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A B S T R A C T 

In this paper, we introduce a new definitions of Separation Axiom which we called     
_space,      _space,     _space, Then we set the characteristics for each definition and 
demonstrated the interconnection between the three definitions. We also demonstrated the 
genetic and partial characteristics in each definition.  
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1. Introduction 

In the topological space  , a subset   of a space   is said to be a regularly-closed, called also closed domain if 
                  subset   of   is said to be a regularly-open, called also open domain if                     An 
open (resp., closed) subset   of a topological space        is called   open (resp., -closed) set if       
                   is finite set [4].They introduce a new type of semi-open sets  which they call   -open sets[5]. 

An open (resp., closed) subset   of a topological space        is called   open (resp., -closed) set if       
                   is a countable set[6]. In this work, we are interested in studying the concepts of Separation 
Axiom which we call     _space,     _space,     _space, Then we set the characteristics for each definition and 
demonstrated the interconnection between the three definitions. We also demonstrated the genetic and partial 
characteristics in each definition. We have proven some theorems linking FT_space and T_space. We have also 
proven the transmission of genetic traits in our new topic, and we have also linked the relationships between     
_space,     _space,     _space.  

2. Preliminaries 

Definition (2.1) [4] Let                                         ( , ), then the         is finite set and is denoted 
by   open . 
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Definition (2.2) [4] Let                         topological space ( , ), then the          is finite set and is 
denoted by   close .  

Remarks (2.3) [4]Let ( , )  is  topological space, and     . 

(i) Let          open, the complement of        closed . 

(ii)   Let         closed, the complement of         open .  

Remarks (2.4) Every   open set is open set but not convers true. 

Example (2.5)   infinite set,        {       }  { },   open set,    ,  ̅          ̅       , 
If   finite set, then      infinite set, Then   not   open set.  

Definition (2.6) [4]      is a topological space,   point in  , a   open nieghbourhood of   is     open,    , 
which is containing   . 

Theorem (2.7 )[4] a topological space     , then  

(i)  every union finite    closed subset of    is    closed . 

(ii) every union finite    open subset of    is    open. 

(iii) every intersection finite    closed subset of    is    closed. 

(iv) every intersection finite    open subset of    is    open. 

Definition (2.8) [4] If        a topological space, and    the intersection of all   closed containing   is called 

  closure, denoted by   
 

. 

Theorem (2.9) [4] Let               of the topological space, ( , ) then     ̅     
 

. 

Corollary(2.10)[4]If   is   open set and                   
 

   In particular, if   and   are disjoint    open 

set then,     
 

    =    
 

   . 

Definition(2.11)[4] If      a topological space, and    ,   point      is called   limit points of   if and only if 
for any   open set   containing   ,we have    { }       

Remark(2.12)[4]the set of all   limit points of   is called the   derived set and denoted by      . 

Theorem (2.13)[4] If       a topological space, and       , Then .  

             ,      is the derived set of   . 

(ii)                     . 

(iii)                                             .  

Theorem(2.14)[4] If      a topological space, and       ,Then .  

(i)     
 

   . 

(ii)     
 

. 

(iii)                 
 

   
 

. 

(iv) If        
 

      
 

     
 
    . 
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(v)   
 ̅̅̅̅  

  
 
. 

Definition(2.15)[4]              ̀ a function   is called   continuous if        is    open set in    for every 
open set   in  . 

Definition(2.16)[4]              ̀ a function   is called   open if      is a   open set in   for every open sets 
      . 

Definition(2.17)[4]              ̀  a function   is called          if      is a   closed set in   for every closed 
sets       . 

Definition (2.18)[4]              ̀  a function   is called    hmoeomrphism if and only if    and     are 
  continuous ,one to one, onto. 

Theorem(2.19)Let       be   open subspace of       if     open set in   then         open set in  . 

Proof: Let   be   open set in  .Then    is open set in   (since every   open is open). Then     open set in  .To 

prove by (      is finite,    (               =[                [           ]    

[                  ]                            Since      and      are finite, then         

is finite, then         is   open set in   is F_open, Therefor     is   open set in  .   

3. The Main Results 

3.1 On  _Separation Axiom 

Definition(3.1.1) If       be a topological space, then    is called      space if and only for each       such that 
    and there exists   is   open set,              or            . 

Example(3.1.2) Let   {     }, and   {    { } {   }} then       is      space, since   is finite every open set is 

  open set, the     open set is     { } {   },     There exists    open set { } ;   { } ⋀   { },     There exists 
 _open set { };   { } ⋀   { },      There exists    open set {   } ;   {   } ⋀   {   }, so       is      space. 

Example(3.1.3) Let   {   } is indiscrete space and    {    } ,The    open set is    ,     ; There is not 
exists          open set such that ,                     ⋀     , so       is not      space. 

Theorem(3.1.4) If          _space then        _space.  

Proof: There exists   is   open set such that,                               .Every            is open set 
(by Remark2.4) So There exists   is open set such that,      ⋀           ⋀    , so   is   _space. 

Example(3.1.5) Let   infinite set;     and    {       }  { } ,  open set .There exists         and     
such that;       ⋀     . So   is   _space If  is open set and finite set. Then                     .There is not 
exists        open set such that    ,      ⋀           ⋀     , So   is not    _space.  

 Theorem(3.1.6) Let                   be   continuous, onto, one to one, then    is       space if and only if    
is     _ space.   

Proof: Let            space. Since                  , there exists   one to one and   is onto,   is   continuous,     is 
  continuous , let                  then                   ,   onto function so                        ,  
one to one function, there exists                  , and there exists                     and        and 
        , Since   is      space there exists   is    open set,       ⋀              ⋀      ,    is 
  continuous then       is    open                                                                     . So   
is    _ space. 

Converse: Let   is    _space .Since                  , there exists   one to one and   onto and        _continuous 
and      continuous, let        ;        then         ,            ,   is onto function then           
              ,   is one to one function, there exists                  and there exists                 ; 
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                 ,   is    _space there exists     open set.                                     , 
     continuous;          open set ;                                                                    So   
is    _space. 

Theorem(3.1.7) Let           open subspace of topological space       if       is      space, then         is      
space. 

Proof: Let       ;      ,         since     ,There exists   is   open in  ,                           
       , then     are   open in   (by Theorem2.19),                                             , 
so      is    space.  

Definition(3.1.8)      a topological space is defined      space if and only if for each        such that     , 
there exists          open set such that,                                . 

Example(3.1.9) Let   {   ,   {    { } { }}, The    open sets are     { } { }such that     there exists 
  { } is    open set, there exists   { } is   open set,          and                    is      space. 

Lemma (3.1.10) If    is      space then    is      space . 

Proof: Let   is     space and       such that    . there exist       open set, Such that,             
                   , (Since   is    space),There exist         open set Such that                        
      , so   is     space. 

Example(3.1.11) Let    {   }   {    { }}    is     space.the   open set;     { }, Let       such that    : 
there exists   is   open set such that.                               but there is not exists   is   open set 
such that                                  , so       is not     space. 

Lemma ( 3.1.12) Every     space is    space. 

Proof: There exists        open sets such that                              , Since every   open set is 
open set there exists     open set such that                                 , so   is     space. 

Lemma (3.1.13) Let { } is    closed then       is     space for each     . 

Proof: Let         such that     , let      – { }, ({ }   closed),      – { }        ({ }    closed), Such that     is 
   open set,                                  , So   is     space. 

Theorem(3.1.14) Let          open subspace of topological space       if       is      space, then         is 
     space. 

Proof: Let       ;      ,        ( since     )Since   is      space There exists     is   open in  , 
                                 , then           are    open(by Theorem 2.19) in W.         
                                     , So        is      space.  

Theorem(3.1.15)                   be   continuous, onto, one to one then    is       space if and only if    is     _ 
space . 

Proof: let                   and suppose that           space. Since                   there exists,   is one to one 
and, onto,    continuous,     is    continuous let                                           ,   onto function 
so                      ,   one to one function, there exists                  , and there exists 
                    and       and         , Since   is      space there exists     is    open set ,     
  ⋀              ⋀      ,    is   continuous then            is   open,                           
                                          , So.   is    _ space. 
 Converse: Let   is    _space, Since                   then there exists,   one to one, onto,   continuous and 
     continuous, let        ;        then         ,              is onto function then                      
 ,   is one to one function, there exists                   and there exists                   and  
                     is    _ space there exists       open set,                                   , 
     continuous, then                open set;                                                           
       , So   is     _space. 
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Definition(3.1.16)Let      topological space is called a    _space if for each pair distinct points      , the exist 
   open sets              such that                          . 

Example(3.1.17) let   {   }    {    { }{ }} The   open set in   are      { }{ }, for each     there exists 
    are   open such that,                       , So      is    _space. 

Theorem(3.1.18) Every    _space is     _space. 

Proof: Let   is     _space and    ,There exists     is   open set such that                           , 
There exists     is   open sets and     such that,                       , So   is     _space. 

Theorem(3.1.19) Let                   be    continuous, onto, one to one then     is      space, if and only if    
is     _ space 

Proof: Let that   is       space, there exists                     is one to one,  onto,     continuous and      is 
  continuous let                                     ,   onto function then                    ,   one to 
one function, there exists                 and there exists                 and          and         Since 
  is      space there exists       are     open set,        ,        ⋀        ,    is   continuous then 
                        are    open,                                                   
  ⋀       , So   is    _space. 

Converse let                  and suppose that   is     space, Since                  there exists   one to one, 
onto,   continuous,     is    continuous let                                       onto function then  
                  ,   one to one function, there exists                 , and there exists               
   and       and         , Since   is     space there exists             open set,        ,          ⋀     
   ,   is   continuous then                         are   open,                                  
                 ⋀        , So   is     _ space. 

Remark (3.1.20) if        is    _space, then not necessary test that space is    _space and every    _space is 
   _space. 

            

Example (3.1.21)          is     _space, Let       so     there exists       open set      { }      { }, 
Such that                        ,But         is not     _space. Since     and      { }      { },  
     , So         is not    _ space. 

Theorem(3.1.22) Let          open subspace of topological space       if       is      space, then         is 
    space. 

Proof : Let      ;    .      ( since     ), Since   is       space There exists     is   open in   
and ,        ,                 then          are   open in W(by theorem 2.19).             
              , and              , So         is      space. 
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