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Abstract

The main aim of this work is to fuzzify the concept of group action to create a new
concept (to the best of our knowledge) namely fuzzy group spaces. And investigate the
properties of these spaces.

Introduction

One of very important concepts in geometrical topology is the concept of group actions.
In this work, we fuzzify this concept as a natural transition from the corresponding crisp
structure to create the concept of fuzzy action, which considered as basis of our main
definition and clarified the properties of them.In 1965, Zadeh introduced the concept of
Fuzzy set [15]. Chang used this concept to introduce the first definition of fuzzy
topological spaces [2]. Later, Lowen introduced new definition for these spaces by using
the concept of constant fuzzy set [6].The difference between two definitions led to
difference definitions for the fuzzy topological group.After that, Foster David also
introduced his definition of fuzzy topological group based on Lowen’s definition [4],
while Whilst, Yu Chun Hai and Ma Ji Liang introduced their definitions based on
Chang's definition [12, 13, 14]. In 2009, Ail tazid introduced a concept of fuzzy
topological transformation group by using the Lowen and Foster’s definitions [1].In this
paper, the Chang and Yu Chun’s definitions used to construct a definition of fuzzy action
and fuzzy group spaces and study the properties of these concepts.
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1.Preliminaries

In this section, we recall some preliminary definitions and results to be used in the
sequel.
Throughout this paper, the symbol 1 will denote the unite interval [0,1]. Let X be a set,a

fuzzy subset 4 of X is a mapping4 : ¥ — [0,1]. Any fuzzy set taking values 0 and 1 only,
said to be crisp.The support of a fuzzy set A is a set defined as follows:
supp(4) = {x € X : A(x) > 0}. [15, 5]

Let 4, B be fuzzy sets in X then:

A<B = A(x) <B(x), forallxeXx.

C=AVE & C(x) = max{A(x),B(x)}, forall x€ x(union).

D =AAB < D(x) =min{A(x),B(x)}, forall x € x (intersection).

Let £ be a mapping from a set ¥ to a set ¥. Then The inverse image of a fuzzy set Bin ¥,
written f*(B) is a fuzzy set in X, such that:

[f_l(B‘])(x] = B[f(xj]fnr all xe X;

The image of a fuzzy set 4in X, written f(4), is a fuzzy set in ¥, such that:

FOYCE I S S

] otherwise.
For all y v, where £ (y) = {x € x: f (x) = ¥}[4].
The constant fuzzy set ¢, in x defined as follows:c,(x) = a for all x € x, thus 0 = ¢, and

1= C,. A fuzzy point x_in x is a fuzzy set defined as follows:
o if v=x;

% (v) = {EI if v # x.

Where 0 < a = 1; « is called its value and x is support for x,,. The set of all fuzzy points in
x will be denoted FP(x). The fuzzy point x, is said to be contained in a fuzzy set A, or
belong to 4, denoted by x, € 4, if and only if a < A(x).A fuzzy point x; is said to be
qusai — coincedent With 4, denoted by x;q4 if and only if 2+ A(x) = 1. A fuzzy set 4 is
said to be quasi-coincedent with B, denoted by AgB, if and only if there exists x € ¥ such
that 4(x) = B(x), or A(x) + B(x) = 1[12].

Let D be a direct set, X be an set, and FP be the set of all the fuzzy point in x. The
mapping x: D — FP is called a fuzzy net in x. A fuzzy net is often denoted by {x.}..5.A
fuzzy net {::5.}E _in X is called a fuzzy subnet of a fuzzy net {x,}., in X if and only if

there is a mapping N: E — D such that:

t=xo N, thatis, foreachi € E, ¢, = xy;

For each « € D, there exists some m € E such that, if E 3 » < m,N(p) < a.

Let x = {x,}..pbe a fuzzy net in x, then =x is said to be:Quasi-coincident with 4  1* if
and only if for each @ € D, x,, is quasi-coincident with 4; Eventually quasi-coincident with
A if and only if for each « € D there exist an m in D such that x,is quasi-coincident with

A for all @ = m; Frequently quasi-coincident with 4 if and only if for each « € D there exist
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an nin D such that » = & and x,, is quasi-coincident with A4; In 4, if and only if for each
aeD, x, € A[5].
A fuzzy topology is a family 7 of fuzzy sets in X which satisfies the following
conditions:
0,,1, € T;
IfA,B € T,then AANB € T;
iii. Ifd; €T foreachie I,then\/}li eT.

1)
The pair (x, 7)called fuzzy topological space, for short fts X. Every member of 7 is called
an open fuzzy set, a fuzzy set is a closed if and only if its complement is open[2]. A fully-
stratified topology on X is a fuzzy topology on X contain all constant fuzzy set [6].A
fuzzy set U in a fts (x,7) is a neighborhood, at short nbhd, of a fuzzy point x, if and only
if there is B € T, such that x, € B = U. The nbhd system of a fuzzy point is the family of
all nbhd's of this point. A fuzzy set U in a fts x is a neighborhood, at short nbhd, of a
fuzzy set 4, if and only if there exist an open fuzzy set B in X such that A <B =U. A
fuzzy set U in a fts (x,7) is called a Q — neighborhood Of x; if and only if there exists a
B € T such that x;qB < A. The family consisting of all the @ — neighborhoods 0f x; is called
the system of Q — neighborhoods Of x;.The interior and closure of a fuzzy set 4 in ¥
defined respectively:4 = sup{B : B € T7,B < A};A=inf{B:B° €T, A < B} [7].
Let {x.}..» be a fuzzy net in a fuzzy topological space ¥, then {x.}.., iS:Converge to z if
{x,}eep 1S eventually quasi— coincident with each Q — neighborhood of =z, written
x, — zHas z as a cluster point if {x,},., IS frequently quasi— coincidentwith each
Q — neighborhood Of z, written x, o< z.In a fts (X, 7), a fuzzy point z € 4 if and only if there
is a fuzzy net {s,},ep IN 4 such {s,}..p IS converge to z [7].
A mapping f from a fts (x,7) to a fts (¥, u) is fuzzy continuous, at short F — continuous,if
and only if the inverse image of eachopen fuzzy set in ¥ is open fuzzy set in x.
Let £ be a mapping from a fts ¥ into a fts ¥, then: f is called fuzzy open (fuzzy closed)
mapping, for short F— open (F— closed), if f(4) is an open (closed) fuzzy set in ¥ for
every open (closed) fuzzy set in x [2].
Theorem [8]:Let £ be a mapping from a fts X into a fts ¥, then the following are
equivalent
f IS F — continuous;
For each fuzzy net {x,},.p converge to z, then {f(x,)}.p IS @ fuzzy net in ¥ converge to
f(z).
Remarks:
It is not necessary the constant mapping from a fuzzy topological space X to a fuzzy

topological space ¥ be F — continuous.
If x,¥ are fully stratified spaces, then the constant map from X into ¥ is F — continuous.
The identity map is F — continuous, F — open,F — closed.
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The composition of F — continuous mappings is F — continuous.

The composition of F — open(F — closed) mappings is F — open (F — closed).

Definition [8]:Let (x,7) be a fts, and 4 = x.The induced fuzzy topology 7, on 4 is
{ANB:B €T}.The pair (4,7;) is called a fuzzy subspace of (x,7), for short subspace of
(X, 7).

Proposition [8]:Let (4,7;) be a subspace of (x,7), then B closed fuzzy set in A if and only
if there is a closed fuzzy set ¢ in X such that B = ¢ A 4.

Proposition:Let (x,7) be a fts and 4 be a non-empty fuzzy subset of X then the inclusion
map i,: (4, 7)) — (X, 7)is:

F — continuous;

F — closed if A closed;

F — openif A open.

Proof:Clear

Proposition [8]:A bijective mapping f: X — ¥ is fuzzy open (fuzzy closed) if and only if
FLiS F — continuous.

Definition [8]:Let (x,7) be a fts.

A sub family 8 of 7 is called a base for 7 if and only if for each 4 €T, there
exist B, © B suchthatd = \/ B :

BeBy
A sub family P of T is called a subbase for T if and only if

is a base of T.

B = [/\ D :where TF is finite subset of P

DEF

Proposition:Let £ be a mapping from a fts (x,7) into a fts (¥,u) and B is a base for u,
then £ iS F — continuous ifand only if f7*(4) e 7, vAe B.

Proof:Clear

Proposition:Let f be a mapping from a fts (x,7) into a fts (v, ) and B is a base for T,

then f is F— open if and only if f(4) e U, VA€ B.

Proof:Clear

Proposition[5]:A mapping f: X — Y is F — closed if and only iff(4) < f(4), for all A € 1%,
Proposition[5]:A mapping f:X — Y is F—open if and only iff(4*) = (f(4)), for all
Aelx

Definition [5]:A fuzzy homeomorphism is a bijective F — continuous mapping has inverse
IS also F — continuous. If there exist a fuzzy homeomorphism of one fuzzy space onto
another, the two fuzzy spaces are said to be F — homeomorphic , denoted by =, and each is
a fuzzy homeomorphic of the other.

Definition [9]:Let {(x,.7;).j €/} be a family of fuzzy topological space. The product
fuzzy topology 7 on the set ¥ = [],, X;is the coarsest fuzzy topology on ¥ making all the
projection mapping Pr;: ¥ — x; fuzzy continuous.
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Theorem [9]:Let {(x,.7;).; €} be a family of fuzzy topological space, A sub base for the
product fuzzy topology IS given

§= {F:r}-_l[ﬂj):ﬂj ET;j € J} so that a base can be takento be B = {A%_, F’r}-k_l[ﬂjk): Ay € 3’;,{}
Remark [9]:Basic open fuzzy sets of product fuzzy topology on X, x x, are of the
formPr, 71(4,) APr,”*(A,) which is equalto 4, X A,.

Proposition [4]:Let {[X}-,J;)}}_Ejand {(v,,1)},.,, be two families of fuzzy topological

JED
spaces. For each j € J, let f;: (X;, 7;) — (¥;, ;). Then the product mapping
f= nf} (X, T)— (Y, u), [x}-} — (,ﬁ, [xj)) is F — continuous if fis F — continuous for eachj € J.

JE]
Theorem [11]:Let (v, and (X, 7;), where j e J, be a fuzzy topological spaces, then
f: (Y, U) — H(X}-,.'}’}j is F — continuous if and only ifP7; = f is F — continuous.

JEJ

Proposition:Let (x,,7;)and (X¥,,7;) be fully stratified spaces, then for each a e X,the
mapping £: (X, %) — (X, 7) X (X,,73) , x — (a,x) is fuzzy continuous.
Proof: Clear
Proposition:Let (x,7) be fully stratified space and (¥,u) be any fts then there is a
F — homeomorphism from ¥ into {y} x ¥ , l.e. X = {y} x X where y € Y.
Proof:Clear
Proposition [3]: Let (X, T)be the product fuzzy topological space of a finite family of fuzzy

topological spaces {(x;.7;):j = 1.2,..,n}.n = 2 then the following properties are known to
hold in topology:

(ﬂ”’) l_[w,
(HW) =D(%)’;

But they fail in fuzzy topology.
Proposition: Let (x,7) be a fts. Then the diagonal map a:X — X x X,x — (x,x), IS
F — continuous.

Proof: Clear
Proposition[8]: A fuzzy net {x',g }.E“ED in the product space (X,7) convergetoa fuzzy pointz

if and only if for each p,: ¥ — x_the fuzzy net Pr, o x = {Prm[xg]}gwin X, converges to the

fuzzy point p, (=).
Proposition [11]: Let (x,7) be a fts, ¥ a set, and g: ¥ — ¥ a surjection map. Then
T,= {B:q7*(B) € T}is fuzzy topology for ¥ making g — continuous, called quotient fyzzy

topology.
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Proposition: Let (x,7), (¥,u) be a fuzzy topological spaces, r be an a equivalence
relation on x, and f: (X,’R,Ir’;] — (¥, U). Then £ is F— continuous if and only if feogq is
F — continuous. Where 7, is quotient fuzzy topology on %/, defined by q:x — /.

Proof: (=)Let fbe F — continuous,

f © qISF — continuous. (composition of F — continuous mappings)

(<) Let f = q be F— continuous, and Let v €U then

(feq) (V) =q *(f*(v))is open fuzzy set in x. Hence f~*(v) is open fuzzy set in
XfR .Therefor f IS F — continuous.

Proposition:Let (x,7), (z,1) be a fuzzy topological spaces, r be an equivalence relation
on ¥ and f:X — Z is F — continuous then there is unique F— continuous map f*:%/, — z
such that f*= q = f.

Proof:By the universal property of the projection map in set, there is a unique map
f:*/5 — zsuch that £* = ¢ = £.And by proposition (1.21) the proof is completed.

Definition:The property in proposition 1.25 called the universal property of fuzzy

quotient map.

Fuzzy Topological Groups

This section will contain the definition of fuzzy topological group and its remarks,

properties and propositions. In addition, we review the concepts of fuzzy topological

group and quotient fuzzy topological group.

Definition [12,14]: Let ¢ be a group and (G,7) is fts. (G, 7) is called fuzzy topological

group, for short ftg, if and only if:

For all a,beXx and any @ —neighborhoodW of the fuzzy point (ab); there are

@ — neighborhood UOf a; and v of b;such that uv = w;

For all « € X and any @ — neighborhoodV 0f a;*, there exist a @ — neighborhood of a; such

that vt = v.

Proposition: Let (G, 7) be fully stratified space, then (6,7 is a fuzzy topological group if

and only if it is satisfies the following conditions:

The mapping w: 6 x 6 — G, (x,¥) — xv, is fuzzy continuous;

The mapping V: 6 — G,x — x~*, is fuzzy continuous.

Proof: Clear

Proposition:Let (6,7) be a ftg. If (6,7) is a fully stratified space and g £ G, then the

following mappings are F — homeomorphism.

N:G— G,x— x 1

L:G —G6,x— gx;

:Rg: G—G,x— xg.

Proof:

N is bijective F — continuous and its inverse & ~* = &". SoViS F — homeomorphism.
T .. A €, %l u

£, is bijective and its inverse (£,)™* = £,-: and£,=G—— 6 x 6 == 6 X6 — G

Therefor £, = u = C, X I =AiS F — continuous,
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In similar way as ii
Proposition: Let (G, 7)be a ftg, if & is a fully stratified space, then:

If A is closed (open) fuzzy set in G and a € G, then a4, 4a, A~ are closed (open) fuzzy sets.
If A is open fuzzy set in (G,7) and B is crisp set.then 4B, BA are open fuzzy sets in (G,T).
Proof:

Let abe closed (open) fuzzy set in G.Sincef,,R,,N are F — closed (F— open)map.
(proposition 2.3)Then £, (4) = a4, R, (4) = Aa, N(4) = A tare closed (open) fuzzy sets.

it. Since BA = \/bﬁl and AF = \/Ab

bER bER
therefor BA ,AB are open fuzzy sets in 6.

Definition [10]: Let ¢ be a group and 4 a fuzzy set in G, then 4 is a fuzzy sub group of ¢
if and only if the following conditions are satisfied:

A(ab) = min{A(a),A(b)},Va,b € G;

Ala™t) = A(a),Va € G.

Definition [10]:Let # be a fuzzy subgroup of the group 6. If aHa™* < H for all a € G, then
H is called a normal fuzzy subgroup of G.

Definition [12]: Let (6, 7) be a ftg and # a fuzzy subgroup of 6. Then (#,7;) is called a
subgroup of ftg (6. 7). If # is normal fuzzy subgroup, then (#,7;,) is called normal fuzzy
subgroup of ftg (G, 7). Thereafter (H#,7;,) is denoted by H for short.

Proposition: Let ¢ be a ftg, # is a crisp normal subgroup of &, then ¢/, is fuzzy
topological group.

Proof:Let G be a ftg and & be a crisp normal subgroup of G, and G,fH = {aH:a € H}, the set
of left fuzzy cosets of H. The map :6 — G,fH,a, — aH, define a quotient fuzzy topology
on GfHA|SO, the quotient map ¢ is fuzzy open; for if 4 is open fuzzy set in G, then
g *(q(4)) = AH is open fuzzy set. (proposition2.4).And it follows that g(4) is open fuzzy
setin I5}Hby the definition of the quotient fuzzy topology.

Now, if H is normal fuzzy subgroup then GfH has a canonical fuzzy group structure
(quotient fuzzy group).If w u'are the multiplication in Gand G,’H, and ., are the
inversions in 6 and ¢/, respectively.Then u',‘are uniquely defined by the following

commutative diagrams:
N

GxG6—r—¢ G——G

qxq lq "I , l"
G/H G/H G/H G/H

To prove that ¢', " are F — continuous. By using the following commutative diagram:
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=2
(;/”

g =V IS F — continuous and q is quotient map so by the universal property of g there exist

a unique F — continuous map e: G,fH — G,meaking @eoq =qe.But n'satisfies this

condition &'eq =g SO V' =¢.S0 N'iS F — continuousAlso by using the following

commutative diagram:

- G;’H xG/y

gou ‘P’ Py
-
e '
G
,./H

Since ¢ X qiS  F — open,F — continuous and surjection map, hence g¢xq IS quotient
map.Since q o uiS F — continuous, SO by universal property of g x g there exist a unique
F — continuous Map ¢' = (g X q) = q = u. But p' satisfies the conditiony’ = (g x g) = q = .

So u' = ', and so g’ IS F — continuous.

Definition: The fuzzy topological group GchaIIed quotient fuzzy topological group.
Proposition: The product of fully stratified fuzzy topological groups is fuzzy topological
groups.

Proof: Let{G.},., be a family of fuzzy topological groups, their product ¢ =[16;has a
natural group structure (product of groups) with multiplication xand inverse ».And a

natural fuzzy topology (product of fuzzy topological space).By using the following
commutative diagram:

Gx{;—’G

G
von|

G X0G

Pry X Pr :{\;;/:\ l Pri
G; X G; 0 G
Theny; = (Pr, x Pr,) IS
F — continuous sincey,and Pr.are F — continuous. Therefor Pr. o u = p, o (Pr; X Pr;) IS

F — continuous.Thereforeu IS F — continuous. (Proposition 1.17) Now, by using the

following diagram:
N

Then M, ePr, IS F—continuous Since Mand Pr, are F — continuous.Therefor
Pr.o W = IV; o Pr; IS F — continuous.Therefore 7is F — continuous. (proposition 1.17) .
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So G = 1_[6:- be a fuzzy topological group.
[1=F)
2.11 Definition: The fuzzy topological group G = H G, called product fuzzy topological groups.
i€l
Fuzzy group spaces
In this section, we introduce the definition of fuzzy group space and given some
examples. In addition, we review the definition of fuzzy orbit, fuzzy stabilizer and fuzzy
action and study some its properties.
Definition:Let ¢ be a fuzzy topological group and x be a fuzzy topological space. A left

fuzzy action of G on X is a F — continuous map #: G x X — X such that:
8(e,x) = x, for all x € X where e is the identity element in &;
9[31,9(9'2,3:]) =0(g,g,,x), forall x € xand g,, g, €6G.
The space x together with fuzzy action & is called fuzzy group space and denoted by
FG — space, more precisely (left FG — space). In similar way one can define a right
FG — space,
Notation: For simplicity we denote 8(g,x) by g.x.
Definition: Let (x,8) be FG — space, then:
The fuzzy orbit of x € X under the fuzzy subgroup 4 of G is defined to be the fuzzy set
Ax ={f(a,x):a € A}, where: Ax(y) = sup{A(g):6(g,x) = v}. And the set of all fuzzy orbit
denoted by %/, and called it fuzzy orbit space under 4.
The fuzzy stabilizer of x € x under the fuzzy subgroup 4 of G is defined to be the fuzzy
set 52 = {a € A: supp(f(a,x)) = x}.
The fuzzy kernel of the fuzzy action & under the fuzzy subgroup 4 of G is defined to be
the fuzzy set:(ker8), = {a € A: supp(0(a,x)) = x forall x € X}.
Remarks: The fuzzy action 8 of ¢ on X defines the following mappings:
6,:X — X, defined by 6, (x) = 8(g,x),Vg € G,
8,: G — X, defined by 6.(g) = 8(g,x), ¥x € X;
g: X _,st defined by gq(x) =6,
Proposition:let (x,8) be a FG — space, Then:
8, is the identity mapping of x;

6, 06, = 6,,;
(6,)7" =6,
Proof:

Let x € X then 6,(x) = 8(e, x) = x. Therefor 6,(x) = .

6,, 20, (x) =6, (8, (x)) =6, (6(g2,%)) = 6(9,,6(9..%)) = 8(g,9,,%) = 6, ,_(20).
Since 8, = 6,-:(x) = 6,(8(g™".x)) = 6(F(gg™ . x) = 6 (e, x).

Hence 6, - 6,-: = I, Similarly 6,-:-6, =1,

Therefore (8,) =86,-:.
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Remark: As a consequence of proposition 3.1.9 the set {6,: g € 6} with the composition
law is group.

Proposition:
Let (x,8) be a fully stratified FG — space and G is fully stratified ftg. Then:

0,: X — X IS F — homeomorphism

8.: G — X is F— continuous Map

Proof:

6, is a bijective and its inverse is (6,)™* =6, and §,: ¥ XX —x

So g, =6 == Hence Egand 8,-: are F — continuous.

Therefore 8, IS F — homeomorphism.

6,=G = 6x {x}L;X.So 8, =602 where=:6 — G x{x},g — (g,x) which is
F — continuous by proposition 2.15, therefor 6, is F — continuous.

Proposition:Let (x,8) be FG — space, then:

The fuzzy stabilizer of x £ X under the fuzzy subgroup A of & is a fuzzy subgroup of 4;
i (kerd), = /\sf.

xEX

(kerd), is a normal fuzzy subgroup of 4;
Proof:
Let g,. 9, €52 then
supp (89,9, %)) = supp (8 (9, 0(92,%))) = supp (6 (91, %a,))
= SUPP(Xpminfa(g,)alg)l) = %

5?(9’19’:] = min{A(g,).A(g,)} = miﬂ{Sf(gl:],Sf (92)3, because 52 < A.
Hence g,9. €S2 Now let g €54
8(g7 ,x)=6(g " g.x) =6(g7g,x) =86 (emm{mjg-‘—),m:g}}rx) = Xomin{a(g*).ala)} = ¥a(g)-
Hence supp(8(g~%, %)) = x.Since 57 (g™") = A(g) = 57 (g)
Therefor g7 € s£. So 52is fuzzy subgroup of 4.
9o € (ker8) ;= a < A(g) and supp(6(g,x))for all x € x.

& g, €52 forall xe x,

= g, € /\5;:1.

xEX

From (ii) (keré), subgroup of A.
Let hedand g€ (ker),.B(hgh ™, x) =h(h™.x) = X nragma(n)acnpfor all xe x.So
supp(@(hgh™,x)) = x,forallx e x. And hgh™* € 4,because 4 is fuzzy subgroup hence
hgh™ € (ker®) ,andh(ker8) h™t < (kerf),.
Therefore (ker®), is normal fuzzy subgroup.
Proposition: Let (x,8) be a fully stratified FG —spacelf 4 <Xand B = G,thenthe
following are satisfies:
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(gd) = g4, forall g € G;
gA = g4 forall g € G;

Proof:
LetgeGcand 4 = x.
Since 6,is F — homomorphism (Proposition3.7)theng, (47) = (6,(4)), e

8(g, A7) = (8(g,4))". And s0 (g4) =ga’, forall g G,
In similar way as i.
Proposition: Let (X, 8) be a fully stratified FG — space. If A< X and B = G, such that

(B x A) = B x 4, then the following are satisfies:

G(B x A) <8(B X A);

(B(BxA)) <6(B x4,

(6(B"x A))" = (6(B x A7) = (6(B X A))’

B(BxA)=68(BxA)=6(BxA4).

Proof:Let 4 < X,B < G.

(B xA)=0(BxXA) =0(BxA4),(8IsF— continuous).

In similar way as i.

(B(BxA)) =6((BxA))=86(B xA") < 8(B x A)sinced IS F — continuous. and

= =

((e(Bx4)) =(8(8"x4))

Therefore(8 (5 x 4)) < (8(5” x A]):, .. (1)
Since (B  x 4) < 6(B x A)

Hence (8(8"x4)) < (8(Bx4)), ... (2)

=

From (1) and (2) we have (8(B"x 4)) = (8(8x 4)).
Since (B x A) < 8(B x A)
Hence 6(B x A) = 8(B x 4), ..(1)
Since 8(BxA) <= 8(BxA)=8(BXA)
Therefor 8(B x 4) < (6(Bx 4)) =8(Bx 4), ...(2)
From (1) and (2) we have:
B(F xA)=8(B x A).
Proposition:Let (x,8)be a fully stratified FG —space and & be a fully stratified fuzzy
topological group. Let 4 be open fuzzy set, and c, be a constant fuzzy subset of &, then
8(c, x 4) is open fuzzy set in X.
Proof:Lety € x
8(C, x A)(¥) = sup{(C, X A)(g,x):6(g,x) = ¥}
= sup{C, (g) N A(x):0(g,x) = ¥}
= sup{a A A(x):6(g,x) = ¥}
= rxﬂmp{ﬂ[x]:ﬁ'g (x) = }r}
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a A sup {A[Eg—-_ (}{]): B,-2(v) = x}
o A Sup {(HQ[H]) [}’]}, Where B,-:(y) =x

- {a:ﬂ {V(eg (ﬂjj}} (v), Where 8,-: (v) = x

Therefor #(C,,4) = C, A {V {Hg(ﬂj)}.

Since 6, is F — open, (proposition 3.6) And 4 is open fuzzy set in x.

Hence 8, (4)is open fuzzy set So 8(c,, x 4) is open fuzzy set in .

Proposition: Let (x,8) be a fully stratified FG — space and G be a fully stratified ftg. Then
8 IS F — open.

Proof: Let W = U x Vv be basic open fuzzy set in G x X, where U open fuzzy subset of G
and v open fuzzy subset of x.

Since (U X V) = 5‘( V (g, X V]),Where a=U(g).
geEsupp (1)

= \/ tw.xm.

gEsupp ()

Now, we must prove that 8({g,} x V) is open fuzzy subset in X.
(g, X V)(x) = sup{(g, X V)(t,¥):6(t,¥) = x}

= sup{g, () AV(y):8(t.y) = x}

= anlV(y), where 8(g,v) = x

=aAlV(y), where 8, (v) = x

=a AV(6,-1(x))

= a g, (V(x))

= (ang,(V))(x)
Hence 8(g, X V) = C, A6, (V)
Since 8,iS F — homemorphism, (proposition 3.6)then#(g, x V) is open fuzzy set in
X, henced(U x v) is open fuzzy set in X. Therefore 8 isF — openmap.
Proposition:Let (x,8) be a FG — space. If 4 is compact fuzzy set in ¢ and B is compact
fuzzy set in ¥ then AB is compact fuzzy set in x.

Proof: Clear
Definition: Let x and ¥ be fuzzy topological spaces. We called the product fuzzy space

X XY IS C — product fuzzy topological space if for all closed fuzzy set D in X x ¥ can written
as follow:
#

D= V V, X U, ,where:
i=1
V; is closed fuzzy set in X and U,is closed fuzzy set in Yforalli =1,2,..,nwhere ne N,

Proposition: let (x,8) be a fully stratified FG — space,G be a finite fully stratified ftg and

G x X be C — product fuzzy topological space then the fuzzy action 8is closed.
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Proof:
Let v be a closed fuzzy set in ¢ x X.SinceG x X is C — product fuzzy topological Space

n

then V = VVE ® U, ,where:

i=1
V. is closed fuzzy set in G and U, is closed fuzzy set in X,for all
i=1,2,..,nwhere n€ N. Since

o) =o(\[w.xun =\/ e xv)

Therefor 8(V, x U,) = 6‘( V (g, X UE-]) = V (6 (g, X U;)).

gesupp (V;) gEsupp (V;)

where a= V.(g). Now let x € X
8(g, X U;)(x) = sup{(g, X U)(t.¥): (¢, ) = x}, Where a = V,(g).

= sup{(g, (1) AU;(¥)): 6(t,y) = x}, Where a = V,(g).

= a AU;(y):where (8(g.y)) = x

=aAU/(y):where 6,(y) = x

= a AU (6,-2(x))

= and,(U,(x)), Because U,(6,-:) = 6,(U,)

= (a8, (U))(x)
Therefor 8(g, x U,) = a A8,(U,).
Now since 6,is F — homeomorphism. Then8, (U,)is closed fuzzy subset in x.
So 8(g, x U;) is closed fuzzy set in X because it is intersection of two closed fuzzy sets in
X.Since G finiteand v. = G
oo xu)= \/ (6. xv))

gEsupp ':Ul-:l
is closed fuzzy set. (finite union of closed fuzzy sets).

Since 8(V) = VE‘(VE- X U.)

Therefor 8(V)is closed fuzzy setin X

Hence # is F — closed map.

Definition:Let (x,8) be a FG — space, then a fuzzy action 6 of G on x is called:

Transitive under a fuzzy subgroup 4 of ¢ if and only if supp(Ax) =X, forall x € x.
Trivial under a fuzzy subgroup 4 of G if and only if supp((kerf),) = supp(4).

Effective under a fuzzy subgroup 4 of G if and only if supp((ker8),) = {e}.

Free under a fuzzy subgroup 4 of ¢ if supp(52) = {e}, for all x € .

Definition:Let (x,8) be a FG — space. Then (x,8) is called:

Free FG — space under the fuzzy subgroup 4 of G if the fuzzy action of ¢ on x is free
under the fuzzy subgroup 4;
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Effective FG — space under the fuzzy subgroup 4 of G if the fuzzy action of ¢ on X is effective
under the fuzzy subgroup 4;

Transitive FG — space under the fuzzy subgroup 4 of G if the fuzzy action of ¢ on X is
transitive under the fuzzy subgroup A.

Trivial FG — space under the fuzzy subgroup 4 of G if the fuzzy action of ¢ on X is trivial
under the fuzzy subgroup A.

Proposition:Let (x,8,)and (Y,8,)beFG — spaces, If X and G are fully stratified. Then
(X X ¥,8) IS FG — space. Where 6: G x (X x¥) — (X x ¥), (g, (x,¥)) — (8,(g.x).8,(g,7))-
Proof:

6(e, (x,3)) = (8,(e,x),6,(e,¥)) = (x.¥)

g (.9'1: g [.9'2: [x,}r])) =6 {311 [91(9'::3'5): g, [E:r}’]))

- (El[gl’ % (gg,x]), 8, [9'1, 8, (.9'2:}’]))
= ['5'1 (9192, %), 65(g182, }’:])
=6(g19,, (x.5))

ﬂ}{fxx}' IGKEKI}'
Since 8:GX(XXY)— S GXGX(XY)— = GXXXGXRY

&, =8,
— X xY.

Hence 8 = (8; X 8,) @ (I X=X I} @ (A X Iy.). SO @ IS F — continuous.

And so from (i),(ii) and (iii), 8 is fuzzy action. Therefore (X x ¥,8) be FG — space.
Corollary: Let (x,8,) and (v, 8,)beFG — spacesWhere X and G are fully stratified. Then:
If (x.6,)is free FG—spaceunder the fuzzy subgroup 4 of ¢ and (v.8,)is free
FG — space under the fuzzy subgroup 4of 6. Then (X x ¥,8) is free FG — space under the
fuzzy subgroup 4 of G.

If (X, 6,)is transitive FG —spaceunder the fuzzy subgroup 4 of ¢ and (¥.8,)is
transitive FG — space under the fuzzy subgroup 4 of 6. Then (X X ¥,0)IS transitive
FG — space under the fuzzy subgroup 4 of G.

If (x,6,)is effective FG— spaceunder the fuzzy subgroup 4 of ¢ and (¥.8,;)is
effective FG — space under the fuzzy subgroup 4 of G. Then (X X Y,8)is effective
FG — space under the fuzzy subgroup 4 of G.

If (x,6,)is trivial FG—spaceunder the fuzzy subgroup 4 of ¢ and (¥.8,)is
trivial FG — space under the fuzzy subgroup 4 of G.Then (X xY,8)is trivial FG — space under
the fuzzy subgroup 4 of &.

Proof:
let (x,y) EX x ¥

St = g € 4:supp(8(g, (x1)) = ()}
={g € A:supp (6, (9,%),6,(g,3)) = (x.3)}
={g € & (supp(6,(9,)). 5upp (6, (9.))) = (x. )}
={g € A:supp(6,(g,x)) = x and supp(6,(g,7)) = v }
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={g € A:supp(6,(g.x)) = x }/\{g € A:supp(6,(g.v)) =¥ )

=st \st=@ N\ -1
SoS# ) = {eltherefor (X x ¥, 8) is free FG — space under the fuzzy subgroup 4 of 6.
Let (x,y) EX XYV
Alx,v) = {E\'[a, (x,}r]): a € A} = {[Elﬂa,x], 8, (a,}r]): a € A}
= (Ax, Ay) = (X, Y)
Therefore (X x ¥,8) is transitive FG — space under the fuzzy subgroup 4 of &.
(kerf), = {a € A: supp (E[a, (x,}r])} = (x,v)forall (x,y) E X X 1’}
= {a € A: supp ([:E'i[a,x],ﬁ'z (a,}r:]}) = (x,y)for all (x,v) € X X Y}

= {a € ﬂ=(mp‘p (6,(a.x)), supp [E‘gim}f})) = (x,¥),¥(x,y) € X X Y}
={a € A: supp(6,(a,x)) = x and supp(6,(a,¥)) =v.¥ (x,y) €X x Y}
={a € A:supp(B, (a,x)) =x,Vx € X}/\ B
Where B = {a € A: supp(6,(a,y)) = .YV y €Y}

= (ker6y) [\(keren), = (e} [\te} = (&}
Therefore (X x ¥,8) is effective FG — space under the fuzzy subgroup 4 of &.
(kerf), = {r:r, € A: supp (E[a, (x,}r:])} = (x,v)forall (x,y) E X X 1’}
= {r:r, € A:supp ([:E?l[a,x:],ﬂz (a,}r]:l) = (x,y)for all (x,v) E X X Y}
_ {a € 4: (supp(8, (a,x)), supp (6, (a,))) = (x,yj,}
V(x,v) EX XY

_ {a € A: supp(6, (a,x)) = x and supp(6,(a,y)) = }r,}
Vi(x,y) EX XY
= {a € A: supp(6,(a,x)) = x,¥ x € X}

/\{cx [S Jﬁl:.s,'tr,pp[l.’-?2 [a:,}r]) =y, VyE 1’}

= (ker8,),, /\(I{erﬂsz = A /\ﬂ —a

Therefore (X x Y, 8) is trivial FG — space under the fuzzy subgroup 4 of 6.

Proposition: Let (x,8)beFG — space. And let 4 be a fuzzy subgroup of &, then (¥/,,9)
ISFG — space Where Xfﬂ ={Ax:x € X}and?¥: G X Xfﬂ — Xfﬂ,(g,f-lxj — H[E[g,x]),

and m: X —>Xf‘q,x — Ax,

Proof: Let (X,8) beFG— space. Then

(g1, 9(g2,4x)) = 9 (9,,7(6(91,%)) ) = 991, Aga¥)= (6 (94, 9, %))

= H[E(glgz rx:]) = ﬂtglgzrﬂx:]
ﬂ(e,ﬂxj = T’[[E (e,x]} = 'ﬂ_’[:x:] = Ax
Since 8 and  are F — continuous mappings then # iS F — continuous.
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From (i),(ii) and (iii), (Xfﬂ,ﬂj FG — space.

Proposition:Let (x,6,) be FG, — space, and (Y,8,)is FG, —space. Where G, and X, are
fully stratified spaces. Then x x ¥ is F(G, x G,) — space.

Proof:Define B: (G, X G,) X (K XY)— (X xXY) as
fO”OWSE'[(g, h), (x,}rj) = [El(g,x],ﬁ': (h, }r])

g ([Elr hlj,ﬁ[(g:, h:]r [x,y]}) =6 ((Hr h1jr [91(3213‘]: 6, (h::}’]))

= (91 [.9'1: '91 (H:r x] )r '9: (hp 9: [h:: }’] ))

= ['91 (9192,%),8,(hyh,, }’:])

= 5'[(9'19'2, hihy), [x,}{])

= 9[(9'1; hi)(g2.ha), (x, }’j)-
9((e1r92jr(i"r}’j) = [El(el,x],ﬁz (E:r}’j) = (x,¥)

Ig, m=wly -
Since = (6, X G,) X (X XY)—— (G, XX) X (G, X ¥Y) —— (X X Y).
Sincel; , I, %, 6,andé, are fuzzy continuous mappings. So @ is F — continuous.

References

Ali Tazid, "Fuzzy Topological Transformation Groups", Journal of Mathematics
Research, Vol. 1, No. 1, ISSN: 1916-9795, 78-86, (March 2009).

Chang C. L., "Fuzzy Topological Spaces”, Journal of Mathematical Analysis and
Applications, Vol. 24, 182-190, (1968).

El-Wakeil A. N., Manshhour A. S., Ghanim M. H. and Morsi N. Nehad, "On Product
Fuzzy Topological Spaces”, Fuzzy Sets and System, Vol. 30, 175-191, (1989).

Foster David H., "Fuzzy Topological Groups", Journal of Mathematical Analysis and
Application, Vol. 67, No. 2, 549-564, (February 1979).

Hussein Worood M., "On Fuzzy Regular Proper Map", M.Sc. Thesis, College of
Education for Women, University of Kufa, (2011).

Lowen R., "Fuzzy Topological Spaces and Fuzzy Compactness”, Journal of
Mathematical Analysis and Applications, Vol. 56, 621-633, (1976).

Ming Pu Pao and Ming Liu Yang, "Fuzzy Topology. |. Neighborhood Structure of a
Fuzzy Point and Moore-smith convergence"”, Journal of Mathematical Analysis and
Applications, Vol. 76, 571-599, (1980).

Ming Pu Pao and Ming Liu Yang, "Fuzzy Topology. Il. Product and Quotient Spaces",
Journal of Mathematical Analysis and Applications, Vol. 77, 20-37, (1980).

Mira Sarkar, "On fuzzy topological space"”, Journal of mathematical analysis and
applications, Vol. 79, 384-394, (1981).

Rosenfeld Azriel, "fuzzy Group"”, Journal of Mathematical Analysis and Applications,
Vol. 35, 512-517, (1971).

Wong C. K., "Fuzzy Topology: Product and Quotient Theorems"”, Journal of
Mathematical Analysis and Applications, Vol. 45, 512-521, (1974).

-37 -



Journal of Al-Qadisiyah for computer science and mathematics
Vol.5 No.2 vyear2013

Yu Chun Hai and MA Ji Liang, "Fuzzy Topological Groups", Fuzzy sets and Systems,
Vol. 12, 289-299, (1984).

Yu Chun Hai and MA Ji Liang, "On The Direct Product Of Fuzzy Topological Groups",
Fuzzy sets and Systems, Vol. 17, 91-97, (1985).

Yu Chun Hai and MA Ji Liang, "On Fuzzy Topological Groups", Fuzzy sets and
Systems, Vol. 23, 281-287, (1987).

Zadeh L. A., "Fuzzy sets", Information and Control, Vol. 8, 338-353, (1965).

-38 -



