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1. Introduction

Let A, which consists of all normalized analytic functions f in an open unit disk U definedas U ={z:z € C, |z| <
1}, and may be expressed in the following form:

f(z)=z+Zanz",(zeU). (1.1
n=2

A function f has an inverse f~1 is fulfills :

@) =2(z€),

with
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1
Frrw) =w, (Wl<nn) 27),
where
gw) = f71(w) =w — a,w? + (2a% — a;)w® — (5a3 — 5a,a; + a,)w* + -, (w € U). (1.2)

A function f is said to be bi-univalent in U if both its inverse function f =1 and f itself are univalent functions in U.
The set of bi-univalent functions defined in the domain U is represented by the symbol X [13]. Lewin [13] examined
the bi-univalent function class X and demonstrated that |a,| < 1.51 for the functions in this class. Following this,
Brannan and Clunie [8] hypothesis that |a,| < V2. Netanyahu [14], however, demonstrated that maXses|a,| = %‘

Additional research is required to address the issue of estimating the coefficient for each value of |a,| (n €
N\{1,2}; N:={1,2,:--}). Brannan and Taha [9] developed several subclasses of the bi-univalent function class Z.
These subclasses can be compared to the well-known subclasses $*(«) and K (@) of starlike and convex functions
with order a(0 < a < 1), respectively (see to [1,2,3,4,6,7,22]). Hence, according to the research conducted by
Brannan and Taha [9] (also cited in [5,10,17,21]), a function f € A is classified as a member of the S*(a) class of
extremely bi-starlike functions with order (0 < a < 1) if it satisfies the following criteria:

amn
2

f €Xand |arg (fo;—g))| <

| (wg’(w))‘ Lom
ar _—,
I\ gm )17
here, g represents the extension of the inverse function of f to U. Similarly, the function classes Sy («) and K5 («)
were defined, along with the classes Sy (a) and Ky of bi-starlike functions of order «, respectively.

and

The first two Taylor-Maclaurin coefficients, |a,| and |a;|, were calculated for the function classes Ss(a) and K5 (a)
using several sources [9], [16], [18], and [21] . To get further information, kindly refer to the provided references.

Based on the research conducted by Atshan et al. [2,20], Srivastava et al. [19], Frasin and Aouf [12], and Agnes’s
earlier studies [15], we were motivated to pursue this work.

The primary objective of this study is to define two new subclasses within the function class Z, ﬂf (T, A,n,7;a) and
TZQ (t,A,n,y; B), and we aim to determine the values of the coefficients |a,| and |a;| for functions inside these newly
defined subclasses, utilizing the methodologies previously utilized by Srivastava et al. [19]. We further expand and
enhance the outcomes of Srivastava et al. [19] and Frasin and Aouf [12] that were previously mentioned.

We also mention several new or known particular examples of our findings.
Before deriving our important findings, it is imperative to employ the subsequent lemma.

Lemma 1.1. [7,11] Ifp € P, then |Cj| < 2 for each j, where P is the family of every functions p analytic in U for
which Rep(z) > 0,p(z) = 1+ ¢;z + ¢,z? + 323 + - forz € U.

2. Coefficients Bounds for the Function Class Tg (t,Any a)

Definition 2.1. A function f, which is a member of the class X and defined by equation (1), is considered to belong to
the class TZQ (t, A, m,v; @) if it fulfills the following conditions:

arg (1 +%[(1 - A)@Hf’(z) +%— 1]) <% @ew 1)
and
|arg (1 +%[(1 — A)%W) +1g'(w) + % — 1])| < %’T, (zel), (2.2)
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where (t € C\{0}; 1>21,0<1n<1,0<y<1; 0=0;0<a<1).The function g is defined by equation (1.2).

Theorem 2.1. If the function f is defined by the Taylor-Maclaurin series expansion (1.1) since it is a member of the
class 73 (7,4,1,v; @), then

la|
< 2at(1—vy) ,(2.3)
\/y[mA +4nQRoa —3a) + a(AB+2n(2A+1)+2—y) —2(1+ D)2+ AD +y —2n] + nlaC + 4E] + aF + (1 + 1)2

where

A=—-81—4+4yA+2y —12n+8no; B =21+ 4 —yA—2y;

C =12t — 8ot — 41 — 4 — 4n;

D=yA+2y—4pE=2+n+1;F =2t(1+21) — (1 + 1)?
and

ol < 4720%(1 — y)? N 2ta(l—vy) 2.4

las _((1+/1)(1—y)+2n)2 (A+2DA=p)+6n)

Proof: Let f € TZQ (t,A,n,y;a) and g = f~1, satisfying

1 f(2) , nzf"(z) _ «
1+;[(1—/1)T+/1f (2) +m— 1] = [p(Z)] (2.5)
and
1 gw) , nwg" (w) B a
1+ [a- DI+ 20/ o) + s <1 = L), 26)

then p(z) and q(w) are analytic functions in U, and both p(0) and q(0) are equal to 1,
where p(z) and q(w) be elements of P and have the following series representations:
p(2) =14+ pz+pz2 +pyz3 + - 2.7)
and
qw) =1+ qw +qw? + qzw’ + ---. (28)

By equating the coefficients in equation (2.5) and equation (2.6), we obtain

((1 - yr)((ll + ;)) * 2’7) a, = ap,, 2.9)
()t
foetmogen. .

and
(z(zz + 1)(:(; Z)VJ; an(3 - 9)) s _ ((2/1 + 251_—y§) + 6n> .- @qg tag, 2.12)
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By applying equations (2.9) and (2.11), it can be deduced that

P1 = —q1 (2.13)
and
2
2

at = a*(p? + q2). (2.14)

) (277 +A+1)0- y))
(1-y)
Now adding (2.10) and (2.12) and using (2.14), we obtain

(2(1 —y)2A+11) + 4n(3 — o) — 4no
(1-y)

(a-1) 2 2
T(m +q7)

a
)a% =a(p, +q,) +

A-NA++ zn>2 2

(-1
=alp, +q2) + a ( (1-7) 2

a3

?(1-y)?a?(, +q;)
yltad + 4nRoa —3a) + a(AB +2n(2A+ 1)+ 2 —y) =21+ )2+ AD +y — 2n] + n[aC + 4E] + 2at(2A + 1)

By employing lemma 1 to the coefficients p, and gq,, we can readily deduce

|a2|
4at(1 —vy)

<

Jy[raA +4n(2oa —3a) +a(AB+2 —y +2n(2A+ 1)) — 2(A+ 1)2 + AD +y — 21| + n[aC + 4E] + aF + (1 + 1)?

where
A=—-81—4+4+4yA+2y—12n+8no; B =21+4 —yA—2y;
C=12t—801—41—4 -4y, D =yA+2y —4mE=21+1n+1;
F=2t22+1)— (1 + 1)2.

Subsequently, to get the upper limit of |a;|, we can obtain the result by subtracting equation (2.12) from
equation(2.10).

((1 -yA+1+ 67)) o (47]@ +2(1-y)2A+1)+4n3 - g)) 2
3

t(1-v) t(1-v) ?
ala—1)
= a(p = q2) +———f —ad). (2.15)
It follows from (2.13), (2.14) and (2.15) that
?a’(pf +pH(A —y)? ta(p, —q2)(1 —y)

BTG APtz 2@+ DA -p) +6n)

By reapplying lemma 1 to the coefficients p;, p,, g; and q,, we can achieve this result.

la.| < 47202 (1 — y)? 2ta(l —vy)
TT(@+DA-p+2m) @+DA-n+en

The proof of Theorem 2.1 has been completed.
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3. Coefficients Bounds for the Function Class Tg (T, Anv;B)

Definition 3.1. A function f € X is considered to belong to the class 17;9(‘[, An,y; B) if it satisfies the following
criteria:

1 f(2) , nzf"(z)
R€<1+;[(1—/1)7+3f (Z)+m—l])>ﬂ, (zel) (3.1
and
1 gw) , nwg" (w)
R€<1+;[(1—/1)T+/19 (W)+m—l])>ﬂ, (w e U), (3.2)

where (t € C\{0}; 1> 1;,0<1n<1,0<y<1; 0=>0; 0<p <1).The function g is defined by equation (1.2).

Theorem 3.1. If the function f is defined by equation (1.1) and belongs to the class 7}‘9 (7, 4, n,v; B), then

2(1- )1~ 7)
o] < J A=N@I+D +76—40) G

and

472(1 - B)*(1 —y)? 211 -1 -y)

ol < (2n+@+DA-p) A-NEa+H+én G4
Proof. From equations (3.1) and (3.2), it can be deduced that there exist p and g, which belong to P, such that
1+%[(1—A)@+Af’(z)+%—l] =+ -, (3.5)
and
12 = D224 g/ w) + LW q] = g+ (1 - Bgw), 26)

p(z) and q(w) are represented by equations (2.7) and (2.8), respectively. By equating the coefficients in equation
(3.5) and equation (3.6), we obtain

QA-y)a+1+29 B
( T(l _ y) )aZ = (1 - ﬁ)pl' (37)
1-p)R2A+1)+6n 4no B
( T(l — y) ) 3 T(l — y) a% = (1 - ﬁ)pz' (38)
A-y)a+1+29 B
- ( T(l — y) )aZ = (1 - ﬁ)qll (39)

and

(2(1 -y)2A+1)+4n(3 - Q)) . ((1 —y)(22+ 1)+ 61

ta-v) “ (1 —yy) > %= 0=Fa. (3.10)

From (3.7) and (3.9), we get

P1 = —q1, (3.11)
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and

<(1 —y)A+ )+ 2n

2
az =1 - pB)2®? + q3). 3.12
(1—7) ) 2 B)*(pi + a1 ( )
By summing together equations (3.8) and (3.10), we get

<2(1 —y)2A+1)+4n(3 —0) — 4ne
(1-y)

)a% =1 -, +q).

Therefore, we obtain

a2 = (1=, +q,)A—7)
2721 —-p)@2A+ 1) + 2n(6 — 40)

By utilising lemma (1.1) for the coefficients p, and q,, we obtain

o< | za=-pa-y
2T ]a=-mea+1)+n(6—40)

Now, to find |a;|, by subtracting (3.10) from (3.8), we get
((1 -NRA+1D)+ 6n> (2(1 —-y)22+1) + 127
a3 -

(1—7) (1 -7) )az =1 -B)p: —q2).

Or equivalently

o = (1=, — q.)A —y) 2
T 2(a-pA+D+en)  F

By replacing the value of aZ from equation (3.12), we obtain

_ 2a-p2pi+ad)-y)? | t1-B)(p2-a2)1-¥)
2((1-y) A+1)+2n)° 2(@-p)@a+1+6n)

3

By using Lemma (1.1) once more to the coefficients p,, p,, q; and q,, we determine

4t2(1 - p*(1 —y)? 2t(1-p)A —v)
T (n+a+na-p) @+DA-n+en

la

The proof of Theorem 3.1 has been completed.

4. Corollaries and Consequences

By substituting A = 1 into Theorem 2.1, we obtain
Corollary 4.1. Let f(z) defined by equation (1.1) belongs to the class TZQ (,A,n,y; ). Then

4at(1—1y)
\/)/[T(ZA+477(ZQCZ—3CZ)+CZ(B+6T] +2—y)—8+4+D+y—2n]+nlaC +4E] + 6art

|a2| <

where
A=-12+6y—12n+8ng;B=6—-3y;C =121 —8ot—8—4n;D =3y —4m;E=n+ 2

and
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< 47202 (1 — y)? N 2ta(1—y)
A=y +2m? 3(1-y)+6n

|a3

By substituting A = 1 into Theorem 3.1, we obtain

Corollary 4.2. Let f(z) defined by equation (1.1), which belongs to the class 7}‘9 (7, ,n,v; B). then

211 -pA —y)
3(1 —y) +n(6 —40)

la,| <

and

- 4721 -1 —p)? 2t(1-B)A-vy)

laal = (2n+20-p)° 6n+3(1—y)

Remark . By substitutingy = 0 and ¢ = 0 into theorem 2.1 and theorem 3.1 for symmetric bi-univalent functions,
we may get the same findings as those presented by Atshan and Jiben [1]. Furthermore, by substitutingz = 1,n =0
and y = 0 into theorem (2.1) and theorem (3.1), we can get the outcomes presented by Frasin and Aouf [12].
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