lim u, =x*;

n—oo
(b) is called a Cauchy sequence if for all 0 <€ <1 and t > 0, there exists u, € N such that M (u, , u,,t)
>1-¢foralln, m = u,.

Definition1.9 [7]
The fuzzy b-metric space (X,M,T) is said to be complete if every Cauchy sequence is convergent.
Lemma 1.10 [7]

In a fuzzy b-metric space (X,M,T) we have:

(i) If a sequence {u,} in X converges to x*, then x*, is unique,
(i) If a sequence {u,} in X converges to x*, then it is a Cauchy sequence.
Remark 1.11

In general ,a fuzzy b-metric is not continuous.
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)
Example 1.3 Assume that X = [0,0), M (u,v,t) =e ¢t ,T=Tp

0, u=yv,
f(uv)=12lu-v|, u, ve [0, 1),
2 |x-yl otherwise.

Then (X,M,T) is a fuzzy b-metric space with b = 4. The b-metric f in this example is taken from [12].
Note that the fuzzy b-metric M is not continuous.
Definition1.12

Given is fuzzy b-metric space (M, T, X). and two maps of oneself (A,B) in X, u in X is referred to as common
fixed point of A and B if Au=Bu=u.

we will employ a fuzzy b-metric space with the additional condition M(u, v, t)—1 as
n — oo in the sense of Definition 1.3.
2-Main results

Lemma 2.1 [11]

Let {u,} be a sequence in a fuzzy b-metric space (X,M,T). Suppose that there exists a € (0, %) such that
t

M (un:un+1:t) 2 M(un—l'unn&) (1-2)

and there existuy, u; € Xand v € (0, 1) such that

lim T2, (o, up,5)=1,t>0 (2.2)

n—oo

Then {u,} is a Cauchy sequence.

Corollary 2.2 [11]

Let{u,} be a sequence in a fuzzy b-metric space (X,M,T), and let T be of H-type. If there exists a € (0, %)
such that

M (up, ups,t) 2 M (Up_q, Uy, f;) where t > 0 and neN (2.3)
,then{u,} isa Cauchy sequence.

Lemma 2.3[7]

If for some a € (0, 1) and u, v € X,

M (u,v,t) 2M (u,v,i), t>0, thenu=v.
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Theorem (2.1): Let (X,M,T) be a complete fuzzy b-metric space ,and Let A,B:X—X be two self-
mappings on X, Suppose that there exists

1
0 <a< 5 such that

t t t
M(Au ,Bv,t)=min{ M(u, v, &), M(Au,u, a), M(Bv ,v ,&)}, (2.1.1)

Forall u,v €X,t>o,

Then A,B have a unique common fixed point in X.

Proof:

Using Picard iteration, we define {u, } as the sequence in fuzzy b-metric space
M, T,X). uypp1=Auyp ,Uspep=Buy,,; Forallne N . (21.2)

Now, using (2.1.1)and (2.1.2) , we have

M (Uzn+41,Uzns2,t) =M (Auz, ,Bugpiq,t) 2
. t t t
Min { M (uzp, Uzpn41 :&)' M ( Auy, » Uzn,g ), M (Buzpiq , Uznyt 5 b
o t t t
=min {M (uzp, Uzn4q 5 ), M (uzpiq » Uzn,g ), M (uzniz , Uznyt ’&) }
= min{ M (uy, ,u2n+1,£ ), M (Uzpe1 > Uspan & )} where n € N, tis greater than 0.

Then

. t
Either M (u2n+1 » Uzn42 't) =M ( Uzn+1 » U2n+2 '&)
,where t is greater than 0 and n in N, there for It implies through Lemma (2.3) that
Uznt1 = Uzptz,NINN.

or M (Uzps1,Uznez,t) =M (Uyy, Usnsq ,é),) where t greater than 0

and n in N ,then we can determine that It is Cauchy sequence{u,, }. by using Lemma (2.1).

By definition of completeness of (M, X, T) ,we can say
that {u,} is convergent. Therefore, there is u € X so that
where u, »u whene n—oco and M(u, u, ,t)=1

whene n—oo ,t greater than 0 ..(2.1.3)
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To show that u is (C.F.P) for A and B .suppose A;€(ab?,1)and A,=1-1; .By using (2.1.1) and( fm4) we
have

tAq

M(Au,u,t) 2 min (M (Au,Buy, 75 ), M (Upgs ,%))

thy thy

>T (min {M (u,up, 52 ) M (Au, 0 ), M (Buy up 53 M (U o0, 52)

thy ml o e

t
; )' M (un+1 Un )} M (un+1 » U,
tAy

) M (Au,u, Ab) M (U U o 22 )IM (Uns .U.j))

=T (min{M (uu, 22 M (Au,u, 22)) M (Au,u,8) 2 T (min{M

A
(u, un,t 1

t> 0 for each nin N. setting limit as n—oo for above and making use of (2.1.3) We obtain

>T(min {1, M (wAu 2 ), 13, 1)
=T (min{, M(u,AuSt)} 1)

=T(M(u, A2t ) 1)

oy

= M(Auu b

. b
) ,t>0, then since v,= X—°‘
1

0 <v; <1 additionally through Lemma (2.3)leads to the conclusion that whene

tis greater than 0 then u equal Au

t;\1 thy

(ii)M(u,Bu,t) 2T(M (u,upsq — ), M (Au, ,Bu, ))

tA
> T(M (u,u51,50),

t7\2 th,

min {M (un, u ), M(Aun ,un, ) M (Bu,u,—=)}

Through utilizing n — oo and using(2.1.3) wet obtain

tAZ

M (u,Bu,t)2T(1,min{1, 1, M (Bu,u, )}

t ba
=M (Bu u ,V—z) ,t>0, where v, =% €(0,1)

and through lemma(2.3)It Consequently follows that Bu = u
Finally Assume that there exist two (C.F.P) of A and B
We refer to them as u and r using u#r. From((2.1.1)

M(u,r,t)=M (Au ,Bnt) =

(min {M (u, - ) M (Au,u,i ),M(Bl‘,l"i)})
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= (min { M(u,r% ), M (u,u,i ),M(r,r,i)})

()

When t is greater than 0,
and by lemma(2.3) Therefore, it follows that u=r.

If B=A ,we have (Th.2.5[11])

Corollary 2.1: Let (X,M,T) be a complete fuzzy b-metric space ,and Let A: X — X self —
mapping on X Suppose that there exists

I<ax< % such that
M(Au,Av ) > min{ M(u,v ), M(Au,u;2), M(Av,v,9)}, .. (21.1)

For all u, v €X,t>0,Then A have a unique fixed pointin X.

Theorem (2.2): Let (X, M,Tmin) be a complete fuzzy b-metric space, and Let A,B:X—X be two self-
mappings on X, Suppose that there exists

0 <a <i such that the following condition holds:

M(Au,Bv,t) = min{ M(u, v, ) M(Au,u,- ) M(Bv,v, ) M(Au, V ) M(u, Bv, )}
. (2.2.1)

For all u,v €X,t>o,

then A,B have a unique common fixed point in X.

Proof: For every sequence on a complete fuzzy (M,X,T)b-metric space, we define {u,, }.
with Picard iteration u,,,1=Au,, , Usn42=Buy,,q foralln €N . (2.2.2)

Now , utilizing (2.2.1) additionally (2.2.2), we possess

M (Uzn+1,Uzn+z,t ) =M (Auzy ,Buzpys,t)

2t

> min{ M ( Uzn»U2n+1' ) M (Auyp ,uz, ™ ) M (Buzp41 , Uzner . ) M (Auyy, , Uzntq,— )» M

( uzn, Buzpy ;a_ )}
. t t
= min {M (u2n;u2n+1'&)» M (u2n+1;u2n'a)'

M (u2n+2'u2n+1') M(u2n+1:u2n+1: )M(UZnJ Uzn+2575 )}
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. t t . t t
=min {M (uzp, Uznyq > ), M (Uzn42, Uznir 'E) » 1,min {M (uzy, Uzn4s :E)'M (Uzn+1 > Uzn4z ba )}

. t t
2 min{M (Uzn, Uzn41,5-) M (Uzntq  Uzniz o)) If t>0 and neN

Thus

t
2ab )
,where t>0 ,neN therefor through lemma(2.3) it implese

Either M (uzp41,Uzntz2,t) 2M (Uznyr > Uzng2, 5

Uzp+1= Uzp+2 ,NINN.

t

thu, or M (Uzn41, Uzniz ,t) = M(Uzn, Uznts 5 ),

where t >0, neN,then through lemma(2.1) we find that a sequence
{u,} is Cauchy By definition of completeness of(X, M ,T) ,we can say
that {u,} is convergent. Thus there is u € X so that
u,—u whene n—»co and M(u, u,,t)—1
whene n—oo tis greater than 0 ..(2.2.3)

To show that uis (C.F.P) for A and B .suppose A; € (ab?,1)andA, = 1 — A, . By using (2.1.1) and bF4 we
find

i ; tA tA
i) M (Au ,u,t) = min {M (Au ’Bu“’Tl ), M(Un+1 ’U’TZ)}

>min {min {M (u,
t)\l ty 2t tAq tA,
) Au, u, ) (Bun Up 'E) M (Au Uy b ),M (u, Bun,E )},M(unﬁL , u,?)}

=min {min {M (u Un,— ) M (Au u,— ™ ),M (un+1 RV ,3—1) M (Au RV ,2;—}“ ),M (u,

ab
t7\ t}\z
Upt1,7 ob )} M (un+1 u, b )}

tAq ™ tA4
M(u, un,E ), M(Au,u,E ),M(un+1 Uy ,E),

. t)\ t7\1 t}\l
mln{M (Au u,— b2 ) M(u, un,w )}.M (U, Un+1:£ )

A :
Mg, u,% ) t>0foreachninN.

>min {min

Setting a limit as n—oo for above and applying (2.2.3), we obtain

By

M (Au ,u ,t)2min { min {1, M(Au,u,?—; ),1, min{M (Au u— ) ,1},1} , 1}

>min {1, M(Au,u,?—;),l,min{M(Au u,— By ), }1}
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A b
=M (Au,u,t—l2 ) t> 0,where v;=— ,0<v;<1.
ab 7\1

. ba
Then, since v{= =
1

0 <v; <1 additionally through Lemma (2.3)leads to the conclusion that whene

tis greater than 0 then u equal Au
. . 0y v
(ii) M (u,Bu, t) 2 min (M (u, up4q . ), M (Au, ,Bu, ?))

. thy . Ay
2min {M(u,uy4q o ), min {M (un, u,— ), M (Aun ,
thy

o 20 B 22) 0 (.22 ) 0 2 )

=min {M(u,u,q ,%1 ), min {M (un,u,z—; ), M(un+1 ,
By ), M (Bu ,u,mz) M (un+1 u, 2%2 ),M (un, Bu,z—; )}}

Un» 3 ab
0, At At
M (w52 )0 M ( b )M (Bu, 5
unJuJ ba ) un+1 IunP ba ) u,u, ba )

. th .
zmin  {M(u,up4q1 ,~- ), min 2th; : thy t7\2 }
M (u,yq ,u e ) in M (u,, w3 ,M (u, By,

For every,t > 0.ninN.

setting limit as n—oo for above and applying (2.2.3), we obtain

M (u,Bu,t)>min {1, min {1 1, M(Bu u, ) 1, mln{l,M (u Bu, % )}}}

. th; . th;
> mln{ 1, 1,M( Bu,u,—),l ,mln{l M (u, Bu,— )}}
ab ab?
- M( By, 22 )t>0 B vt
= u,Bu— o since v,= ™ \')

additionally through Lemma (2.3) leads to the conclusion that when t is greater than 0

thenu = Bu

Finally suppose that there exist two (C.F.P) of A and B

We call then u and r with u # r, From((2.2.1)

M(Au, Br,t) 2 min{M(u,r ,- ) M(Au u, ) M(Br,r ,;) M(Au r, )M( ,Br, )}

=min{M (u,r, i), M(u,u, i),M(r,r,i),M(u,r, 2;t),M(u, T, é)}
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t

>min {M(u,r, & ), M(u,u, i ),M(r,r, i),min{M(u,u, = ),M(u,r, a—tb )},M(r,u, i )}

=min{ M [u,r,&) , 1, 1, min {1, M (u, r, é)}, M(r, u, i)}
t t

=M (u,r,—)=M(Au Br,=),t>0,

additionally, lemma (2.3) indicates that r=u.

If B=A ,we have (Th.2.6[11])

Corollary 2.2: Let (X, M, Tmin) be a complete fuzzy b-metric space, and Let A:X - X be self-mapping
on X, Suppose that there exists

0 <a< % such that the following condition holds:

M(AuAv,H)=min{M(u, v,-), M(Auu,>), M(Av,v,~) M(Auy,= ), M(u, Av, )},

. (3.1.2)

For all u,v €X,t>o,

Then A has a unique fixed point.

Theorem (2. 3): Let (X,M,T) be a complete fuzzy b-metric space, and Let A,B:X— X.

be two self-mappings on X, Suppose that there exists 0 < a < % such that

M(v By H[1+ M(u,Au D)+ M(v Au

c )  M(uv = )} . (23.1)

M(Au ,Bv ,t)=> min{ )
Forall u,v € X.

Then A,B have a unique common fixed point in X.
Proof: We define {u,} be sequences in complete (M,X,T) fuzzy b_ metric
with Picard iteration u,p,41=AuU,, , Upp42=Buyn,; Forallne N ... (2.3.2)

Now , using (2.3.1)and (2.3.2) , We've got

M (uzn41, Uzngz t) =M (Auy, Buzpy, t) =2 min

{ M(u2n+1 Buzn+1 » é)[l"' M (Uan Augy é )+ M(U2n+1.Au2n é)] M( t )}
)

u u -
t 2nY2n+1>
M (uan Uzn+1 a) «

t t t
. M (u2n+1: Uzn+2 ,a)[ 1+ M (u2n, Uzn+1 ,;)+ M (u2n+1 ru2n+1r;)] t
= min g » M Uz, Uzn41,7 )
M (uzn Uzns1 55 ) «

t

_ min{ M (u2n+1 U2n+2 :&)[1‘* M( U2n,U2n+1 ,;)+ 1] , M( t ) }

u u -
t 2n »Y2n+1»
M(“Zn: Uzn+1 ,;) «
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> min{ M(U2n+1 U2n+2, é)[ 2+ M (UZn Uzn+1 é)] ’ M( t )}

u u -
t 2n Y2n+1
M (UZn- Uzn+1 ,a) «

t t
M (U2n+1, Uzn+2) ,;) [2+ M(u2nru2n+1 :;)]
t
2+ M(uzn Uznt1,7)

>min , M(uzp ,Uzn4q ' )

. t t
> min{ M (uzy, :u2n+1:a) » M (Uzn41 5 Uznsz ;&)}
Thus

Either M (Uzp41,Uzna2,t) 2 M (Uzpgq » Upnaz, i) t> 0, neN Consequently, lemma

(2.3) suggestive of U417 =Uup 4, ,ninN.
Thus, M (Uzp41,Uzns2,t) = M (Uzp, Usnsq, i), When nis in N and t is greater than zero,

then through lemma (2.1),the sequence {u,} becomes clear to us isCauchy .

By definition based on the completeness of (M, T, X), we can state that
{u,} convergent. There for a where u for X exists u, - u

as n—oo and M(u, u,,t)»1asn—oo , tis greater than zero ..(2.3.3)

To show that u is (C.F.P) for A and B .suppose A;€(ab,1) and A,=1-A; .By using (2.1.1) and bF4 we have

0 M (Au,ut) =T (M (Au,Buy, %), M (s ,u, 22))
M(un ,Bup 41 ,%)[1+M(u JAu, %)+ M(un ,Au,% )] th tAy

>T(min M (U Uy,

tA
M(u, un, )

M(un ,Untt, %)[1“\/{(“ Au, %)'*’ M(u“ ’Au’to% )]

tA
M(u, un, )

thy

S M (o )

=T(min , M (u , Uy,

By taking the limite n — oo as well as by(2.3.3) we find

1 [1+M(u Au, )+ M (un,Au,m—l)] 1,

ol ab

1 ) ’

M (Au,u,t)=>T| min

= min {[ 1+M(u Au, %)+M(un,Au,:‘—; )],1}

M (Au,u,t) =1

as well by (fm2)it Follows that Au = u

ro IO
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() M (u,Bu,t) = T(M (uup 52) M(Au, Bu,52))

tA
2T (M (e 20),

- {M (uBu, 22 ) [14M (u, Au,, 22)+ M (wAu,, 22 )| y (un . t7t2>})

o 2 S

) thy
1 0 2 ) min AR E I BB, 29

M(un ,u2)

By taking the limiten — oo as well as from(2.3.3) we have

M (u,Bu,22)[14+14 1
2T(1.(min{ (184 a;)“”,1})

>T(1,min {3M(u By, 22 ),1})=min {3M(u,Bu, 2 ), 1}

th

Ifmin{SM (u Bu, b

), 1}=1, then
by(fm2) , it follows thatu = Bu.

If min {3M (u, Bu, =2 ), 1} =3M (u, Bu, 22 ) >M (u, Bu, 2 ),
Then ,from lemma( 2.3) ,we get
u = Bu.

Finally suppose that there exist two (C.F.P) of A and B

We refer to them as u and r using u#r. From (2.1.1).

t t
M(u ,r,t)=M(Au , Br,t) = min { M(r o '_)[H M(u'Au '&)+ M(r' A &)] .M (u T, )}

IO

. M( r,r ,&)[1+ M( uu ,§)+ M(r u %)] ¢

-_ 1[1+ 1+ M(r,u,g )] ,M(u,r,£>
er) :

[ )
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>min

1[2+M(u,r,£)] M(ME)
wGor M

“m(urs)

for tis greater than zero , then apply lemma (2.3) Consequently, u = r follows.
When B equals A, we get

Corollary 2.3: Let us assume that (M, X, T,,;,) is a fuzzy b-metric space b-metric additionally examine
A:X—X. Presuming 0 < a< 1/b exists so that

M(v, Av D[+ M (u,Aut)+ M(v.Au )] t )}
) ) )

> mi hd
M(Au ,Av ,t)= min { M D M(u,v ” .. (2.3.1)

Then A has a unique fixed point inX each u and v in X, tis greater than o.
To prove the following theorem, we use the following definition:

Let us a set ® which consists of all continuous functions

@:[0,1]- [0, 1]such that @(0)= 0, @(1)=1, and

@(a)> a, foralla € (0,1)[13].

Theorem (2.4): Let (X, M, Tmin) be a complete fuzzy b-metric space, and Let A,B:X — X be two self-
mappings on X, Suppose that there exists 0 < o < b%

such that the following condition holds:

M(Au ,Bv ,t) = min{@( M (u, v,i) ), 0 (M (u Au, i) ), o(M (u, Bv,%) ),d(M (V ,Bv,é)) 1 . (3.1.4)
For all u,v €X,t>o,

then A,B have a unique common fixed point in X.

Proof: According to our definition, {u,, } is sequences in complete (M,X,T) fuzzy b_ metric

with Picard iteration uy;,,1=AuUyy, , Usps2=Buyny1 foralln €N . (24.2)

Now, using (2.4.1)and (2.4.2) , we find

. ¢ .
M(Uppnt1, Uzneo ,£)= M(AUy, ,Buspsq ,t) 2(min{@( M(uyy,, Usnia ,a)), O(M(uy, Auy, ,a)), @( M(uzp
2t t
,Buzns1 7)) B(M(Uzns1, Buzner i)}
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= (Min{B(M(tizn, Uzns1 7)) BMUzn s Uzne1 D)) B Mtz » Uznez =) B M(Uznsr s Uznaz ) }

> min{@(M(uzn, Uzns1.5)) OM(Uzn , Uznss )min{ B(M(zn , Uznsr ig5)) O(M(ans1, Uznsz i) }

B(M(uzne1, Uznsz ) }
= min{@( M(uzy, Uzn+1, )) min{ @(M(uzn , Uzns+1 g )) B(M(Uzni1, Uznez i )) }@(M(Uzni1, Uznyz
, g)) }

. t t
M(Uzn+1 5 Uznt2» D= min{ @( M(uzy , Uzpsr 'E)) B(M(Uzp41, Uzntz ’E)) }

Then
. t
Either M(Uzp41, Uznsz » ) 2 @ (M(Uzn41 » Uznsz » 53)) NEN, >0

Since @(a)>a,We've got

t
M (Uzns1, Uznt2, ) )) 2 M(Uzpyq 5 Uzny2s ﬁ)

Then by lemma(2.3) it implies that, uy, 1= Upn4p NEN.

or M(Uzp41, Uzngz ,t) = O( MUy, Usnst ,ﬁ)),n € N,t > 0,then
Since @(a)>a,we have

M(Uzp41, Ugngz )= M(Uzp, Uspst ,ﬁ),nEN,t>0, therefor,

by lemma(2.1) we have that {u,} is Cauchy sequence
By definition of completeness of(X, M ,T) ,we can say
that {u,} is convergent. Hence there exists u € X such that

lim u, =uand lim M(u, u,,t) =1,t>0 ..(2.4.3)

n—-oo n—-oo

To show that u is (C.F.P) for A and B .suppose 7\1e(ab2 ,1)and

Ay =1 — 1 .By using (2.4.1) and bF4 we have

Q] M (Au,u,t)=> min{M(Au Bun,t}‘l),M(unH,u,%)}

>min {{ min{@( M(u, u, ,t)‘l

21)), 6(M(u, Bu, ,=21)),6( M(u, , By,

), 9(M(u,A
“1))} M (uner 0, 52) 3

2t\

txl

t}‘l

=min {{ min{@(M(u, uy, 7)), @ (M(uAu, ), O(M(U, Uy Lot
oy

n+1'ab))} M( Upp o U ’t%z)}}

5 )) P(M(uy,
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For all neN,t> 0.

Taking limit as n—co for above and using(2.4.3) we get

M (Au,u,t)> mln{mln{(b(l) B(M(u Au, )) 8(1).0(1)}, 1}
:min{min{l, Q)( (u Au ml)) 1 1} }:M(u ,Au,%)

. b
,t > 0, since V1=7\—a €(0,1).
1

additionally, lemma(2.3) it Follows that Au = u
.. . thy thy
(i) M(u,Bu,t) 2 min{M (u,up41, 5 ), M(Au,, ,Bu ,?)}
=>min {M(u ,un+1,t)‘—1 ), min {(ZS (M (un ,u, t}‘—bz )) , 0 (M (un A
@ o o
w5 )0 (M (un, Bu 5 ) 0 (M (B, 52) )y
= min {M(u un+1, ,mm ( n,ut}l2 ),@(M(un,

un+1,% )),(Z)(M(un,Bu Zt}‘z ) u ,Bu, == )}}

1) (M (un,u,z\—; )), 1) (M (un,un+1,t): )),

> min {M (u,unﬂ,%l ) min min{@(M (un,u,% ),(25( M(U,BU.@)}, }

(Z)(M (u,Bu t”—;))

Taking limit as n—»oo for above and using(2.4.3) we get
: thy
0(1), B(1), min { B(1. M (wBu, 5},
0, }
) (M (u Bu E))
1,1, min{1,9(M(uBu, 25},

=min {1, min s (M(u By t?\z))

b
>0 <M (u,Bu,%))

>min {1, min
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thy . ab?
=M (u,Bu, —2) ,t> 0,then ,since v,=— €(0,1).
ab 7\2

additionally lemma(2.3)it Follows that u = Bu
Finally suppose that there exist two (C.F.P) of A and B

We call then u and r with u # r, From((2.4.1)

M(u ,r,t)=M(Au , Br,t) 2 min{@(M(u, r,i ), 6(M (u, Au,i )),(D( M (u, Br, %t )),(Z)(M (r,B T, i ))}
= min{@(MG, 77 )), OM (u, w7 )8(M (w5 )M (rr 7 )}

2min{@(M(u, r,i ), @ (M (u , u,i )) ,min {(D (M (u , u,O(—tb )) ,0 ( M (u ) r'a_tb ))} O(M (r, r,i ) )}

min{® (M (e, 7.2 )), 6(Dmin{o (10,0 M (u, 1.3 )} o)

t

min{@® (M (v, 7,7 )), 1,min{1,0 ( M (u, r— ))},1}

v

min{@® ( M (u , r,i )) ,1}

t t t
> (D(M(u,r,; )) > M(u,r,g )=M(Au,Br, 5),t>0,
and by lemma(2.3) it Follows that u =r.

If B=A, we have

Corollary 2.4: Assume that (M, X, T,,;,) is a fuzzy b-metric space additionally ., and Assume that A from
X to X. assume that

1
0 <a< bz and let us 0:[0,1]—[0,1]be a continuous functions such that

?(0)=0,0(1)=1,and @(a)>a,for all ae(0,1)

such that the following condition holds:

M (AuwAv,9) 2 min{@ (M(u, v, £)),0 M (u,Au, 2)), 6(M (wAv,2))0 M (v.Av,5))} (2.4.1)
There is only one fixed point in X for every u, v 1/ X, tis greater than zero . as a result,
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