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A B S T R A C T 

 

       In this study, we provide the triple sequences space of fuzzy numbers identified by 

simple elliptic Orlicz function and discuss some properties like the space (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) is 

complete, (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄 ∘ 𝕄1,△𝔧

𝔦) , (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ∩ (ℓ∞)𝔽
3(𝕄2,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄1 +

𝕄2,△𝔧
𝔦) , (ℓ∞)𝔽

3(𝕄,△𝔧
𝔩) ⊂ (ℓ∞)𝔽

3(𝕄,△𝔧
𝔦) , for 0 ≼ 𝔩 ≺ 𝔦 . 

MSC.. 

https://doi.org/10.29304/jqcsm.2024.16.11451

1. Introduction 

        In this work ,we offer the triple sequence spaces of fuzzy numbers identified by simplified elliptic Orlicz 

function. We examine the implementations of further groupings of sequence spaces using Orlicz functions by Esi [2], 

Savas [6], Parashar and Choudhary [5], Altin, Et and Tripathy[1], and Isik, Et and Tripathy [3]. Esi [2], Savas [6], 

Parashar and Choudhary [5], Altin, Et and Tripathy [1], Tripathy and Sarma [7], Tripathy and Mahanta [8], 

Mursaleen, Khan, and Qamaruddin [4], Tripathy and Sarma [7], Tripathy and Mahanta [8], and others have also 

studied a number of algebraic and topological properties. In this paper , we introduce the triple sequences space 

(ℓ∞)𝔽
3(𝕄,△𝔧

𝔦)  of fuzzy numbers .  

        Θ ∶ [0, ∞) → [0, ∞) is called an Orlicz function which is convex, continuous, and non-decreasing with Θ(0) =

0, Θ(𝔄) ≻ 0 as 𝔄 ≻ 0 and Θ(𝔄) → ∞ as 𝔄 → ∞.  
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2. Definitions and Preliminaries  

      𝕄 is called a simple elliptic Orlicz function if 𝕄(𝔄) = Θ(𝔄) − 𝔄 with Θ is an Orlicz function .   

 

        ℝ(𝕀) is denoted the collection of all upper-semi-continuous, regular fuzzy integers . ℝ∗(𝕀) is denoted the set 

non-negative fuzzy integers of all ℝ(𝕀) .  

 

(ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) = {(𝔛𝔞𝔟𝔠) ∈ 𝕎𝔽
3 ∶ sup𝔞𝔟𝔠 [𝕄 (

𝕕∞(△𝔧
𝔦𝔛𝔞𝔟𝔠 ,0̅ )

ρ
)] ≺ ∞, for some ρ ≻ 0} , where  𝕎𝔽

3  is a space of all triple 

sequences . 

 

3. Main Results  

Theorem 3.1 : 

    (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) is complete space by the metric  

𝒢(𝔛, 𝒴) = ∑ ∑ ∑ 𝕕∞(𝔛𝔫𝔪𝔷 , 𝒴𝔫𝔪𝔷 )
𝔦𝔧
𝔷=1

𝔦𝔧
𝔪=1

𝔦𝔧
𝔫=1 + inf {ρ ≻ 0 ∶ sup𝔞𝔟𝔠  [𝕄 (

𝕕∞(△𝔧
𝔦𝔛𝔞𝔟𝔠 , △𝔧

𝔦𝒴𝔞𝔟𝔠 )

ρ
)] ≼ 1} , ∀ 𝔛 , 𝒴 ∈ (ℓ∞)𝔽

3(𝕄,△𝔧
𝔦) . 

Proof :  

           Assume (𝔛(ℓ𝓀𝒿)) be a Cauchy triple sequence in (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) with the function that 𝔛(ℓ𝓀𝒿) = (𝔛𝒹𝒷𝒶
(ℓ𝓀𝒿)

)𝒹,𝒸,𝒶=1
∞  . Let  

ε ≻ 0 . choose 𝓇 ≻ 0 ∋ 𝕄 (
𝓇𝓍0

2
) ≽ 1. then ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0, ∃ positive integer 𝔫0 =  𝔫0(ε) , 𝔫0 ≻ 0 ∋

𝒢(𝔛(ℓ𝓀𝒿), 𝔛(𝓌𝓋𝓊)) ≺
є

𝓇𝔵0
 .  

From the definition of 𝒢, we have , 

∑ ∑ ∑ 𝕕∞
𝔦𝔧
𝔷=1

𝔦𝔧
𝔪=1

𝔦𝔧
𝔫=1 (𝔛𝔫𝔪𝔷

(ℓ𝓀𝒿)
 , 𝒴𝔫𝔪𝔷

(𝓌𝓋𝓊)
 ) + inf [ρ ≻ 0 ∶ sup𝔞𝔟𝔠  [𝕄 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 , △𝔧

𝔦 𝒴𝔞𝔟𝔠
(𝓌𝓋𝓊)

)

ρ
)] ≼ 1 ] ≺ ε, ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽

𝔫0   (3-1).  

which implies that,  

          ∑ ∑ ∑ 𝕕∞
𝔦𝔧
𝔷=1

𝔦𝔧
𝔪=1

𝔦𝔧
𝔫=1 (𝔛𝔫𝔪𝔷

(ℓ𝓀𝒿)
 , 𝒴𝔫𝔪𝔷

(𝓌𝓋𝓊)
 ) ≺ ε , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0  

           ⟹ 𝕕∞ (𝔛𝔫𝔪𝔷
(ℓ𝓀𝒿)

 , 𝒴𝔫𝔪𝔷
(𝓌𝓋𝓊)

 ) ≺ ε , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0, 𝔫, 𝔪, 𝔷 = 1,2,3, … , 𝔦𝔧.  

        Therefore (𝔛𝔫𝔪𝔷
(ℓ𝓀𝒿)

) is a Cauchy triple sequence in  ℝ𝓃(𝕀) , so is convergent in ℝ𝓃(𝕀) by the completeness 

property of ℝ𝓃(𝕀), ∀ 𝔫, 𝔪, 𝔷 = 1,2,3, … , 𝔦𝔧     

       Let 

  lim
ℓ,𝓀,𝒿 →∞

𝔛𝔫𝔪𝔷
(ℓ𝓀𝒿)

= 𝔛𝔫𝔪𝔷 , ∀ 𝔫, 𝔪, 𝔷 = 1,2,3, … , 𝔦𝔧.  ………. (3-2) 

       Also, 

 sup𝔞𝔟𝔠  [𝕄 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

 , △𝔧
𝔦 𝒴𝔞𝔟𝔠

(𝓌𝓋𝓊)
)

ρ
)] ≼ 1 , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0 ...(3-3) 

 ⟹ [𝕄 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

 , △𝔧
𝔦 𝒴𝔞𝔟𝔠

(𝓌𝓋𝓊)
)

ρ
)] ≼ 1 ≼ 𝕄 (

𝓇𝔵0

2
) , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0 .  
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         By the continuity of 𝕄, we arrive that, 

𝕕∞ (△𝔧
𝔦  𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 ,  △𝔧

𝔦  𝒴𝔞𝔟𝔠
(𝓌𝓋𝓊)

) ≼  
𝓇𝔵0

2
 .  𝒢(𝔛(ℓ𝓀𝒿), 𝔛(𝓌𝓋𝓊)),  ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0.  

  ⟹ 𝕕∞ (△𝔧
𝔦  𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 ,  △𝔧

𝔦  𝒴𝔞𝔟𝔠
(𝓌𝓋𝓊)

) ≼ 
𝓇𝔵0

2
 . 

ε

𝓇𝔵0
 =  

ε

2
 ,  ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0. 

⟹ 𝕕∞ (△𝔧
𝔦  𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 ,  △𝔧

𝔦  𝒴𝔞𝔟𝔠
(𝓌𝓋𝓊)

) ≼  
є

2
 , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽ 𝔫0. 

         Therefore (△𝔧
𝔦  𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 ) is a Cauchy triple sequence in ℝ𝓃(𝕀) , so is convergent in ℝ𝓃(𝕀) by the completeness 

property of ℝ𝓃(𝕀) . Let lim
ℓ𝓀𝒿

△𝔧
𝔦  𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
= 𝒴𝔞𝔟𝔠  in ℝ𝓃(𝕀), ∀ 𝔞, 𝔟, 𝔠 ∈ ℕ. 

We must prove , 

                 lim
ℓ𝓀𝒿

𝔛(ℓ𝓀𝒿) = 𝔛  and 𝔛 ∈ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) . 

       △𝔧
𝔦 𝔛𝔩𝔨𝔣 = ∑ (−1) (

𝔦
𝕣

)𝔦
𝕣=0 𝔛(𝔩+𝕣𝔧)(𝔨+𝕣𝔧)(𝔣+𝕣𝔧)…….. (**) 

and  

∑ ∑ ∑ 𝕕∞
𝔦𝔧
𝔷=1

𝔦𝔧
𝔪=1

𝔦𝔧
𝔫=1 (𝔛𝔫𝔪𝔷

(ℓ𝓀𝒿)
 , 𝒴𝔫𝔪𝔷

(𝓌𝓋𝓊)
 ) + inf [ρ ≻ 0 ∶ sup𝔞𝔟𝔠  [𝕄 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 , △𝔧

𝔦 𝒴𝔞𝔟𝔠
(𝓌𝓋𝓊)

)

ρ
)] ≼ 1 ] ≺ ε , ∀ ℓ, 𝓀, 𝒿, 𝓌, 𝓋, 𝓊 ≽

𝔫0  …(3-1). 

          ∀ 𝔞, 𝔟, 𝔠 = 1, from (**) and (3-1), we get ,  

                   lim
ℓ,𝓀,𝒿→∞

𝔛𝔦𝔧+1

(ℓ𝓀𝒿)
 = 𝔛𝔦𝔧+1, for 𝔦 ≽ 1, 𝔧 ≽ 1.      

         We obtain , using this method of induction,  

                     lim
ℓ,𝓀,𝒿→∞

𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

= 𝔛𝔞𝔟 , ∀ 𝔞, 𝔟, 𝔠 ∈ ℕ. 

         Moreover, lim
ℓ,𝓀,𝒿→∞

△𝔧
𝔦 𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
 = △𝔧

𝔦 𝔛𝔞𝔟𝔠 , ∀ 𝔞, 𝔟, 𝔠 ∈ ℕ. Now, taking 𝓌, 𝓋, 𝓊 → ∞,  keeping fixing (ℓ𝓀𝒿) and by 

continuity of 𝕄 , we have the following from of (3-3), 

               sup𝔞𝔟𝔠 [𝕄 (
𝕕∞(△𝔧 

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

, △𝔧
𝔦𝔛𝔞𝔟𝔠)

ρ
)] ≼ 1, for some 𝔭 ≻ 0 .  

        Now ,taking the infimum of such 𝔭,s, we obtain  

             inf {ρ ≻ 0 ∶ sup𝔞𝔟𝔠 [𝕄 (
𝕕∞(△𝔧 

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

, △𝔧
𝔦𝔛𝔞𝔟𝔠)

ρ
)] ≼ 1} ≺ ε , ∀ ℓ, 𝓀, 𝒿 ≽ 𝔫0(by (3-1))  

            Consequently on taking limit as 𝓌, 𝓋, 𝓊 → ∞ , we arrive that   

∑ ∑ ∑ 𝕕∞
𝔦𝔧
𝔷=1

𝔦𝔧
𝔪=1

𝔦𝔧
𝔫=1 (𝔛𝔫𝔪𝔷

(ℓ𝓀𝒿)
, 𝔛𝔫𝔪𝔷) + inf [ρ ≻ 0 ∶ sup𝔞𝔟𝔠 [𝕄 (

𝕕∞(△𝔧 
𝔦 𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
, △𝔧

𝔦𝔛𝔞𝔟𝔠)

ρ
)] ≼ 1] ≺ ε + ε = 2ε , ∀ ℓ, 𝓀, 𝒿 ≽ 𝔫0.  

Which tends to, 

                𝒢(𝔛(ℓ𝓀𝒿), 𝔛) ≺ 2ε , ∀ ℓ, 𝓀, 𝒿 ≽ 𝔫0. 

i.e.  lim
ℓ𝓀𝒿

𝔛(ℓ𝓀𝒿) = 𝔛 . Next , we show that 𝔛 ∈ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦). We aware that,  

          𝒢(△𝔧
𝔦 𝔛𝔞𝔟𝔠, 0̅) ≼ 𝒢 (△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,  △𝔧
𝔦 𝔛𝔞𝔟𝔠

(ℓ𝓀𝒿)
) + 𝒢 (△𝔧

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

, θ̅).  

           Since  𝕄 is non-decreasing , so is continuous, we have  

sup𝔞𝔟𝔠 [𝕄 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,0̅)

ρ
)] ≼ sup𝔞𝔟𝔠 [𝕄 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠 , △𝔧

𝔦 𝔛𝔞𝔟𝔠
(ℓ𝓀𝒿)

)

ρ
)] + sup𝔞𝔟𝔠 [𝕄 (

𝕕∞( △𝔧
𝔦 𝔛𝔞𝔟

(ℓ𝓀𝔠)
,0̅)

ρ
)] ≺ ∞.    
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Therefore 𝔛 ∈ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) 

Thus,  

      (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) is a complete . 

 

Theorem 3.2 : 

          Let  𝕄, 𝕄1 and 𝕄2 be a maximal Orlicz functions which satisfy the Δ2-condition .  

Then :  

𝕚)(ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄 ∘ 𝕄1,△𝔧

𝔦)  

𝕚𝕚)(ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ∩ (ℓ∞)𝔽
3(𝕄2,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄1 + 𝕄2,△𝔧

𝔦) . 

Proof : 

  𝕚) Assume (𝔛𝔞𝔟𝔠) ∈ (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦). Consider 𝔶 ≻ 0 and ε ≻ 0 ∋ ε = 𝕄(𝔶). Then, 

       𝕄1 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,   𝕃)

ρ
) ≺ 𝔶 , for some ρ ≻ 0.  

 Let 

         𝒴𝔞𝔟𝔠 = [𝕄1 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,   𝕃)

ρ
)] , for some ρ ≻ 0.  

Since 𝕄 is non-decreasing and continuous, we obtain, 

          𝕄(𝒴𝔞𝔟𝔠 ) = 𝕄 [𝕄1 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,   𝕃)

ρ
)] ≺ 𝕄(𝔶) = ε , for some ρ ≻ 0.  

This tends that, (𝔛𝔞𝔟𝔠 ) ∈ (ℓ∞)𝔽
3(𝕄 ∘ 𝕄1,△𝔧

𝔦).  

Consequently (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄 ∘ 𝕄1,△𝔧

𝔦).  

𝕚𝕚) Let (𝔛𝔞𝔟𝔠) ∈ (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ∩ (ℓ∞)𝔽
3(𝕄2,△𝔧

𝔦) .  

Then, 

[𝕄1 (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,   𝕃)

ρ
)] ≺ ε , for some ρ ≻ 0 and [𝕄2 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠 ,   𝕃)

ρ
)] ≺ ε , for some ρ ≻ 0.  

 (𝕄1 + 𝕄2) (
𝕕∞(△𝔧

𝔦 𝔛𝔞𝔟𝔠 ,𝕃)

ρ
) = 𝕄1 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠 ,𝕃)

ρ
) + 𝕄2 (

𝕕∞(△𝔧
𝔦 𝔛𝔞𝔟𝔠 ,𝕃)

ρ
) ≺ ε + ε = 2ε , for some ρ ≻ 0.Therefore (𝔛𝔞𝔟𝔠 ) ∈ 

(ℓ∞)𝔽
3(𝕄1 + 𝕄2,△𝔧

𝔦) . 

Thus, 

        (ℓ∞)𝔽
3(𝕄1,△𝔧

𝔦) ∩ (ℓ∞)𝔽
3(𝕄2,△𝔧

𝔦) ⊆ (ℓ∞)𝔽
3(𝕄1 + 𝕄2,△𝔧

𝔦).  

 

Proposition 3.3 :  

            (ℓ∞)𝔽
3(𝕄,△𝔧

𝔩) ⊂ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) , for 0 ≼ 𝔩 ≺ 𝔦 .  

Proof :  

        Let  (𝔛𝔞𝔟𝔠) ∈ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦−1). Then we have,  

                   sup𝔞𝔟𝔠 ≽1 [𝕄 (
𝕕∞(△𝔧

𝔦−1 𝔛𝔞𝔟𝔠 ,0̅)

ρ
)] ≺ ∞.  

Now we have , 
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          sup𝔞𝔟𝔠 ≽1 [𝕄 (
𝕕∞(△𝔧

𝔦  𝔛𝔞𝔟𝔠 ,0̅)

ρ
)] = sup𝔞𝔟𝔠 ≽1 [𝕄 (

𝕕∞(△𝔧
𝔦−1 𝔛𝔞𝔟𝔠 − △𝔧

𝔦−1 𝔛𝔞𝔟𝔠+1 ,0̅)

2ρ
)] ≼  

         sup𝔞𝔟𝔠 ≽1 
1

2
[𝕄 (

𝕕∞(△𝔧
𝔦−1 𝔛𝔞𝔟𝔠 ,0̅)

ρ
)] + sup𝔞𝔟𝔠 ≽1 

1

2
[𝕄 (

𝕕∞(△𝔧
𝔦−1 𝔛𝔞𝔟𝔠+1 ,0̅)

ρ
)] ≺ ∞.  

In the same way , we have  

          (ℓ∞)𝔽
3(𝕄,△𝔧

𝔩) ⊂ (ℓ∞)𝔽
3(𝕄,△𝔧

𝔦) , for 0 ≼ 𝔩 ≺ 𝔦 . 
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