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On generalization of a subclass of p-valent harmonic functions
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Abstract. In the present paper, we introduce a generalization of subclass of p-valent
harmonic functions in the open unit disk U, we obtain various properties for this subclass,
like, coefficient bounds, extreme points, distortion theorem, convex set, convolution
property and convex combinations.
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Introduction: A continuous complex-valued function f = u + iv defined in a simple
connected complex domain D is said to be harmonic in D, if both u and v are real
harmonic in D. Let f = h+ g be defined in any simply connected domain, where h
and g are analytic in D. A necessary and sufficient condition for f to be locally
univalent and sense-preserving in D is that |h'(z)| >|g' ()| in D. ( See Clunie and Sheil-
Small [6]).

Denote by H(p) the class of functions f = h + g that are harmonic p- valent and
sense-preserving in the unit disk U = {z € C:|z| < 1}. For f = h+ g € H(p), we may
express the analytic functions h and g as

h(z) =zP + Z a,z", g(sz:an zt, |b,| < 1. (1.1)
n=p

n=p+1

Let A(p) denote the subclass of H(p) consisting of functions f = h + g, where hand g
are given by

M@ =22 = ) @2 gD == ) b 2", (@205, 20,[p,[<1).  (12)

n=p+1 n=rp
We introduce here a class Hf (p, &) of harmonic functions of the form (1.1) that satisfy
the inequality
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5(p,q +1) (1-3)
where
f{‘?][z) =348(p,q)z" 7 + Z 6(n,q)a,z" 7,
n=p+1
.. i! 1 j=0
5&’*”_(i—j]!_{iii—lj...[i—j+1] j#0,

O<a<ppeENqgeN,=NuU{0},p>qgandp = 0.

We deem it worthwhile to point here the relevance of the function class Hf (p,a)

with those classes of functions which have been studied recently. Indeed, we observe
that:

(i) H3(1,0) = S5 (Silverman[10]); H;‘(Darus and Al Shagsi [7]) and
H(A)(Yalgin and Oztiirk ][11]).

(ii) Hy (1,a) = Ny (a) (Ahuja and Jahangiri [1]);

(iii) H} (p,a) = H;f (p,a) (Al Shagsi and Darus [2]);

(iv) Hf (p,a) = H(p,a, B)(Atshan et al. [4]).

Also, we note that the analytic part of the class H3 (p, @) was introduced and
studied by Goel and Sohi [8].

Also, several authors studied some same properties of various other classes, like,
Aouf et al. [3], Joshi and Sangle [9] and Atshan and Wanas [5].

We further denote by AE (p,a) the subclass of Hf (p, @) that satisfies the relation

AL (p,a)
= A(p) N Hf (p,@). (1.4)

Coefficient bounds

First, we determine the sufficient condition for f = h + g to be in the class Hf (p, ).
Theorem 1. Let f = h + g (k and g being given by (1.1)). If
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Z 6 (P~ ) +(n~ p)1|a|+zatnq)[(p ) +Bn—-p) Ib,|

n=p+1

=6(p,gq+1)—a,

(2.1)
wheref =0, 0=a<p, pEN, q € N; and p = g, then f is harmonic p-valent sense-

preserving in U and f € Hf (p, a).

f- )(2) f{q+1}ﬁﬂ
Proof. Let w(z)=(1—p j prr= q+ﬁ5(p,q+1jzp-'iQ+1}'To prove that Re{w(z)}

= , It is sufficient to show equivalently that
&(p.q+1)

(p—a)+68(p,q+1w(@)| = |(p+a)—6(p,q+ Dw(z)l.
Substituting for w(z) and resorting to simple calculations, we find that

(0 — @)+ 6(p,q + Dw(z)]

=|p—a)
+5(:?,q

(5(?“?]3‘” T+ Zlﬁiﬂqla z"" ‘“rZ 5(n,q) b, (Z)"~ ‘?)
+D|A-8) S O

(6Ep’q +1)zP @D+ 3 §(n,q + Daz @D + 3 §(n,q + ljbn(ff)“‘{‘?“?')
B2

Fom p1

+
g 5(p.q + Dzr@D

>(p+o@,q+D-a) = ) - +B0-p) gz

n=p+1
[ a]

_Z 5, q)[(—q) + B(n—p)] byl zIP (2.2)

and
|(p + @) — 6(p,q + Dw(z)]
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=|(p+a)

G@4”““+i:memﬂwm+i5@mnkﬁwﬂ)

Fom p+1

~8(,q+D|A-8) oo

n= el

(ﬂm + 122D 4 3 5(n,q + Daz @D + 5 Snq + 1)5:“@“@1])‘
n=p

_|_
g 6(p,q + D27 @D

S@-5@a+ D+ + ) S0p- +B0 - a2

+Z §(n,q)[(p—q)
+ B —p)] b,z (2.3)

from (2.2) and (2.3), we have
l(p—a)+6(p,q+ Dw(2)| — [(p+a) —6(p,q + Dw(2)|

> 2{(5(:0,q +1)—a)— Z S(nllp—q)+ B(n—pllla,l

n=p+1

—Z §n,)l(p—q) + F(n—p)] Ian] = 0.

The harmonic functions
X

f@) =2 +n;16(n,c;][('p—q§ +pm—p)] z

E n
+n=,p S(n,)(p— q)+ B(n—p)] (z) (2.4)

-11 -
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( > xa] + Z |y, | = é(p,g +1)— c:r:) show that the coefficient bound given by
o B+l

(2.1)is sharp.
The functions of the form (2.4) are in H f (p, ) because in view of (2.1), we have

Z 6(n, )[(p —q) +p(n ~ pJ]|a|+Zﬁf_an[r:p @) +Bn—-p) b,

= Z S)lp =@ +En=pll. 7 qj[(p_lz§|+ﬁ(n_p]]

- |3
+Z‘“” D -+ =p)l 5o S+ = p)]

Z |x|+Z|y|—6rcp,q+1)—a

n=p+1

Now, we need to prove that the condition (2.1) is also necessary for functions of (1.2) to
be in the class Ag (p,a).

Theorem 2. Let = h + g , where h and g are given by (1.2). Then f € Agip,o:) if and
only if

Z Sl — ) +Bn—p)la, +Z@(nq)[(p D)+ -p)b,

n=p+1

=8(p,g+1)—a, (2.5)

wheref =0,0<a <p,p EN,q € Nyandp > g

Proof. Since Ag (p,a) Hf (p, ), we only need to prove the “onlyif " part of this
theorem.

Let f(z) € Ag (p, ). Using (1.3), we get

h'@(z) + g9 (2) hla+1(z) + gla+1(z)
1-§ ]( 5(p,q)zP1 )_H?( 5(p,q + 1)zp—@+1)

Re :Eip,q +1)
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=Re{d(p,g+ 1)1

(5@"”3"‘“ > 8(nq)az" = ain,q)a@“‘q)

n= el H=p

—F) 5(p,q)zP1

+6(p, q

(5(?9;@ +1)zP @) — i §(n,q+ Da,z"@*+? — i 5(n,q+ 1)b, (z)(a+1)

R= 1 Hem

+1
b 5(p,q + Dz7-GD

=Reis(p,a+ D= ) smlp-a)+Ba-pla, 2"

n=p+1

- 6o -0 +BC-pI b, @ (= a
n=p
If we choose z to be real and z — 17, we get

@a+D- ) dmle-+pm-pla,

n=p+1
(=)

—> 8@ - +BO—plb, = a

HEDEICG -
D S —0+Ba -l a+ ) @ —a)+Fn—plb,

=g+l —a
which completes the proof of Theorem 2.
Some properties for the class A‘j (p,a)

Extreme points for the class Ag (p, ) are given in the following Theorem.
Theorem 3. Let the function f(z) be given by (1.2). Then f(z) € Ag (p, ) if and only if

F@) = ) (2@ + £,5.(2) (1)

wherez € U, h,(z) = z7,
-13 -
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hn{:zj:zp
S(p,g+1)—« . B
and
6(p, 1)—
g,.(2) = z° — pg+1)—a ' eppil (33

5(n,q)[(p—q) + B(n—p)]

> (e +6) =10, 20,6, 20),

In particular, the extreme points of Ag (p,a) are {h,}and {g,}.

Proof. Suppose f(z) is of the form (3.1). Using (3.2)and (3.3), we get

F@) = ) (@ + £,9,(2)

d(pg+1)—«a
£ 6(n,q)l(p—q) +p(n—p)]

§(p,g+1)—a
L6l —a)+ A0 —p)]

= ﬂ_m S(p,g+1)—«a )
- nz:,;S(HJQ)[(P—Q]+JE(H_?}]]A~71(Z)

- imﬂ + €27 — Anz"

£,@)"

B 6(p,g+1)—«a N
L5+ Ba—pl ">

then

S(p,g+1)—a
§(n,q)[(p—q) + f(n —p)]

D smal@ - +Ea—p)]

n=p+1

An

d(p,g+1)—« c
snllp—q@)+Bn—p)] "

+ Z@(n,q)[r:p—qj +B(n—p)]
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Z(in +Ep) —lp‘ =(6(,q+1)—a)[1-2,]

=6(pg+1)—a
and so f(z) € Ag(p,o:].
Conversely, assume that f(z) € Ag (p,a). Then

§(pg+1)—a

o S Dl — D + B —p)] ™

and

§(n,q)[(p—q) + f(n—p)]

Set

6, q)[(@—q) +B(n—p)]
d(p,g+1)—«

A, = a, (n=p+1,p+2..)

_dgl(p—q)+B(n—p)]
B dp,g+1)—«

&

n

where Z (A, + &) =1,we have
fim 5

L=al

f(lz) =zP — Z a, z" —ibﬂ (z)"

_ < dpg+1)—a P
e s le- 9+ pn—p)]
" Sg+D—a

_‘]'1=p 5(?1’ q}'[(?f-' - q:' + ﬁ(n_ pj] Eﬂ@]ﬂ

== ), @ = h@, —Z(zﬂ—gﬂ(zns

ZP + Z Ap by (Z)+ZE n(2)

P{Ee 2ok 2

n=p+1

-15-
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[=al

=i @+ ) Anhnr:miengﬂ(z)

n=p+1

= D Q@) +E, 9.2,

This completes the proof of Theorem 3.

The next, we get the distortion Theorem.
Theorem 4. Let the function f(z) defined by (1.2) be in the class AE(’p,a). Then for
|z| =7 < 1, we have

- d(p,g+1)—« 5(p,q)(p— q)b, bl
F@1 =1+ by)r +[a(p+LqJ[p—q+ﬁ1_a(p+1,q1[p—q+ﬁ1 ’
(3.4)
and
o dpg+1)—a S, )—qb, | .,
F@1= (1=b,)r _[5(p+Lq)[p—q+ﬁ1_6(p+1,q)[p—q+ﬁ1
(3.5)
The equalities in (3.4)and (3.5) are attained for the functions f(z) given by
s , [ S(p,g+1)—a @@ —9b, ' et
F& =2 b o+ Lob—a+8 6@+ Lob—q+8"
and
e e | @+ D—a @b, | _ ..,
f& =2 = = o+ Lob—q+8 G+ LOb-q+8"

Proof. Suppose (z) € Ag(p,o:]. Using (1.1)and (2.1) of Theorem 1, we find that

If(@| = (1+b,)r"+ Z (a, +b,) 7™ < (1+b,)r"+ Z (a, +b,) r?*?

n=p+1 n=p+1

d(pg+1)—«a "

@+ Lglp—q+p]

Z S+ 1,q9)p—q+p]
dp,g+1)—a

=(1+b,)r? +

(an+by) rP*

n=p+1

-16 -
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6(p,g+1)—« "
S(p+1,9)[(p—q)+ B]

<(1+b,)r?+

i 8(n, )[(p— q) + B(n—p)]
6(p,g+1)—«a

n=p+1

(a, + b,) re+?

dp.g+1)—a 6, 9)(p— @b,

<(1+b,)r"+

d(p+1,q)p—q+ Pl fdpg+1l)—a

Spg+1)—a §(p,q)(p — q)b,

= (1+bp)r’ﬂ'+[

Similarly, we can prove the left- hand inequality.
This completes the proof of Theorem 4.

Theorem 5. The class AE (p, &) is convex set.

sp+1,9p—q+Bl S+1,9)p—q+p]

p+1

p+1

Proof. Let the function f;(z) (j = 1,2) be in the class Agip,o:). It is sufficient to

show that the function k defined by

h(z)=A-0) @D +t£(2),(0=t<1)
is in the class Ag[p,cxj,
where

fi(z) =z" — Z Qp,; 2" —mej @)™, (j=1,2)
n=p+1 n=p
sincefor0 =t <1,

h(z) = zP — (1—-tla,, —ta,,)z" — ) (1—-t)b,, —th,,) (Z)™
2, ( )z = )

n=p+1 n=g

In view of Theorem 2, we have

> 80—+ pr—p) (- Da,, —ta,,)

n=p+1

+) 8@ - ) +B0—p)] ((1-0b,, —th,)

-17 -
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—-0{ ) 80— +B0—play

n=p+1

+ Z Sn,)[(p—q)+p(m—pllb,, )

+t Z 5, I — ) + B(n— p)lay.

n=p+1

+Zc?(n,q)[(’p—qj +B(n—p)lb,, )

=(A-t)b6pg+1)—al+t[épg+1)—al=6p,g+1)—a.

Hence h(z) € Ag (p,c).
We define the convolution two harmonic functions f(z) and F(z) by

(f =F)(z) =2 — Z a,A, z" — Z b, B, (2)", (3.6)
n=p+1 =p
where
f(z) =zF — Z a, z" —Z b, (z)",
n=p+1 n=p
and
F(z) =zP — Z A, z" _ZB“ (Z)™.
n=p+1 n=p

Theorem 6. ForO=oc =< a <p,let f(z) € Ag (p,a) and F(z) € Ag(p, a). Then

(f *F)(2) € A2 (p,a) c A2 (p, o).

Proof. Let the convolution (f * F)(z) be of the form (3.6), Then we want to prove
that the coefficient of (f = F)(z) satisfy the condition of the Theorem 2,

Since f(z) € Ag(p,cx] and (z) € Agip, @), Then by Theorem 2, we have

i 6(n, @@ —q) +pn—p)l +i5(n,qm:p—q) +p—p),
S(pg+1)—a " §(p,g+1)—a

n=p+1 n=g

=1, 3.7

n

-18 -
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and

i 6, lp—q) +pn—p)] i 8(n, )[(p — q) + B(n—p)]
Spg+1)—o " dp,g+1)—oc

n=p+1 n=p

=1. (3.8)

B

n

From (3.8), we obtain the following inequalities

Spg+1l)—0c B
A S S lp- +B—py PP E)
B, < Sp,g+1)—o m=p,p+1p+2.).

" 8n,lp—q)+pn—p)]

Therefore,

i Ol —q)+pn-p)]

A
S(p,g+1)—a "

n

n=p+1
(e a)

d(n,q)[(p—q) +(n—p)]
+Z Spg+1)—a b B,

n=p

5(p,q)(p—q) T i Elfn,qJ[(P—qHﬁ(_n—PJ]a

:6(p,q—|— N—a Ll Spg+1)—a nfln
VS —q)+ B(n—p)]
N Z dp,g+1)—«a b B,

n=p+1

[6(p,q)(»— @)][6(p,q +1) — a]

[6(p.q+1) —allé,)@—q)] *
S(n,)I(p—q)+B(n—p)][é(p,q + 1) —J] .

6@g+ 1D —al(6(n,)llp—q)+fn—p)D "

5, l(p—q) + B —p)ls(p,q +1) — ]
& B0,q+ D) -a@EMmle—)+pm—pD) "

n=p+
[=-a]

_ 5, (=) +pn—p)IBp,q +1) —o] _
& 8@,q+ 1) -6l a)+fn—p)D)

-19 -
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S, q)[(p—q) + B(n—p)l[6(p,q + 1) — o]
& [6(p,q+ 1) =], -+ pr—p)D "

O 8, q)[(p—q) + B(n—p)] < 8(n,q)[(p—q) + B(n—p)]
= Z S(pg+1)—a ““+Z

n=p+1 n=p

Then
(f =F)(z) € AE (p,a) © Ag (p, o), and the proof is complete.

b
dpg+1)—a "

= 1.

Next, theorem to prove the class Ag (p, @) is closed under convex combination.

Theorem 7. Let 0=¢; < 1fori=1,2,...and X2, ¢; = 1, if the functions f(z)
defined by

L=al

fi(z) =z2zP — Z Ap; Z° —Z b, ; )", (zelUi=1.2..),
n=p

n=p+1
are in the class Agip,o:j, forevery i = 1,2,... then 2.2, ¢; f;(2) of the form

icifx(‘?] =zP — i (ifiam) z" _i (icibn,i) (z)",

i=1 n=p+1 “i=1 n=p “i=1

is in the class A (p, @).

Proof. Since f,(z) € Ag (p, a), it follows from Theorem 2 that

Z 5, @) — @) + B — p)]ans

n=p+1

+ Z 6(n,@)[p—q) +Bn—p)lb,; = 6(p,g+1) —aq,

foreveryi =1,2,.... Hence

Z s, @) [(p—q)+ B(n—p)] (Zci aﬂ,l-)

n=p+1 i=1

£ 8(LI@ - ) +B0—p)] (Zc b)

i=1

-20-
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c; Z (n,q)[(p—q) + B(n—plla,;

n=p+1
(e a)

+Zc?(n,q)[(3ﬂ—q) +ﬁ[n—39]]bm)

oo
i=1

[=al

<) e GEa+D-a)=6pa+D-a

Thus X2, ¢, f(z) € Aﬁ (p,e) and the proof is complete.
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