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1. Introduction

In the topological space X, a subset B of a space X is said to be a regularly-closed, called also closed domain if
B = cl(int(B)). A subset B of X is said to be a regularly-open, called also open domain if B = int(cl(B)) [2]. An
open (resp. closed) subset B of a topological space (X,T)is called F —open (resp.F-closed) set if cl(B)\
B (resp., B\int(B)) is finite set [4].They introduce a new type of semi-open sets which they call Sg-open sets[5].
An open (resp. closed) subsetBof a topological space (X,T )is called C —open (resp.C-closed) set if cl(B)\
B (resp.,B\int(B)) is a countable set[6]. In this work, we are interested in studying the concepts of Separation
Axiom which we call FT, _space, FT; _space, FT, _space, Then we set the characteristics for each definition and
demonstrated the interconnection between the three definitions. We also demonstrated the genetic and partial
characteristics in each definition. We have proven some theorems linking FT_space and T_space. We have also
proven the transmission of genetic traits in our new topic, and we have also linked the relationships between FT,
_space, FT; _space, FT, _space.

2. Preliminaries

Definition (2.1) [4] Let B open and subset of topological space (X,t), then the cl(B)\B is finite set and is denoted
by F_open.
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Definition (2.2) [4] LetB closed and subset of topological space (X,t), then the B\int(B)is finite set and is
denoted by F_close .

Remarks (2.3) [4]Let (X,t) is topological space,and U € X.

(i) Let Uis F_open, the complement of U is F_closed .

(ii) Let Uis F_closed, the complement of U is F_open.

Remarks (2.4) Every F_open set is open set but not convers true.

Example (2.5) Xinfinite set,a € X, 1={ACSX:a€ A}U {0}, Aopenset,ta€ A A=X,b(A)=A—-A=X—A,
If A finite set, then b(A) infinite set, Then A not F_open set.

Definition (2.6) [4] (X,t)is a topological space, a point in X, a F_open nieghbourhood of Xis VF_open, V € X,
which is containing a .

Theorem (2.7 )[4] a topological space(X, t), then

(i) every union finite F_closed subset of Xis F_closed.

(ii) every union finite F_open subset of Xis F_open.

(iii) every intersection finite F_closed subset of Xis F_closed.
(iv) every intersection finite F_open subset of Xis F_open.

Definition (2.8) [4] If (X,T) a topological space, and H € Xthe intersection of all F_closed containing H is called
—F
F_closure, denoted by H .

_ _ _F
Theorem (2.9) [4] Let A be a subset of the topological space, (X,t)then ACA CA .

—F

Corollary(2.10)[4]IfU is F_opensetand UNV =@ ,thenUN V = @ In particular, if U and V are disjoint F _open
—F —F

setthen,UNV =0 =(U) NnV.

Definition(2.11)[4] If (X, T)a topological space, and H € X, A pointz € X is called F_limit points of H if and only if
for any F_open set U containing x ,we have (U\{z}) N H # @.

Remark(2.12)[4]the set of all F_limit points of H is called the F_derived set and denoted by dp(K).
Theorem (2.13)[4] If (X, T) a topological space, and H,U € X, Then.

()d(H) < dg(H), d(H) is the derived set of H.

(ii) H € U, then dz(H) < dp(U).

(iif) dg(H) U dg(U) = dg(H U U) and dg(H N U) c dg(H) n dp(U).

Theorem(2.14)[4] If (X, T)a topological space, and H,U € X, Then.
] —F
(i) @ =20.
—F
(ii) HCH .
—F _F
(iii) IfHCS U,thenH <cU .

—F —F —F
Gv) If(HUU) = (H) u@ ).
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(v) H =H.
Definition(2.15)[4] g: (X,t) — (Y,1)a function gis called F_continuous ifg~1(H)is F_open set in X for every
openset HinY.

Definition(2.16)[4] g: (X, ) — (Y, t)a function g is called F_open if g(H) is a F_open set in Y for every open sets
HinX.

Definition(2.17)[4] g: (X, ) — (Y, 1) a function gis called F_closed if g(H) is a F_closed set in Y for every closed
sets Hin X.

Definition (2.18)[4] g: (X, T)—>(Y,1) a function gis called F_ hmoeomrphism if and only if handh™! are
F_continuous ,one to one, onto.

Theorem(2.19)Let(Y, t,) be F_open subspace of (Y, t) if U F_open setin X then (U N Y) F_open setinY.

Proof: Let U be F_open set in X.Then U is open set in X (since every F_open is open). Then U N Y open set in Y.To
prove by (UNY) is finite, by (UNY)SbUNY)NY =[UNnY NnUNY)InYS[UNU)nUUY|nYCS
[UNnYNU)U@U NYNY)]NY < [b(U)Ub(Y)] NY[b(U) U b(Y)]Since b(U) and b(Y) are finite, thenb,(UUY)
is finite, then b, (U UY) is F_open set in Y is F_open, Therefor UN Y is F_open setin Y.

3. The Main Results

3.1 On F_Separation Axiom

Definition(3.1.1) If (X, ) be a topological space, then Xis called FT,_space if and only for each x,y € X such that
X # y and there exists Vis F_open set, [x € Vand y & V]or[x € Vandy € V].

Example(3.1.2) LetX = {a,b,c}, and Tt = {X, 0,{a}, {a,b}} then (X, 1) is FT,_space, since X is finite every open set is
F_open set, the F _open set is X, @, {a}, {a, b},a # b, There exists F_open set {a};a € {a} Ab ¢ {a},a # ¢, There exists
F_openset {a}; a € {a}Ac ¢{a}, b # c, There exists F_open set {a,b}; b € {a,b} Ac ¢{a, b}, so (X,1) is FT,_space.

Example(3.1.3) LetX = {x,y}is indiscrete space and t={X,®,},The F_open set isX, @ x #y; There is not
exists Vis F_open setsuch that, [x € Vandy & V]or[x € VAy € V], so (X, T) is not FT,_space.

Theorem(3.1.4) If X is FT,_space then X is T,_space.

Proof: There exists Vis F_open set such that, [x € Vandy & V] or[x € Vandy € V] .Every F_open setis open set
(by Remark2.4) So There exists U is open set such that, [x € UAy & U]V[x & U Ay € U], so X is T,_space.

Example(3.1.5) Let X infinite set;a € Xand T ={A € X:a € A} U {0} ,A open set .There existsa,b € X anda#Db
such that; [a€ AADb ¢ A]. SoXis T,_space If Ais open set and finite set. Then A is not F_ open set.There is not
exists U is F_open set such thata # b,[a€ UAb ¢ U]V[a ¢ U A b € U], So X is not FT,_space.

Theorem(3.1.6) Leth: (X,t) = (Y, T) be F_continuous, onto, one to one, then XisFT,_ space if and only if Y
is FT, _ space.

Proof: Let X is FT, _space. Since h: (X,T) » (Y, T"), there exists h one to one and h is onto, h is F_continuous, h™1 is
F_continuous , lety;,y, € Y; y; # y, then h™1(y;), h™1(y,) € X, honto function soh™* (y,;) # @ ,h™* (y,) # @ ,h
one to one function, there exists x; € X; h™! (y;) = x;, and there exists x, € X; h™! (y,) = x, and x; # X, and
,X1X, € X, Since X is FT,_ space there exists U is F_ open set, [x;, EUAx, ¢ UlV[g x,UAX, € U], h™lis
F_continuous thenh (U)isF_open[h (x;) € h(U) A h(x,) € h(U)] v [h(x;) € h(U)A h(x,) € h(U)]. SoY
is FT,_ space.

Converse: Let Y is FT,_space .Since h: (X,t) = (Y, T), there exists h one to one and h onto and h is F_continuous
and h™'F_continuous, let x; X, € X; x; # X, thenh™ (x;), h™* (x,) €Y, his onto function then h™* (x,) #
@,h™1 (x,) # @, his one to one function, there exists y; € Y; h™! (x;) = y,;and there existsy, € Y; h™! (x,) = y,;
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y1 #y,andy,,y, €Y, Y is FT, _space there exists U F_open set.[y;€EUA y, € UV ][y, € UAy, € U],
h~1F_continuous; h(U)is F_open set ;[h (y;) € h(U) A h(y,) € h(U)] V [h(y;) € h(U)A h(y,) € h(U)]SoX
is FT,_space.

Theorem(3.1.7) Let (W, t,,) F_ open subspace of topological space (X, 1) if (X, t) is FT,_space, then (W, t,,) is FT,_
space.

Proof: Letx,y € W;x # y,x,y € Xsince W € X, There existsUisF_open inX,(x e UAy € U) VvV (x € UA
y € U), then U N W are F_open in W (by Theorem2.19),(x € UN WAy € Un W)v(x € UW Ay € UNn W),
so(W, t,)isFT,_space.

Definition(3.1.8) (X, t)a topological space is defined FT;_space if and only if for eacha,b € X such thata # b,
there exists U, Vis F_open setsuchthat,[a € U A b ¢ Uand be VA a& V].

Example(3.1.9) LetX = {a,b,t = {@,X,{a},{b}}, The F_open sets are @,X, {a},{b}such thata # b there exists
U = {a}is F_open set, there exists V = {b}is F_openset,[a€E UAb&Uand be V A a & V]|(X, t)is FT,_space.

Lemma (3.1.10) If X is FT;_space thenX is FT,_space.

Proof: Let Xis FT;_space and a,b € X such thata # b. there exist U,V F_open set, Such that[a € UAD ¢
Uand b € V A a ¢ V], (Since X isFT;_space),There exist Uis F_open set Such that[a € UA Db €U]V[be U A
a ¢ U], soXis FT,_space.

Example(3.1.11) LetX = {a,b},T = {(Z), X, {a}}; X is FT,_space.the F_open set; §,X,{a}, Leta,b € X such thata # b:
there exists Uis F_open set such that.[a € UA b ¢ UJV[b € U A a¢ U] but there is not exists Vis F_open set
suchthat[a € UA b €Uland[b&V A ag V],so (X 1)isnotFT,_space.

Lemma ( 3.1.12) Every FT, _space is T;_space.

Proof: There exists U,V F_open sets such that[a € UA Db ¢ UUA[bEV A ag V], Since every F_open set is
open set there exists U,V open setsuchthatfa € UA b ¢ Uland[b&V A ag V],soXisT,_space.

Lemma (3.1.13) Let {x} is F_ closed then (X, T) is FT;_space for each x € X.

Proof: Letx,y € Xsuchthatx # y,letU = X- {x}, ({x} F_closed),V = X- {y} ({y} F_closed), Such that U, V is
F _openset,[y e UAx & U Ay € VA x € V],SoXisFT,_space.

Theorem(3.1.14) Let (W, t,,) F_open subspace of topological space (X, 1) if (X, 1) is FT;_space, then (W, t,,) is
FT,_space.

Proof: Letx,y € W;x # y, x,y € X( since W € X)Since X is FT,_space There exists U,V is F_open in X,
xeUAy e U AExe&VAye€eV] thenUNWAVNW are F_open(by Theorem 2.19) in W.[x € U N
Way g UNn W) A (x & VN WAy € VN W], So (W, t,,) is FT,_space.

Theorem(3.1.15) h: (X, t) = (Y, ") be F_continuous, onto, one to one then Xis FT;_ space if and only if Y is FT; _
space.

Proof: leth: (X,t) = (Y, T") and suppose that X is FT; _space. Since h: (X, ) = (Y, T) there exists, h is one to one
and, onto, F_continuous, h™! is F_continuous lety;,y, € Y; y; # y, = h™1 (y;),h™! (y,) € X,honto function
soh ™ (y;) # 0, h™! (y,) # @, h one to one function, there exists x; € X; h™* (y;) =x;, and there exists
X, € X; h™! (y,) =%, and x; # X, and x;x, € X, Since X is FT,_space there exists U,V is F_open set , [x; €
UAx, ¢ U A[x; € VAX, €V], h™1is F_continuous then h (U),h(V) is F_open, [h(x;) € h(U) A h(x,) €
h(U] AThE) € h(V)A h(x,) € h(V)], So.Yis FT,_space.

Converse: LetYis FT,_space, Sinceh: (X,1) = (Y,T) then there exists,hone to one, onto, F_continuous and
h™1F_continuous, let x;,x, € X; x; # X, then h™! (x;),h™! (x,) € Y his onto function then h™! (x;) # @,h™! (x,) #
@, his one to one function, there exists y; €Y; h™! (x;) =y, and there existsy, € Y; h™!(x,) =y, and
y1 #y,andy,,y, €Y,Yis FT;_ space there exists U,V F_open set, [y; €U A y, € U A[y; € VA Yy, € V],
h™1F_continuous, then h (U),h(V)is F_open set;[h(y;) € h(U) A h(y,) € h(U)] A[h(y,) € h(V)A h(y,) €
h (V)], So X is FT; _space.
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Definition(3.1.16)Let (X, T)topological space is called a FT,_space if for each pair distinct points a,b € X, the exist
F_opensets U,V anda # bsuchthat[a€eU,beV,andU N V= @].

Example(3.1.17) letX = {a,b} Tt = {@, X, {a}{b}} The F_open set in Xare @,X,{a}{b}, for eacha # b there exists
U,V are F_open such that,[a€ U,b€V,andUNV = 0], So (X, t)is FT,_space.

Theorem(3.1.18) Every FT,_space is FT, _space.

Proof: LetXisFT, space anda # b,There exists U,VisF_open set such that [aeU,beV,andU N V= 0],
There exists U,V is F_open sets and a # bsuch that,[ae UAb & U] A [a& VA a € V], SoXis FT, _space.

Theorem(3.1.19) Leth: (X, 1) = (Y, T’) be F_continuous, onto, one to one then Y is FT,_space, if and only if X
is FT, _space

Proof: Let thatYis FT, _space, there exists h: (X,t) » (Y,t) his one to one, onto, F_continuous and h!is
F_continuous letx,,x, € X; x; # X = h(xy),h (x;) €Y, honto function then h (x;) # @,h (x,) # @, hone to
one function, there exists y; € Y; h (x;) =y, and there existsy, € Y; h (x;) =y, andy, #y, andy,,y, € Y Since
Y is FT,_ space there exists V;,V, are F— open set, V, NV, =@, [y, € V;Ay, € V,], h is F_continuous then
h"1 (V) =U;,h"* (V,) =U, are F_open, U;NnU,=hTWV)n h T (V)=h1V,nV,)=h"1@) =0, (x, €
U,;Ax, € U,), So Xis FT,_space.

Converse let h: (X,1) = (Y,t)and suppose that X is FT,_space, Since h: (X,t) = (Y, t)there exists h one to one,
onto, F_continuous, h™! is F_ continuous let y;,y, € Y; y; #y, = h(y;),h(y,) €X h onto function then
h (y,) # 0,h (y,) # @, hone to one function, there exists x; € X; h (y;) = x;, and there exists x, € X; h (y,) =
X, and x; # X, and X,,X, € X, Since X is FT,_space there exists V;,V, are F_open set, V, NV, = 0, [x; € VAx, ¢
V,], h is F_continuous then h™* (V;) =U;,h™* (V,) = U, are F_open, U; NU, = h™* (V,) n h™* (V,) =h~1(V, n
V,) =h (@) = (y, € U;Ay, € U,),SoYisFT, _space.

Remark (3.1.20) if (X,7)is FT,_space, then not necessary test that space is FT;_space and every FT,_space is
FT,_space.

FT, » FT, » FT,
Example (3.1.21) (N, t.,) is FT;_space, Letn,m € N so n # m there exists U,V F_opensetU =N /{m},V = N/{n},
Such that[n € Uam ¢ U] A[n € Vam € V] ,But (N, T.,¢)is not FT; _space. Sincen # mand U =N /{m},V =N /{n},
UNnV=0,So (N, t.s)is not FT,_ space.

Theorem(3.1.22) Let (W, t,,) F_open subspace of topological space (X, 1) if (X, t) is FT,_space, then (W, t,,) is
FT,_space.

Proof : Letx,ye W;x#y.xy€X( since WE X), Since X is FT,_ space There exists U,V is F_open in X
and,UNV=0[x € UAy € V]thenUNnWA VnWare F_open in W(by theorem 2.19). UNnW)n (UNW) =
UnV)NW=0nNnW=¢,and xeEUNWAy€EVNW),So(W,t,) is FT,_space.
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