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Abstract

In this paper, we consider semiparametric regression model where the mean function of this model has
two part, the parametric ( first part ) is assumed to be linear function of p-dimensional covariates and
nonparametric ( second part ) is assumed to be a smooth penalized spline. By using a convenient
connection between penalized splines and mixed models, we can representation semiparametric
regression model as mixed model. Bayesian approach is employed to making inferences on the resulting
mixed model coefficients, and we prove some theorems about posterior.
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1. Introduction

Consider the model:
Vi = E?zuﬁjxji +m(xp.,) + & JiA=12,..,n (1)

Where v, , ..., ¥, response variables and the unobserved errors are e, ,...,s, are known to
be i.i.d. normal with mean 0 and covariance 21 with 2 known.

The mean function of the regression model in (1) has two parts. The parametric ( first
part ) is assumed to be linear function of p-dimensional covariates x;, and nonparametric

(second part) m(x,.,,) is function defined on some index set T = Rr*. Inferences a bout

model (1) such as its estimation as well as model checking are of interest.

A Bayesian approach to (fully) semiparametric regression problems typically requires
specifying prior distributions on function spaces which is rather difficult to handle. The
extent of the complexity of this approach can be gauged from sources such as Angers and
Delampady (see [1]), and Lenk (see[7]), and so on.

In this paper, a simple Bayesian approach to semiparametric regression, so that with the
help of a reference prior they can be transformed to prior density functions. By using
penalized spline for the nonparametric function ( second part ) of the model (1) we can
representation semiparametric regression model (1) as mixed model and Bayesian
approach is employed to making inferences on the resulting mixed model coefficients, and
we prove some theorems about posterior.
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2. Mixed Models

The general form of a linear mixed model for the ith subject (i = 1,..., n) is given as
follows (see [9,12,13]),
Y, = X,B+X7 1 Zu;+ € ui}.NN[D,E}-), g~N(0,R;), 2)
where the vector ¥; has length m;, x; and z,; are, respectively, a m; X p design matrix and a
m, X g, design matrix of fixed and random effects. B is a p-vector of fixed effects and v,
are the g;-vectors of random effects. The variance matrix 6; is a g; x g; matrix and g, is a
m; X m; matrix.

We assume that the random effects {u ;i = 1,..,n;j = 1,..,r} and the set of error
terms {e,, ..., €, } are independent. In matrix notation,
VY=XB+Zu+e (3)
Here ¥ = (V,,....¥,)" haslength N =%",m, X = (x],..,.XxD)7is a N x p design matrix of
fixed effects, Z is a N x g block diagonal design matrix of random effects, q= 7., q; ,
u= (ul,..,ul)T is a g-vector of random effects, R = diag(R,,...,R,) iISa N x N matrix and
G = diag(G,,..,G,)iSaq x g block diagonal matrix.

3. Spline Semiparametric regression and Prior

The model (1) can be expressed as a smooth penalized spline with g degree, then it's
become as (see [12]):

Yi = E_?m}lgjxﬁ +E_?:1J'9w+}'x::+1,i +Ef=1{uk (X?HLE - kkji + & (4)

where ky, ..., k; are inner knotsa < k, <,,,< k; < b,

By using a convenient connection between penalized splines and mixed models. Model
(4) is rewritten as follows (see [9,12,13])

Y=XB+Zu+te (5)
where
] ’9.“ ]
Y1 JB; ! I[x?ﬁm — k)i - (%pe11 — ki)l
Y= =],ﬁ=ﬁ+1 ,u=[:],z= 5 5
Yn ?5 Ug (Xps1n — kﬂi o (Xprrn — kxji
1Bt
I Xy v Xpy Xpaan - xi+1,1
¥ = 1 x5 o Xp Xps1,2 - xi+1,2
1 %4 Xpn Fptin v xi+Ln
We assume that the function g is:
g= Xf+ Zu (6)
And its prior guess g can be written as:
g° = Xp (7)
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Further, some of the a priori information penalized spline coefficients can be translated
into:

E(e)=0; var(e) = o2l
E(B) =0, var(f) = afl (8)
E(u)=0; var(u) = ol

The term x4 in (5) is the pure polynomial component of the spline, and Zu is the
component with spline truncated functions with covariance ¢ @, where @ = ZZ7. Letting
(B,u 07, 02) be the parameter vector, the mixed model specifies a N(0,s,7I) prior on « as
well as the likelihood, f(¥|8.u,c.;,¢2). To specify a complete Bayesian model, we also
need a prior distribution on (£, 57,62). Assuming that little is known about B, it makes
sense to put an improper uniform prior on f. Or, if a proper prior is desired, one could use
a N(0,g4 1) prior with o so large that, for all intents and purposes, the normal distribution
IS uniform on the range of B. Therefore, we will use =,(8) = 1. We will assume that the
prior on oZ is inverse gamma with parameters A, and B, — denoted IG(A,, B,) — so that its
density is

Ag o
mo(02) = a5 (02 ) A exp (- %) (9)

Also, we assume that:
o2~ IG(A,,B,)

Here A_ B_, A and B, are “hyperparameters” that determine the priors and must be chosen

by the statistician. These hyperparameters must be strictly positive in order for the priors
to be proper. If A, and B, were zero, then m,(c2) would be proportional to the improper

prior Gi , Which is equivalent to log(e.) having an improper uniform prior. Therefore,

choosing A, and B, both close to zero (say, both equal to 0.1) gives an essentially
noninformative, but proper, prior. The same reasoning applies to A, and B,. The model we
have constructed is a hierarchical Bayes model, where the random variables are arranged
in a hierarchy such that distributions at each level are determined by the random variables
in the previous levels. At the bottom of the hierarchy are the known hyperparameters. At
the next level are the fixed effects parameters and variance components whose
distributions are determined by the hyperparameters. At the level above this are the
random effects, u and e, whose distributions are determined by the variance components.

The top level contains the data y. ( see [13] )

4. Posterior calculations
We have the model
Y|F, 62,62 ~ N(CF, ¢’ + ¢2Q). (10)
where ¢ = [X Z].
Unless F has a normal prior distribution or a hierarchical prior with a conditionally

normal prior distribution, analytical simplifications in the computation of posterior
quantities are not expected. For such cases, we have the joint posterior density of the
penalized spline coefficients F and the error variances ¢ and o,7 given by the expression.
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n(F .05, 0l|¥) « f(Y|F,0f,67) my(F.0f, 0f)

Where f is the likelihood. From (14), f can be expressed as

fYIF.0l,02) o | 621, + o2QI ™ 2exp { - (¥ — CF)T (021, + 02Q)™*(Y — CF)}
Proceeding further, suppose =, of the form

o (F, g:f,gjj = ﬁi(“&rﬂjj (11)

which is constant in F, is chosen.

Markov Chain Monte Carlo (MCMC) based approaches to posterior computations are
now readily available. For example, Gibbs sampling is straightforward (see [ 1,13]).
Note that ¢ = cpc™ = zzZ7

where D = [D?’”“ 0 ]
0 hi(prg+n)
and ¢2D = [D*’”“ 0 l
0 J::In—('p+q+1}
we see
Y|F, a2, a? ~N(CF,a’l_ +a1Q) (12)

However, the prior of F given ¢ specified that Flo? ~ N(0,62D)
Therefore, it follows that

Y|lgz2 o2 ~ N(0,62I, + CaZDCT) (13)
where ¢2Q = Ca2DCT

F|Y,a2, 6% ~ N(A,Y,A,) (14)
where

A, =a2DCT (621, + ColDCT)? (15)
A, =a’D— a*D C7 (c?I, + Ca?DCT) CD (16)

We can rewrite covariance of Y given F,o,; and o2 as

i i . . . _ o2
o2l 4+ 62Q = 021, + Ca2DCT = Co? (c-l I.cT 1+a—";D) cT
E

7 1
= Cg? {CTC+E—‘§D ] cT, where D™t = D.
LT
Result 1:

-1

-1
FIY,62,62 ~ N{(CTC+Z—§D ) c™v.02 (cTc+%D) } 17)

i

Proof:
Since E(F|Y) = A,
=g.DCT (a?l, + CalDCTY?
- - a2 -1 -1
= gipCT (ccr; (cTe+%p) cf) Y
L
_ 2 T (AT 1{ T o [
= o2pc™ (77 (c C+EiD]E§]Y
2 _ —1 g2 -
= &p (cTcTcTecTt +¢cTeT T EpCt ) T Ty
B

Og

] _ 2z — -
= &p (cTcT M +Z DT )T Ty
Ge F
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= %p (I, +"'—§DC‘1CT‘1]cfzf
3

0,

= %up (EhDC et 41, )CTY

ol
= (c7 ™+ %p )Ty
O
o2 -1
= (cTc+%p) cTy
Ty
] -1
By same way we can prove the covariance is o7 (CTC + Z—iD )
i
Now proceeding as in [3], we employ spectral decomposition to obtain cpc™ = BHBT |
where H = diag(h,,....h,) IS the matrix of eigenvalues and B is the orthogonal matrix of
eigenvectors. Thus,
. . . . . . . g’
oll, + [CaDC") = o2l,+ BolHB” = Bo2I,B" + Bo2HB" = Bg} (!n + —“iH) BT
72

E

=¢?B(l,+ §H)BT
where é = ¢ /2. Then, the first stage (conditional) marginal density of Y given ¢2 and &

can be written as

m(¥|g2,6) = .

I._Zyrgé']n; * det[r + ]2

expf —i&_ YTB(I, + 6H)BTY
=l

- uq:j“ a1 [1;;& 122 XP{_« ~(E: 11+M]} (18)

where s = (sy,...,5,)" = B'Y. We choose the prior on ¢Z, § = ¢ /a2, qualitatively similar
to the used in [1]. Specifically, we take =,(g2,8) to be proportional to the product of an
inverse gamma density {B.4/I'(A,)} exp(—B./c2)(e2)"“=*2 for o7 and the density of a
F(b,a) distribution for & (for suitable choice of B,, 4., b and a ). Conditions apply on a and
b such that (see [1]):

The prior covariance of &(= ﬁj is infinite.
a®(b+2)(b+6)

The fisher information number = IS minimum.

(""ﬂ 4)(a +b+"}j
b a— .1}
(B+2)

This can be done by choosing 2 < b < 4and a =8(b+ 2)/(b— 2)

Once m,(¢Z,8) is chosen as above, we obtain the posterior density of & given ¥, the
posterior mean and covariance matrix of F as in the following theorems.
Theorem1.: the posterior density of & given ¥ is:

The prior mode = ( ) is greater than 0.

h al—a &2 —in+2A.+2)/2
m22(81¥) % s (M (1+6R)) ™2 (2B, + Ty o) (19)
Proof:
72 (81¥) = [m(¥1o2,8) £(8,b,8) f( 524, B)do]
1 1,.""' |1 z a—-:.h.'...‘l—
- _Jr E .‘1. 2 (H 1(1 + 5'151' :]j Bib.a) |~a+b5}_::'1+bj"':
1 n 3; Bﬁ; E 2 =i BE 2
°xp {_ 202 { =1 1+5h[)} r(a) (07) " exp (_c_g) do,
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I:ZR}—.‘I.."Z bh.-z afz |b.-z‘| 1

e [ (T (1 + 67)) 2 exp{— 2 (28, +

TlAL B(ba) (atbd

3
n _5 }} ol (n¥2A42)/2 g2
P=1148m; (oc) €

_ [2m)” nfz bb.-z afz -|E|.-z‘|—

o TI.E!I.E:I Blbﬂ} 'ﬂ+b|§} ||1+h‘ln'5(2j

(n+2A.+2 }.-’AJF (n 1(1+5h :]:] 1/2

2 'ﬂ+¢ﬂ +L:I.llr.¢

1 ZB +E:1__W
EXP{ {EB + 2 11+|:>h )} Zo7 (EBE t
2, —(n+2A.+2)/2
n = 2
E':11+;'me[) do,

|EI.'2"| 1

o w [T, (1 + 6R))™ mexp{__(zg Ly 1;;)}

3 o [n+2a.44)/2]-1

2B +E?—__+ar~ : (—(n+24,42)/2
L 2
262 (EH + 2 11+¢h] da,
ﬂ_"h.-'z"—_ 2 —(n+2A.+2)/2
* (arpa)-@rdIE F((n+24.+4)/2) (EB +2s 11+ah)
(M, (1 +6R))™H7
—(n+24.+2)/2

ﬂ_'.h.-zf'—_ n —1/3 z
® erpe) B (M, (1 + 8r )™ (EB + 2= 11+ah)

Theorem2: The posterior mean and covariance matrix of F are:
E(FIY)= DCTBE{(1,+8H) ! |¥}s (20)

And
(EBE+

1
n+24,+2

var(F|Y) = E

I
% 1 T
(EB +( =14 48n; ))H’ID n+24, +2 HC'BE

( . _L_}) [1, +6H]" 1|y] BTCD + E[R(8)R(8)T|Y].

i=1948n

(21)
where R(8) = DCTB(I,+ 6H) *s

Proof:

From (14):
E(F|Y) =AY

= g.DCT (oZl, + Ca,DCT) 'Y

= g2DCT {a?B(I, + 6H)BT} 'Y

= &pcTBT (I, + 6H) ' B7Y

T
Since B is the orthogonal matrix of eigenvectors, then 8* = B7and 87" = B.
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Therefore
E(F|¥)= DC'B & (1,4 6H) 'BTY
= DCTBE((1,+6H)Y)s
where the expectation E(( 1, + 6H )7'|y) is taken with respect to =,,(5|¥) ( see theorem 1
above ). And by the same way we can prove the variance of F givenY.

5. Model checking and Bayes factors

An important and useful model checking problem in the present setup is checking the two
models
H,: g= Xf=g°Versus H,: g=Xf +Zu #= g°.

Under H,.( g = g(F).a;,62) is given the prior = (F,c;,62)I(g + g°), whereas under H,,,
() induced by =, (F, o,;,a2) is the only part needed. In order to conduct the model
checking, we compute the Bayes factor, B,,, of 4, relative to H,:

Boy (¥) = 2008 (22)

where m(Y|H,) is the predictive (marginal) density of ¥ under model H,,i = 0,1. We have
m(Y|H,) = [ f(Ylg® 62)my(0?) do’

and
m(Y|H,) = [f(Y|F,0], 62)m,(F,0,02) dFdo}da}

As in the previous section =,(s,7,¢2) will be constant in F, while &2 is inverse gamma and
IS independent of v, = ¢2/a; which is given the F_, prior distribution. (Equivalently,

J‘":I
= 62/c? is given the F,, , Specifically, m,(c?) = FZ_}[ 2 )4t D exp (—2) |, where A,

and B, (small) are suitably chosen. Therefore,
m(vIa,) = | g oo d

2 [(02) ™2 exp (=22 (7)) exp(— T a0

2 T

= (2m) ™2 T,AE}
. tmia Be+=(3;-° (x)*
= (2m)™ T,HE} B [(g2) (/A gxp(— 21 E Ty g,

Og

(]

2y /2 2 (02 61 (B, + 2 (3, - g2 (e ) DT B+ (-

o = [, Bet=(yi—g (=) 9
g° (X)) ~=“"E*”exp(‘—E e )ficr;

T

A 2 Do O (23
1o B 'B + '}L E '-TL:':':' B+-(3i—E '-.-TL:':'
[:2 ] n2 Jf exp(— z

T'IAE}

8°(x))) G do

) (BE +%(}Ii -

(a2 }I +AE+ ) r

117



Journal of Al-Qadisiyah for computer science and mathematics
Vol.5 No.1 vyear2013

O

o e (Bt eyt G TAED T Bt () .
= M ™ 0 [~ exp| —— 25— ) (B + 3 (i~
g°(x))) &Y do?
tmﬂ”“ﬁ@rt+A-+u&u+Hm—g%anﬁ*?““imﬁ (23)

Further, using (13) it foIIows that:

m(¥IHy, 02,8) = (2102 (ITey(1 + 8h) 2 exp {— o5 (Ze 25)) (24)
Therefore,

m(Y|H,) = [m(YIM,,62,8)ny,(c?,8) do? db

N -1/2
e ot o)

i=1
exp{—ig( :’ll—i?)}ﬂu[ﬁ] do’ dé

= —E—[Eﬂ] nE (TR 1[1+5h]) V2 1,(8)

Tlag
{IEXP{__(B t3 Ef 11+¢h )} da; } dg
= r—?%(znj "Irn/2+A) [ (TTx,(1+6h))7Y?
o —(n/24+c-1)
7o(8) (B.+1Zn 1?2?) dé (25)

6.1. Prior robustness of Bayes factors
For any constant ¢ also contributes the same prior information about F. Therefore, a

study of the robustness of the Bayes factor. Here we consider a sensitivity study using the
density ratio class defined as follows. Since the prior © that we use has the form
w(F,0;,07) « my(F,0;,07),

we consider the class of priors

C ={m:c,my(F,0.,6%) <an(F,0.,0%) < c,ny(F,0l,67), a=0}

For specified 0 < ¢; < ¢,. We would like to investigate how the Bayes factor (22)
behaves as the prior 7 varies in €. We note that for any = € ¢ , the Bayes factor B,, has the
form

[ F(¥1g°, 02) m(F, 02, 02) dF do? do?

T TF(Y|F, 02 02) n(F,02,02) dF do? do?

Even though the integration in the numerator above need not involve F, .7, we do so to
apply the following result (see [1,2,3,7,9] ).

Consider the density-ratio class
Ipg = {m: L(n) £ an(n) = U(n) for somea > 0}

, for specified non-negative functions L and u. Further, let g = g* + ¢~ be the usual
decomposition of g into its positive and negative parts, i.e., g™ (u) = max{g(u),0} and
g~ (u) = —max{—q(u),0}. Then we have the following theorem.
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Theorem 3: For functions ¢, and g, such that [ q.(m)|U(%) dn < o, fori=1, 2, and with g,
positive a.s. with respect to all = £ I,
[ ay(q) m() dy
rerpg J @2(1) (1) dn
Is the unique solution ¥ of
J(a1(n) —Faq,(m)~UMmdn + [(q1(n) —Fq,(m)*L{n)dn =0 (26)
sup J a1(n) m(n) dn
rerpg J @2(1) m() dn
Is the unique solution ¢ of
JCayn) —Faq,(m) UCDdn + [(q,(m) —Fq,(n) Lin)dn =0 (27)

Proof:
To prove first part

J-ql(n]' U(mdn + ffh(ﬂ]Jr L(ndn — ﬁf q,(n)~ U(n)dn — ﬁf q(m)* L()dn =0

= [ @0~ ve) + au()* LoD)dn — 9 [ (@60 V0D + 42D Lm0

_ J(ay ()" U(m) + q. ()" L(n))dn
(@)™ UG) + a2()* L(m))dn

By theorem 4.1. in DeRobertis and Hartigan (1981) ( see [6]).
(a:(n)~ UG +q1()™ L)) = infrer,, Kay (), Where K € I(L,U),
[ inf Kq,(n) dn

wElpgR

[ inf Kq,(n) dn

TEngR

=1

= =

and let ¥ = am(n) then

. Jaq,(m) m(n)dn
=0 Taatn atmdn
__Jay(m) () dn
== fergﬂfqz(n] m(n) dn

[g.0m) el . - . .
Then the inf, ., . % Is the solution of #, now to prove unique solution suppose

r dlf :‘TI" "
8y = inf FEWEWE o = inf [q,(n) n(n)dn and ¢, = sup [q,(n) =(7)dn . Then
.‘TEFDR 4 qﬂl‘-?“} RI‘-??} dn .‘TE.:!_DR .‘TE..!_DR

0 < ¢ < ¢, <oand|d,| <o it follows that J, = @ if and only if

JCay(m) —Say ()~ Ulmddn + [(ay(m) —Fa,(n))*L{n)dn = 0.Moreover, for any e = 0,

¥+ €/e; <9, implies [(q,(n) —Dq,(m)) " U(dn + [(q.(n) —Fq,(n)) L(n)dn = e which in
turn implies ¥ + €/c, < 9,; thus ; ¥, = @ if and only if

J(ay(n) = Bq,(m) " U(dn + [(q,(m) —Pq,(m))*L(m)dn > 0. Hence, then J is the unique

solution.
Now to prove second part

fth(ﬂ)* U(ndn + qu(fﬂ' L(n)dn — ﬁf g, (m)* Uln)dn — ﬂj g,(m)” Limdn =0
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= [ (@0 v + @y LeD)dn — 9 [ (@:6)* U + aa()” Le)dn = 0

_ J(as()* U(n) + a5 ()~ L(p))dn
J(a2(n)* UCn) + q2()~ L(n))dn
Also by theorem 4.1. in DeRobertis and Hartigan (1981) ( see [6] ),
(a1(m)* U +ay ()™ L(n)) = supyer, Ka1(m) ,Where K € (L, U),

| sup Kqy(n) dn
.‘TEFDR

| sup Kq,(n) dn
TEngR

| sup aq,(n) n(n)dn
.‘TEFDR

J sup aq,(m)m(n) dn
TEMnR

[ a:(n) m(n) dn
=9= <o J 42(n) () dn

By same way of proof the unique of first part above ( the proof complete) .

Now we shall discuss this result for the Gaussian membership function only. Then, since
the prior 7 that we use has the form =, (F, 67,62) xm,(0.;,62), and we don’t intend to vary
w,(or,¢2) in our analysis, we redefine ¢, as
C ={n(F): e;my(F) = an(F) = c,my(F), a>0]}

For specified 0 < ¢, < ¢,. NOw, were express By, as
_ J{] f(¥lg®.02) my(0l) dol}m(F)dF _ Jai(F) n(F) dF

J{S f(YIF.0}.02) my(0], 02)daldo}n(F)dF [ q,(F) n(F) dF
where

=

=1 =

==

Bl}l

0, (F) = [ F(¥1g®,02) mo(02) do;
ay(F) = j FYIF, 02,02) my(02,02)doldo?

Then by theorem 3 is readily applicable, and we obtain the following theorem:

Theorem 4:

inf. ., Bos () is the unique solution @ of

¢, J(ay(F)—0q,(F))"dF + ¢, [(q,(F) — 8q,(F))"dF = 0 (28)
and sup.., By () is the unique solution ¢ of

€3 .r( g, (F) _ﬂQE(Fjj+dF+ Ci.r(fh(F] —Uq,(F))"dF =0 (29)
Proof:

To prove part one
Ca f q(F) U(F)dF + 51-[ q,(F)"L(F)dF — ¢, j q,(F) U(F)dF _ﬁ'51J- q,(F)*L(F)dF =0

= J-[Cqu[F':]_U(F]-I- c1@1(Fj+L(Fj]dF - ﬁf(¢2Qz(Fj_U(Fj + C1Q2(FJ+L(F:]:]dF= 0
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_ J(€29,(F)” U(F) +¢,q,(F)" L(F))dF
J(€2q,(F)~ U(F) + €,q,(F)* L(F))dF
Then,
(c:fh(Fj_ U(F)+ Ci@i(F]+ L(F]) =in welpg cKq,(F) ,where K € I(L,U),c < ¢, + ¢, then

[ inf cKqy(F) dF

=

']3 — TECY
- fmf cKq,(F) dF
TECY
I PG Y

recy | a2(F) dF
=1 = Rléléa By, ()

To prove second part
€, f q,(F)* U(F)dF + ¢, f q,(F)” L(F)dF — ¥c, fqz(FV U(F)dF — ¥cy J q,(F)" L(F)dF
=0
= [ @) UE) + 00, (P LENEF = 8 [ (€202(F) U+ e4aa(F)” LENAF =0
_ J(e20,(F)* U(F) + €19, (F)” L(F))dF
J (e20,(F)* U(F) + ¢1q,(F)~ L(F))dF

Then,
(€204 (F)* U(F) +¢3q4(F)” L(F) = SUP e cKq,(F) ,where K € I(L,U),c = ¢, +¢,, then

[ sup cKq,(F) dF

=1

1_9' — wElpgR
=7 [ sup cKay(F) dF
TEMnR
sl o Ja(R aF

sup —
-‘?EFDR.IFQ':(F] dF

=17 = sup By, (w)
:'TEFDR

By same as the unique prove to first part in theorem 3.

5. Conclusions

In this paper we suggest approach to semiparametric regression by proposing an
alternative to dealing with complicated analyses on function spaces. First the penalized
spline is used for the model and by using a convenient connection between penalized
splines and mixed models, we can representation semiparametric regression model as
mixed model. The penalized spline assumed on g and pure polynomial on prior g®.

Furthermore we obtain the posterior density of & given ¥, the posterior mean and
covariance matrix of F ( theorem 1, 2 ), and a Bayesian test is proposed to check whether
the baseline function g® is compatible with the data or not and we proved the prior
robustness of Bayes factors ( theorem 3, 4).
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