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1. Introduction

Let A denote the class of all normalized analytic functions fin an open unit disk U = {z:z € C, |z| < 1} of the
form:

fF@) =2+ Z a7, (e (1.1)
n=2

A function f has an inverse f~1 is satisfying f "1 (f(2)) = z, (z € U), and f(f~*(w)) = w, (|W| <ry(N),r(f) = i),

where

gw) =f1w) =w—a,w? + (2a2 — az)w? — (5a3 — 5aa; + a )w* + -, (w e U). (1.2)
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If fas well as = are both univalent functions in the open unit disk U, then f is said to be bi-univalent in U and the
set of bi-univalent functions defined in U is denoted by ).. Refer to reference [13].

Let fand g are analytic functions in A. Then f is said to be quasi-subordinate to g in U and written as follows:
f@) <,9@), (zel),

if there exists 8(z) and w(z) be two analytic functions in U, with w(0) = 0such that|8(z)| < 1,|w(z)| < 1and
f(2) = 0(2)g(w(2)).1f0(z) = 1, then f(z) = g(w(2)),so thatf(z) < g(z) inU. Ifw(z) = z, then f(z) = 8(2)g(2),
and it is said that f is majorized by g and written f(z) < g(z) in U. (see [4], [15])

Ma and Manda [14] introduced a category of starlike and convex functions through the use of the subordination
approach. They examined the classes S*(¢) and G*(¢) defined by this method.

S () = {fGA ]j:(()) <¢(2),z€ U}
and
G*(p) = {f €A1+ ;’;()) <¢P(z),z€ U}.

By S5:(¢) and Gy, (¢), we denote to bi-starlike and bi-convex functions f is bi-starlike and bi-convex of Ma-Minda type
respectively [14].

In the sequal, it assumed that ¢ of the form:

¢(2) =1+ Ez+E,z% + -, (1.3)
where ¢$(0) = 1and ¢'(0) > 0, also
0(z) =F, + Z Fzt, (1.4)
i=1

which are both analytical and bounded within the domain U. Nevertheless, the literature has only a limited number
of studies that establish the overall coefficient bounds |a,| and |a;| for analytic bi-univalent functions. These studies
are referenced in [1,2,3,5,6,10,11,14] and [12], while further references may be found in [5,6,7,8].

Lemma (1.1) [9]. Define the functionh(z) = 1 + h;z + h,z% + --- € P, where P represents the set of all functions h
that are analytic in U and satisfy Re{h(z)} > 0 for all z € U. It follows that |h;| < 2 fori= 1,2,3,--

2-Main Results

Definition (2.1). A function f, which is a member of the class }’ and defined by equation (1.1), is considered to be in
the class M% (B, p, A) if it satisfies the following quasi-subordination conditions:

[(Zf (Z)>< Zf”(Z)) N ( pz*f"(2) + zf'(2) ) B (Zf’(Z) + ﬂzzf”(2)> _q
B\ F@ f'@) pzf'(2) + (1 = p)f (2) f(@)

<, @@ -1 2.1)

[(Wg (W)>< Wg”(W)) + ( pwzg”(W) +wg'(w) ) _ (Wg’(W) + ﬂwzg,(W)> —1| <, (@W) = 1) (2.2)
3 ’ o

(w) "(w) pwg'(w) + (1 —plgw) gw)

where (0 <A<1,0<p<1),andB€C\{0}, zzw € U,andg =f"1,and the functions g,@ are given by (1.2) and
(1.3) respectively.
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By substituting A = 0 into Definition (2.1), we may deduce the following Remark: Mg (B,p,0) = Mg B, p,N).

Remark (2.1). A function f € )}, as defined by (1.1), is believed to be in the class Mg (B, p) if it fulfills the following

conditions:

é[(zf’(z)) (1 + zf”(z)) + ( pz2f' (2) +zf1 (2) ) _ (zf’(z)) _ 1] < @) - 1) (2.3)

f(z) ' (z) pzf' (z)+(1-p)f(z) f(2)

and

L(REL) (1 4 ) (Bl () (W) ] < @w)- D). (24)

Theorem (2.1). Consider the function f defined by equation (1.1) to belong to the class Mg (B,p,N). Thus

|ﬁF0E1| EFOEZ
la, < mi 2.
Gl = T T oAl |5+ p(2 = p) — 64 (25)
and
2F2E? F,E F,E F,E
lasl < min FRE | PhE ) PFoEs 4 PRk (2.6)
B+p—24)? 8+4p—-61'5+p(2—p)—61 8+4p—61

Proof. Letfe€ L%(B, A ¢) and g=f"1. Then, there are two analytic functions u,v:U — U with v(0) = 0 and
u(0) =0, [u(2)| < 1, |[v(w)| < 1, satisfying

%[(Zf'(Z)) (1 " Zf”(Z)) " ( pz* " (@) +zf' (2) ) _ (Zf’(z)+/122f”(2)) _ 1] = (6@ [o(u@) - 1]) 2.7)

f@ f'(@ pzf'(2)+(1-p)f(2) f(@
and
S0 (1) + (i)~ () -1 = ol - 1. 2o
We define the function p(z) and q(w) by:
p(2) =1t—zg2= 1+dz+dyz%+ -, (2.9)
and
qw) =1t—ZEMW/;= 1+ ew+e,w? + -, (2.10)
Or equivalent,
u(z) =g§2—;1=%[dlz+<dz—d;>zz+m], (2.11)

and

v(w) =%=l[elw+<ez—z—%>wz+m], (2.12)
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then p(z) and q(w) are analytic functions in U, with p(0) = q(0) =1. Since, v,u: U — U, have a positive real part in
U,and |d;| < 2 and |g]| < 2, fori = 1,2. Using (2.11) and (2.12) in (2.7) and (2.8), respectively, we have

1 [(Zf'(Z)) (1 + zf”(z)) + ( pz2f"" @) +zf' (2) ) _ (Zf'(Z)MZZf”(Z)) _ 1] = 0(2) (¢ [p(Z) 1] ) (2.13)
3 - - .

f(2) '@ pzf'(2)+(1-p)f(2) f(2) p(2)+1
and
1 wg’(W)) (1 wg"(W)) (pwzg”(W)+wg (W)) (wg’(W)MWZg’(W)) ] ( [q(W) 1]
=|— + + — 1|1=0 . 2.14
ﬁ[( gw) gr(w) pwg' W)+(1-p)gw) gw) w) (¢ qw)+1 ) ( )

Given thatf € ), possesses the Maclurian series specified by equation (1.1), a calculation reveals that its inverse
g = f~1 can be expressed using the expansion described in equation (1.2). Therefore, we can conclude that

1 zf! (2) zf'' (z) pz2f"! (2)+zf' (2) _ zf' (2)+Az2f' (2) _ _1 _ _ _
8 [( f(z) )(1 + f(z) ) + (pzf’(z)+(1—p)f(z)) ( f(z) ) 1] B (B +p—20ayz +[2(43 + 2p — 3N)as

B+ p@2+p)—20)az]z? + -] (2.15)

and

1[(wg'(w) wg'i(w)\ | (owg (wytwg(w)\  (wg (W) awlg W)\ .11 _ L
b [( 2(w) )(1 t oW )+ (pwg W)+ p)g(w)) ( 2(w) ) 1] =3~@+p—2Maw+[(13 +p(6—p)

100 a2 —2(4 +2p —3Naz]w? + - ]. (2.16)

By combining equations (2.11) and (2.12) with equations (1.3) and (1.4), it becomes clear that

0(2) (¢ [pg;ﬂ 1) =2FE;dyz + (SF;Eydy +FoE; (d; - )+ FoBpd?) 22+, (217)
and
ow) (¢ [%] —1) =2FEie,w+ (3F;Epe, +2FoE, (e, - ez—%) +1FEe)w?+o (218)

By utilising equations (2.17) and (2.15) and comparing the coefficients of z and z2, we have

1 1
6(3 + p_ 27\)0,2 =EFOE1d1, (2.19)
and
1 ) 1 1 d2 1 5
By utilising equations (2.18) and (2.16) and comparing the coefficients of w and w?, we obtain
1 1
_E(3+p_2}\)a2 :EFOElel' (2.21)

and

2
S1(3 +p(6 — p) — 100)a3 — 2(4 + 2p — 3N)as] = 2FiEse, +3FoE; (e —2) +2F el (222)
Making use of (2.19) and (2.21), we obtain
d, =—e; (2.23)

and

8(3 — 2\ + 8)%a? = B2F2EZ(d? + €2). (2.24)
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Also, from (2.20), (2.22) and (2.24), we find that

_ B[2F,E, (d, + ;) + Fo(E, — E{)(df + €7)]

2
2 8(5— 61+ p(2 —p))
Applying |d;| < 2 and |e;| < 2 for the coefficients d;, e;, d, and e,, we immediately have
F,E
la,l < _IBEGE
I3+ p— 22|
and
F,E
la,l < L .
5—6A+p(2—p)
Furthermore, to determine the upper limit of |a;| , we can subtract equations (2.20) and (2.22), resulting in
2
E(16 +8p — 120)(a; — a,) = 2F;E;d; + FyE;(d, —e,), (2.26)
2 2
E(l6 +8p—120)a; = E(l6 + 8p — 120) a3 + 2F,E,d; + FyE;(d, — e,),
therefore
BI2F,E d; + FoE, ((d; — e5)] 2
= . 2.27
a4 2(16— 120+ 8p) © (2.27)

In light of (2.24), (2.25) and putting (2.27), we have

ol < B[F;E,] BIF,E,]
37 (@8—-61+4p) (5—61+p2—0p)

and

BLF,E,] B*FGEL
~(8-6r+4p) (B3-2\_+p)?’

lasl

This completes the proof Theorem (2.1).
By substituting A = 0 into Theorem (2.1), we obtain the following corollary:

Corollary (2.1). Consider the function f defined by equation (1.1) to belong to the class Mg (B, p, 0). Subsequently
o< mi JIBFEl | BFoE;
2 13+pl " J5+p(2—p)

B2F3EZ + BF,E; BF,E, + BF,E;
(B3+p)2 8+4p’'5+p(2—p) 8+4p)

and

lasl < min{

(2.25)

Definition (2.2). A function f € Y is believed to be in the class W;l(‘r, w1, §) if it fulfills the quasi-subordination

conditions described by equation (1.1).
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1 @ , .
A=+ 2 = @ =20F @) + 12" ()~ 1| < (6@ — D (2.28)

and
1 gw) , "
Z (1 —u+2n) Wt (u=2mg' W) +nwg"(w) — 1| <, (¢(w) — 1), (2.29)

where (T € C\{0}, 1 = 0,11 = 0,z,w € U) and g = f~! and the function g, ¢ are given by (1.2) and (1.3) respectively.

If we putp =1+ 2nin Definition (2.2), we obtain the following Remark such thatWZ'](T, wn, ) = W;(t,l +
2n,m, ¢).

Remark (2.2). A functionf € Y’ is considered to be in the class Wg(‘t, 1+ 2n,n,¢) if it fulfills the given quasi-
subordination requirements defined by equation (1.1).

1
- [f'(@) +nzf"(2) — 1] <, (p(2) — 1) (2.30)
and

1
Zlg'w) +nwg"w) — 1] <4 (¢(w) - 1), (2.31)
where (t € C\{0},,7 = 0,z,w € U) and g = ! and the function g, ¢ are given by (1.2) and (1.3) respectively.

Theorem (2.2). Let f € qu(r, w,n,d)(T € C\{0},,n = 0,z,w € U) be given by (1.1). Then

2tF,E, ) |TFyE, |

< mi ) 2.32
lazl sminy =220 2 o o (232)
and
la.| < min 4F2E2t* 1E,(F, +F,) 41F,E, TE, (F; + Fy) (233)
3= 1+w?2  1+2p+2n"1+2p+2n 1+2p+2n) '

Proof. Letfe€e Wg(r, wn,¢)and g =1, Then, there are two analytic functions u,v:U — U with v(0) = 0 and
u(0) =0, lu(@)| < 1,|v(w)| < 1, satisfying:

1

~ [(1 —pu+ 27))@ + w—=2n)f"(2) +nzf"(z) — 1] =02 (pu(2) - 1) (2.34)
and

1

- [(1 —u+ Zn)g + @ —=2n)g' W) +nwg"(w) — 1] = 0(w)(p(v(w) — 1)). (2.35)

Since f € Y has the Maclurian series defined by (1.1), a computation shows that its inverse g = f~! has the
expansion by (1.2), we get

f(2)

1
;[(1 —u+ 277)7"‘ (w=2nf"(2) +nzf"(2) — 1] =

1 1
- 1+ wayz+ ;(1 + 2u + 2n)azz? + -, (2.36)
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and

1 gw) , " _
< (1—#+2n)7+(u—2n)g W) +nqwg"(w) —1| =

— =1+ wa;w + = (1 + 2 + 2n) (223 — az)w? — . (2.37)

By utilizing equations (2.17) and (2.36) and comparing the coefficients z and z?2, we obtain

1 F,E,
- +wa, =——d,, (2.38)
T 2
and
1 F,E, FoE, d?\ F,E,
;(1+2u+2n)a3=7d1+7 d2—7 +— d?. (2.39)

Furthermore, by employing equations (2.18) and (2.37) and comparing the coefficients of w and w?, we obtain

1 FoE;
and
1 F.1E FoE 2 FoE
2+ 2n+2mQ2a3 —a) = Lte; + 2 (e, - D) 4 otz gz, (2.41)
From (2.38) and (2.40), we obtain
dl = —91 (2.42)
and
2 2.2 2E2( 42 2
‘[_2(1 + I.l) az = FOE]. (dl + el . (2.4’3)
Now, adding (2.39), (2.41), we obtain
2

Applying |d;| < 2 and |e;| < 2 for the coefficients d;, e;, d, and e,, we immediately have

and

la,| < 2 |TFoE,|
27 1+ 2u+ 2y

Furthermore, to derive the upper limit of |a;|, we can remove equation (2.39) from equation (2.41), resulting in

2tF,E;d; + tF,E;(d, —e;)
4(1+2p+ 2n)

az; =a; + (2.45)

In light of (2.43), (2.44) and putting (2.45), we have
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| < AF2E22  TE,(F, + F,)
T4+ w? 1+42u+2n

|a3

and

| < 41FE, TE; (F; + Fy)
T142u+2n 1+2u+2n°

|(13

This completes the proof Theorem (2.1).
By putting p = 1 + 2n in Theorem (1.1), we get the next Corollary:

Corollary (2.2). Let f defined by (1.1) belongs to the class Wg (t,m, ). Then

la,| < min thE, |TFyE, |
oo 1T+n'° 301 +2n)
and
las] < min FSEfe® + TE (Fy + Fy)  AtFyE, 1E,(F, + F,)
sl < Azt 3atzn 3arzn T 3o |
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