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We introduce the definition of a two-fuzzy pre Hilbert space (two-fuzzy ABSTRACT:

inner product space) and discuss some properties of this spaces ,and we use the definition
of two-fuzzy pre Hilbert space to introduce the definitions of (level complete in two-
fuzzy Hilbert , fuzzy orthogonality) . Also, introduce some important theorems with their

proofs. Moreover, crisp inner product and orthogonality are established .

: fuzzy set, Two-fuzzy pre-Hilbert space, a-norm,Keywords

Mathematics Subject Classification : 30C45

1. INTRODUCTION

The concept of fuzzy set was introduced by Zadeh [2] in 1965 as an extension of the
classical notion of set. A satisfactory theory of 2-norm on a linear space has been
introduced and developed by Gahler in [4]. The concept of fuzzy norm and a-norm were

introduced by Bag and Samanta and the notions of convergent and Cauchy sequences
were also discussed in [6]. Zhang [1] has defined fuzzy linear space in a different way.
RM. Somasundaram and ThangarajBeaula defined the notion of fuzzy 2-normed linear
space (F(X),N) or 2- fuzzy ,2-normed linear space. Some standard results in fuzzy 2-

normed linear spaces were extended . The famous closed graph theorem and Riesz
Theorem were also established in 2-fuzzy 2-normed linear space. In [5] , we have
introduced the new concept of 2-fuzzy inner product space on F(X), the set of all fuzzy
sets of X. In this paper studysome properties of two-pere-fuzzy Hilbert spaces and results
are discussed about the two concepts.

2. Preliminaries

Definition 2.1.[3]. Let F(X) be a vector space over the complex field C. The fuzzy
subset n defined as a mapping from F(X) X F(X) x € — [0,1] such that for all
f,ghe F(X), « €C

(1) Fors,t € C,n(f + g,hltl + Is)) = mint(f, b, |t]),1(g, b, |51}

(2) Fors,t € C,n(f,g,|st]) = min{n(f,f,|sI*),n(g,9,t]*)}

() Fort € C, n(f,g9,t) = 1n(g.f,1)
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(4) n(af,g,0) = 1(f,g,;,) (= 0) € C,t € C.

(5) n(f,f,t) =0,forallt € C/R*
6) n(f,f.t) = 1forallt = 0ifandonlyif f =
(M n(f,f,):R — I(= [0,1]) is a monotonic non- decreasing function of R and
limn(f,f,t) = last - =
Then # is said to be two - fuzzy pre-Hilbert (2 - FPHS) on F(X) and the pair (F(X),n)is
called a two-fuzzy pre-Hilbert space (2-FPHS).
Definition 2.2. [5].Let(F(X),7n) be a 2-FPHS satisfying the condition
m(f.f,t*) = 0,whent > 0}impliesthat = 0. Then foralla € (0,1),
define ||f|l, = inf{t: n(f,f,t*) = a}acrisp norm on F(X), called the a-norm on
F (X) generated by 1. Now using these definitions let us define fuzzy norm on F(X) and
verify the conditions as follows:
Theorem 2.3.[5]. Let 1 be a two-fuzzy inner product on F(X). Then
N: F(X) xR — [0,1] defined by
_n(f,f.t*) whent eRt> 0
NGB = { whent e R ,t < 0
is a fuzzy norm on F(X).
(N1) By defineN( f,t) = 0,forallt e Randt < 0.

Proof: (N2) Again from (6), forall t >0, n(f,f,t?) = lif andonlyif f =
therefore it follows that N(f,t) = 1lif andonlyif f =
(N3) Forallt = Oandc # 0,

N(cf,t) = n(cf,cf,t?) = n(f, Cf, J = ??[fﬁl |z) = N(f,
(N4) To prove that N(f + g,s + t) :z min{N(f, sj,N(g,tj}for every
s,t eR, f,g € F(X), letus consider the following cases:
(@) s +t < 0,
b)s=t=0;s>0,t<0o0rs<0,t=20
(c) s+t > 0;st =0,
Let us prove (c).
N(f +g,s+0) =10 +gf + g0 +1)?)
=n(f + g,f + g,s*> + st + st +t?)
=n(f, f,s)An(g, g, )M(f, g, st)
=n(f,f,s)\n(g,9,t%)
=N(f,s) + N(g,t)
(a) and (b) follows immediately.
(N5) From (7) n(f , f,-) is a monotonic non-decreasing function and tends to 1 ast — ==
to. Thus N(f,.) is a monotonic non-decreasing function and tendsto 1 as t — ==to.
Theorem 2.4.[5]. (Parallelogram Law) Let n be a two- fuzzy inner product on F(X),
@ € (0,1)and|| ||, bethe @-norm generated from 2-FIP 7 on F(X). Then

If —gllz + 1If + gllz = 2dIfIIZ+ 11 gll2)
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Theorem 2.5.[5] If a two - fuzzy pre-Hilbert space (F(X), ) is strictly convex, and if
n(f,ag,t) = |fll.llgll.then f and g are linearly dependent

Theorem 2.6.[5]. Let (F(X), 1) be a two-fuzzy pre-Hilbert space. If

n(f,h,t) = n(g,h,t)forallh € F(X) then fand g are dependent.

Definition 2.7.[5].A sequence {f,,} in a fuzzy two-normed linear space (F(X),N) is
called a Cauchy sequence with respect to a-norm if lim ||f;, — f;,,|l = Oasn,m — oo,
Definition 2.8. [5]. A sequence {f,, } in a fuzzy two-normed linear called a convergent
sequence with respect to a-norm if there exists f € F(X) such that if

liml|lf, — fill = Oasn,m — ==

Definition 2.9.[5]. A fuzzy two-normed linear space (F(X), N) is said to be complete if
every Cauchy sequence converges.

Definition 2.10.[5] A complete fuzzy 2-normed linear space (F(X), N) is called two-
fuzzy Banach space.

Definition 2.11.[5] A complex 2-fuzzy Banach space (F(X), N) is said to be 2- fuzzy
Hilbert space if its norm is induced by the two-fuzzy inner product.

Theorem 2.12. [5] A closed convex two-fuzzy subset C of a two-fuzzy Hilbert space F(X)
contains a unique element in F (X)) with smallest a-norm.

Definition 2.13.[5] Let F(X) be a vector space over the complex field C. Let n be a two-
fuzzy inner product on F (X). Let
t2) whent € Rit > 0
N , t — {n(f! f.! i
7,0 0 whent = 0
be the fuzzy norm induced by the two-fuzzy inner product. Let

Ifll, = inf{t > 0: N(f,t) = a}.
If || |l a satisfies parallelogram law then definea-two-inner product as
{f-'g}ﬂ' = Fﬂ' + EGII-'

1
where F, =2 (IIf + gliz = llf — gllZ)and

1
Go = 7 UIf + igl2—1If — igl2),a € Q1) ocee. (8.

3.Main results:

In this section, some of the basic results related to this work are given .
Theorem 3.1.Every two-fuzzy pre-Hilbert space is a two-fuzzy normed space.
Proof: let (F(X),n,*) be a fuzzy pre-Hilbert space. Define
N(f,t)= {Eq’f’tzj ’gzg Forall f,g € F(X),t ER.

The axioms (1, 3, 4,5,6) in Definition (3.3.1) satisfied Now to prove (2)
N(f+g,t+s)=n(f+gf+g({&+5)?)

=n(f+g,f +g,t*+ts+ts+s?)
=n(f+g9,f+gtDAn(f+g,f+9,s)IAn(f+g,f +g,ts)
=n(f.f,t)An(g,g,s*) = N(f,t) = N(g,s).

Therefore (F(X), N,*) is a two- fuzzy normed space.
-3-
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The relation between two-fuzzy metric space and two-fuzzy pre-Hilbert space is given in
next theorem .

Theorem 3.2. Every two-fuzzy pre-Hilbert space is a two-fuzzy metric space.

Proof: Let (X, F,*)be a fuzzy pre-Hilbert space.

_ _ 2
Defined M[f,g,t]={g(f 9.f =gt ,£>0 ,

=0

forall f,g,h € F(X)andt,s € R.
(1) M(f,gt)=n(f—gf—g1t>)>0 forall t=0
(2) Ml:f,g,f]Z]_{:} M(f,g,f]=?’}l:f—g,f_g,f2]=1
=f-g=0f=g forall t=0;
(3) M(frgrtj: T]”:f_Q;f_.g;tsz:?}'(.Q_f:.g_f;fz]= Mﬂg,f,t];
(4)M(f,g,t)* Mﬂg;hﬁ):?ﬂf—.@:f—gr tzjﬁ‘-n(g_hrg_hr Szj
=n(f—g.,f—gtIAng—h,g—hs*)An(f—g,f —g,ts)
=n(f-g.f—g, t?+s*+st)=n(f-g,f—g  (t+5)7)

= M(f,h,t+ s);
(5) M(f,g9)=n(f—g.,f —g, t*):(0,e) = [0,1]is continuous.
Therefore (F(X), M,*)is a two-fuzzy metric space.
The proof of the next theorem is straightforward it is omitted .
Theorem 3.3. Let F(X) be a linear space over the complex field C. Let 77 be a two-fuzzy
inner product on F (X)
(i) Forf,ghe F(X)andt,s€ Cn(f,g +ht+3s) = n(f,g,t)An(f, hs).
(i) ForA € CandA = 0,n(f,Ag,t) =n(if,g,t).
(i) Vt € Randt = 0, n(0,0,t) =1 = n(f,g,t), Vf,g € F(X).
Remark 3.4.
(i) letfEFX), n(f,f-t3)>0 =f=0
({ii)Vf,g EF(X)and p,g ER,
n(f+g9,f+9.2¢An(f—g.f —g9,20*) =n(f,f,p*)\n(g,9,9°)

3.5.Minimizing vector

Definition 3.5.1. Let (F(X), 1 )be a two-fuzzy pre-Hilbert satisfying (Remark3.4). F(X) is
said to be level complete (I-complete) if for any @ € (0, 1), every Cauchy sequence
converges in F(X) w.r.t thewa — norm,|| ||, generated by the fuzzy norm N which is
induced by two — fuzzy inner product7 .

Theorem 3.5.2. Let (F(X),n) be a two- FPH space satisfying (Remark3.4) and M( = @)
be a convex subset of F(X) which is level complete. Let f € F(X). Then for each

a € (0,1), 3 aunique g§ € Msuch that m;? = Nfgen {m;a:'}, where
m;a] =A{t € R",N(f,t) = a}, N being the fuzzy norm induced by the
two- FIP function n .

Proof :

Observe that for eacha € (0,1)and g € M,
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m;aj = inf{te R*: N(f — g,t) = a} |If — gll.wherell |[.the @ —norm
induced from the fuzzy norm N which is obtained from the two- fuzzy inner product n.
By Definition 2-3-14, (F(X),(,).) is an two-fuzzy pre-Hilbert space for each @ € (0,1),
where(, ) is given by (#). Also M is level complete and convex. So for each a € (0,1),
M is a convex complete subset of

(F(X), () o).

Hence by the minimizing vector theorem in crisp two- pre-Hilbert space we get the
result.

3.6. Tow-Fuzzy Orthogonality

This section deals with the concept of two-fuzzy pre-Hilbert space and some of its
properties.

Definition 3.6.1.[5] Let (F(X), 17) be two-fuzzy inner product space. If f,g € F(X) be
such that{ f,g), = 0,foralla € (0,1) then f and g are two-fuzzy orthogonal to each
other and is denoted by f |, g. With the help of this many more results can be
established.

Definition 3.6.2. Let & € (0,1) and (F(X),n)be a 2 — FPH space satisfying (Remark
3.3.16). Now if f, g € F(X) be such that {f,g), = 0, then we say that f, g are

a — fuzzy orthogonal to each other and is denoted by f |, g . Let M be a subset of V
and x € V. Now if{f,g). =0V g € M, then we say that f is & — fuzzy orthogonal to
M and is denoted by f 1 . M

Lemma 3.6.3.(orthogonality) Let (F(X),n)be atwo — FPH space
satisfying(Remark3.4).. Let Y (# @)be a subspace of F(X) which is level complete and

f € F(X)be fixed. Then foreach & € (0,1), h*(= f — g§ ) is a-fuzzy orthogonal to Y,

where g& € Yis such that m'® = inf,en {m{“]}
o

a g
Proof :
As (F(X),{,)s) is a crisp two- pre-Hilbert space and Y is closed w.r.t the
a —norm,|| ||,,, the result follows.

Definition 3.6.4. Let (F(X),n)be a 2 — FPH space satisfying (Remark 3.4). Now if
f,g € F(X)besuchthat{f,g}), = 0,Va € (0,1), then we say that f, g are fuzzy
orthogonal to each other and is denoted byf | g.
Thusfl g iff fl.g . Vae (0,1).
Theorem 3.6.5.Let (F(X),n)be a two-FPH space satisfying(Remark3.4). such that
n( f,f,*) is strictly increasing and lower semi continuous for any f € F(X). Then for
f.g€ FX), f Lgiffn(f +g.f +gt>)=n(f —gf— gt
Andn(f + ig,f + ig,t*)= n(f — ig,f — ig,t*),Vt > 0.
Proof:The condition is necessary.
Letf 1 g,then< f,g>,= F,+ iG,=0,Vae€ (0,1)
whereF, = 4(lIf + gl — lIf — gll2) Va € (0,1) and
G, = 4(If +igllz — IIf —igllZ),@ € (0,1).
Then|lf + gll2 = If = gl2= 0,Ya € (0,1) e oo e (i)
And |If +igll2 = |If — igll2 = 0,Ya € (0,1) e oo eee.e... (i)
-5-
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From (iyweget||f +gll. =IIf —gll, Ya € (0,1) ... ... .... (iii)

MAMt= 0;N(f + gt) = a} = As>0;Nx—y,s) >a},Va € (0,1)

=AMt > 0n(f+gf+gtH)=al=

MNMs>=>0;n(f—g,f —g,5%)=a},Va € (0,1).

Now if possible letn(f + g, f + g,s*) = n(f —g,f — g,8%) for somes > 0.
Without loss of generality let

n(f+g.f+9s)>n(f —g.f—g,s*)forsomes > 0 = a, (say)

Then by our assumption that 17( f, f,®)is strictly increasing and lower semi continuous
¥ f € F(X), we get:-

At >0n(f+af+gtD)za) <ANr>0n(f—gf—gr)za} =:s
= |If + glle, <|lf — gll«, , which is a contradiction of {iii).

Son(f +g,f +g,t*)=n(f —g,f —g,t%),t > 0

Similarly from (ii) we can prove that

n(f +ig,f +ig,t?)= n(f —ig,f —ig,t*) Vt > 0The sufficiency of the conditions
readily follows.

Theorem 3.6.6. Let (F(X),n)be a two — FPH space satisfying(Remark3.4). and

a € (0,1).I1fn( f,f,*) is strictly increasing and continuous ¥f € F(X), then

fLla giff

{f+g.f+gt)= aiffn(f —g,f —g, t*) = a,Vt > 0)and

m(f+ ig,f+ ig,t) = aiff n(f—ig,f —ig,t?) = a,Vt > 0)

Proof:letf 1, g

Then<f,g>,= 0 =F,+ iG,

—=F, =0
=N+ gl =1f— gllge e ceeever e ()
and G, = 0

= +iglly=IF —iglly e eoeeeecen v (i)

Now from (i) we have,

L=A{t > 0;n(f+gf+gt)zat=As > On(f—g,f—g5s)=a}
=M

If possible let n(f +g,f + g,p*) =aandn(f —g,f — g,p*) < a for some

PE RYandp > 0.

Then3r,ssuchthat n(f—g,f—gpr’) <r <s <a=n(f+g,f+g7p°)
We consider the following cases.

Ifn(f+g.f+g.0*) = a>n(f—gf— y.r?),

Then M = p = L (Since nis strictly increasing and continuous and hence upper semi
continuous Vf € F(X) ), which can not hold.

Ifn(f+g.f+g9r") =a>n(f—gf—g0r),

ThenL = p << M (Since n is strictly increasing and continuous and hence lower semi
continuous ¥ f € F(X),which also can not hold.

Thusn(f +g,f +g,tD) = aiff n(f —g,f —g,t*) =, Vt > 0

Similarly we can prove that
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n(f+ g, f+ig,t?)= aiffn(f —g,f — ig,t*) = a,¥t > 0 The converse part
readily follows.
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