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Abstract: Throughout this paper, all rings have identities and all modules are unitary right modules. 

Let R be a ring and M an R-module. A module M is called coretractable if for each proper submodule 

N of M, there exists a nonzero homomorphism  f from M/N into M. Our concern in this paper is to 

develop basic properties of coretractable modules and to look for any relations between coretractable 

modules and other classes of modules. 
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1. Introduction. The notion of coretractable 

module appeared in [6]. However Amini 

studied this notion in [4], where A module M 

is called coretractable if for each proper 

submodule N of M, there exists a nonzero 

endomorphism  f of M such that f(N)=0. After 

that many authors study some generalizations 

of this concept see Al-Husainy in [1] and 

Hadi and Al-aeashi in [10], [11], [12], [13]  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and [14]. In this paper, we review 

coretractable modules and many of its basic 

properties. We give many equivalent 

statements for coretractable ring. Moreover 

we present some connections between 

coretractable module and other  known 

modules such as quasi-Dedekind, 

multiplication, prime, quasi– injective, Kasch 

and rationally injective modules. Next, 

End(M) means ring of endomorphism on M 

and rR(M) means the right  annihilator of M in 

R. 
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§1:  PRELIMINARIES  

     In this section, we recall the concept of 

coretractability and review some known 

properties of coretractable modules. Also we 

add many new results about them and present 

many connections between it and other 

concepts.  "Definition(1.1)[4]: An R-module 

M is called coretractable if for each a proper 

submodule N of M, there exists a nonzero R-

homomorphism f:M/N→M ". 

Examples and Remarks (1.2):  

(1) " An R-module M is a coretractable 

if and only if for each proper submodule N of 

M there exists a nonzero mapping 

f EndR(M)such that f(N)=0; that is N kerf 

[10],[11] ".  

(2) " Clearly every semisimple module 

is a coretractable , and hence Every R-module 

over a semisimple ring is coretractable  [4]" .  

    But it may be that coretractable module  

not semisimple as the Z-module Z4. 

(3) "The Pr¨ufer p-group Zp∞ is a 

coretractable Z-module, since for any proper 

submodule K of Zp∞, Zp∞/K  Zp∞" [4].  

(4) " Let n > 1 be a positive integer. It is 

easy to check that the Z-module Zn is 

coretractable " [4]. 

(5) "The Z-modules Z and Q  are not 

coretractable [14] ". 

(6) "Consider  M=Z Z2  and M=Z Z 

as Z-modules are not coretractable modules 

[14] ". 

(7) "An R-module M is coretractable if 

and only if M is a coretractable  ̅-module ( 

where  ̅=R/ rR(M))[14]". 

(8) "Coretractability is preserved by an 

isomorphism [14]". 

 

 

 

(9) "An R-module M is coretractable if 

and only if  HomR(M/N, M) 0 for any proper 

essential submodule N of M [4]" ." A 

submodule N of M is called an essential 

submodule if for any submodule W of M such 

that N W=0, then W=0 " [15],[9].     

(10) " If M1, M2, …, Mn are coretractable 

R-modules, then so is     
 Mi.  [4, 

Proposition (2.6)]".  

     Recall that " An R-module  M is called 

quasi-Dedekind if every nonzero submodule 

N of M is quasi-invertible where a submodule 

N of M is called quasi-invertible  if  

HomR(M/N,M)=0 " [18]. A nonzero ideal 

( right ideal)I of a ring R is quasi-invertible  

ideal (right ideal)of R if I is quasi-invertible  

submodule of  R. Also " M is a quasi-

Dedekind R-module if for any nonzero f   

EndR(M), f is a monomorphism; that is kerf= 

(0)"  [18,Theorem(1.5), P.26]. 

 

Proposition(1.3):  

(1) An R-module M is a coretractable if 

and only if every proper submodule 

of M is not quasi-invertible 

submodule. 

Proof: It is clear. 

(2) For a ring R, R is a coretractable R-

module if and only if rR(J)  0 for 

each nonzero proper right ideal  J of  

R. 

Proof: R is coretractable if and only if for all 

proper ideal J of R, J is not quasi-invertible 

ideal; that is rR(J) 0  ( by 

[18,Proposition(2.2), P.12] ) 

(3) Every integral domain (not simple)is 

not coretractable ring. 
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Proof: It is clear by Part (2)                                                                            

Proposition(1.4): An R-module M is 

coretractable quasi-Dedekind  if and only if 

M is simple module. 

Proof:( ) Suppose there exists a proper 

submodule N of M, N 0. Since M is quasi-

Dedekind, Hom(M/N,M)=0. But M is a 

coretractable module, then Hom(M/N,M)≠0 

which is a contradiction. Thus M has no 

proper nonzero submodule ; and hence M is 

simple module.   

 ( ) It is clear. 

Recall that " The submodule Z(M)= { m  M: 

rR(m)≤eR } is called the singular submodule 

of M. If M=Z(M), then M is called a singular 

module and if Z(M)=0, then M is called a 

nonsingular module" [9].                                                                                             

Proposition(1.5): Let M be an R-module. If 

M is a nonsingular uniform module, then M is 

a quasi-Dedekind, and hence M is not 

coretractable. 

Proof:  Let N be a nonzero submodule of M, 

so N is an essential submodule of M ( since 

M is uniform), hence M/N is singular. But M 

is a nonsingular. Thus Hom(M/N,M)=0 by [9, 

Proposition(1.20), p.31]. Therefore M is 

quasi-Dedekind. Therefore M is not 

coretractable module.  

§2:  THE MAIN RESULTS 

          Recall that " A ring R is a right Kasch 

if every simple right R-module can be 

embedded in RR. Left Kasch ring" is defined 

similarly. As usual R is called a Kasch ring if 

it both right and left Kasch. [16,P.280]  

Equivalently, " R is a right Kasch ring if for 

each maximal right ideal J of R; lR(J)  0 

[16,Crollary(8.28),P.281]. Recall that " An R- 

 

 

module M is called free module if M=    Ri, 

where  Ri  RR for all i I " [15]. 

Proposition(2.1): For a ring R the following 

statements are equivalent: 

(1) RR is a coretractable  module; 

(2)  lR(J) 0  for each non zero proper 

right ideal J of  R;  where lR(J) denotes the 

left annihilator of J in R. 

(3) R is right Kasch  ring; 

(4) Every finitely generated free right R-

module is coretractable; 

(5) rR(J) 0 for each non zero proper 

right ideal J of  R; where rR(J)denotes the 

right annihilator of J in R. 

(6) Hom(M,R) 0 for each non zero 

cyclic right R-module. 

Proof: (1) (2) (3) (4)It follows by [4, 

Theorem (2.14)].  

(1) (5)It is clear by Proposition(1.3(2)).  

(5) (6)It follows by [3, Proposition(2.1)].                                                                                                                        

Proposition(2.2): Let R be a ring such that 

for each non zero proper right ideal I of R,  I
2
 

= 0, then R is a coretractable R-module. 

Proof: Since I
2 

= 0  for all proper nonzero 

ideal I of R, so I   rR(I) and hence rR(I)≠ 0. 

Then R is a coretractable  R-module  by 

Proposition(1.3(2)).                                                                                    

Proposition(2.3)Let R be a right Kasch ring, 

then every nonzero ideal of R is coretractable.  

Proof: Let I be a nonzero ideal of R. If J is a 

proper ideal of I, then rR(I) rR(J). But rR(I) 0 

since R is a right Kasch ring. Thus rR(J) 0. 

Therefore I is coretractable  by 

Proposition(1.3(2)).   

Proposition(2.4) Let R be a right Kasch ring, 

then every faithful  cyclic R-module is 

coretractable. 
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Proof: Let M =Rx for some x R, then it is 

clear that M   Rx. But R is a coretractable 

right R-module, hence M is a coretractable R-

module.                                                                                         

Proposition(2.5):  Let M be a free finitely 

generated R-module. If R is a right Kasch 

ring, then M is a coretractable module. 

Proof: Since M is a free finitely generated R-

module, then M=    
   i. Ri RR for all 

i=1,2,…,n. But RR is a coretractable ring  

since R is Kasch ring and hence M=    
   i is 

coretractable by Examples and 

Remarks(1.1(10)).                                                                           

Proposition(2.6): Let R be a principal ideal 

domain. Then the following  are equivalent:  

(1) Every n-generated projective R-

module is a coretractable module; 

(2) The free R-module R
n
 is 

coretractable. 

Proof: (1) (2)It follows directly, since 

every free module is projective and hence R
n
 

is n-generated projective. Thus it is 

coretractable. 

(2) (1)Let M be an n-generated projective 

R-module. Hence M is an n-generated free by 

[20,Corollary(5.5.4)]. Hence M=    
   i. 

Ri RR for all i=1,2,..,n; that is M R
n
 and 

therefore M is a coretractable module.         

     Recall that " An R-module M is called 

multiplication module if for each submodule 

N of M, there exists an ideal I in R such that 

MI=N [5].       

Equivalently , M is multiplication module if 

for each submodule N of M , N=M[N:M] , 

where [N:M]={r R : M  N } " [7] .      

 Remarks(2.7):   

(1)  If  M is a finitely generated 

multiplication coretractable R-module. Then 

R may be not coretractable. For example the  

 

Z-module Z6 is a finitely generated 

multiplication coretractable Z-module, but Z 

is not coretractable. 

(2)  Let M be a finitely generated (or 

multiplication) R-module. Then M is 

coretractable if and only if for each maximal 

submodule W of M, there exists f EndR(M), 

f 0 and f(W)=0.  

Proof: It is clear.  

    Recall that " A module M over a 

commutative ring R is called scalar module 

if  for all f EndR(M), f 0, there exists 0  r   

R such that f(m)=mr for each m M " [22]. 

Proposition(2.8): Let  M be a faithful 

multiplication R-module,  then M is 

coretractable module, if R is a commutative 

coretractable ring. And the converse hold if 

M is finitely generated. 

 

Proof: Let N < M. Since M is a multiplication 

R-module, then N=MI for some ideal I of R. 

Since R is coretractable ring, rR(I) 0. So 

there exists t  rR(I), t   0 and hence t   

rR(M)since M is faithful. Define f: M  M by 

f(m)= mt for all m  M. It is clear that f is 

well-defined, also f   0 ( because if  f = 0, 

then f(M)=Mt=0 and hence t rR(M)=0, which 

is a contradiction . Now, we can show that 

f(N)=0 as follows.  Let x  N, so 

0 x=∑     
 
    such that mi M, ai I where 

i=1,2,…,n. Thus f(x)=(∑     
 
   )t= 

∑       
 
   = 0  since t rR(I). Hence f(N)=0. 

Thus M is a coretractable module. 

Conversely, Let I < R, then N=MI < M. Since 

M is coretractable module, there exists 

f EndR(M), f≠0, f(N)=f(MI)=f(M)I=0. But M 

is finitely generated multiplication, so M is a 

scalar R-module by [22,Corollary(1.1.11)], so  
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there exists r≠0, r R such that f(m)=mr  for 

each m M. Thus f(M)=Mr and so 

0=f(N)=MrJ. Now define g:R→R by g(a)=ar 

for all a R. Hence g(I)=Ir. But MrI=0 implies 

rI  annM=0; that is rI=0. Thus g(I)=0 and 

g≠0 since g(1)=r≠0.                                                                                                                                              

      Recall that " An R-module M is called  

prime if  rR(x)=rR(y)for each nonzero element 

x and y in M " [8]. Equivalently, " A module 

M is called prime if for every non-zero 

submodule K of M, rR(K)=rR(M)" [23]. 

Proposition( 2.9): Let M  be a multiplication 

R-module with rR(M)is a prime ideal of R, 

then M is a coretractable R-module  if and 

only if M is semisimple R-module. 

Proof: ( ) By Examples and Remarks(1.1 

(9)) M is a coretractable module  if and only 

if every proper submodule N of M, N is not 

quasi-invertible but M is a multiplication R-

module with rR(M) is a prime ideal implies 

N eM by [18,Theorem3.11,P.18], so M has 

no proper essential submodule. Thus M is a 

semisimple module. 

 ( )    It is clear.                                                                                              

Corollary(2.10):Let M be a prime 

multiplication R-module then M is 

coretractable module if and only if M is 

semisimple module. 

Proof: Since M is prime module, then 

annR(M)is a prime right ideal. 

Therefore, the result follows  by Proposition 

(2.9).                            

     Following Albu and Wisbauer, [3] " An R-

module M is called Kasch module if it 

contain a copy of every simple R-module ", 

so a ring R is right Kasch ring if R is a right 

Kasch R-module; thus R is coretractable. 

 

 

 

Examples and Remarks(2.11): 

(1) " Kasch module which is finitely 

generated or quasi-injective is a coretractable 

module " [4]. 

(2) " Any semisimple module is a Kasch 

module " [3]. 

(3) " Let M be a nonsingular R-module 

then M is Kasch module if and only if M is 

semisimple " [3].In particular the Z-module 

Zn is a Kasch module if and only Zn is 

semisimple. 

(4) " Let R=Z and M=∏      , where P 

is the set of all prime numbers. Then M is not 

a coretractable  Z-module. On the other hand , 

M is a Kasch  module " [4, Example 

(2.17(a))]. 

(5) " Let K be a field and let R be the 

ring of all matrices of the form 

r=(

   
   
   

) , where a, b, x, y, z   K 

Let M ={ r R: b=z=0}. Then M is a right R-

module with exactly two proper nonzero 

submodules A and B, where A={r  R: a =b = 

z = 0 } and B ={r  R: a =b=x=z = 0 } Also 

M/A B=Soc(M)and hence M is 

coretractable. As A/B is a simple R-module 

and A/B B, we deduce that M is not a Kasch 

module" [4, Example (2.17(b))]. 

      Recall that " A submodule N of M is 

called a rational submodule denoted by N<r 

M if HomR(V/N,M)=0 for all V≤ M such that 

N    , and M is called rational extension 

of N. Equivalently  N <r M if and only if  for 

each x,y M with x≠0, there exists 0≠r R, 

such that yr  N and xr≠0 " [9, P.55 ]. Some 

authors use the name  the dense submodule 

for rational submodule [16, P.272]. 
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Remarks(2.12):  

(1) " Let M be an R-module, If N is a 

rational submodule of M, then N is quasi-

invertible  submodule" [18, 

Proposition3.3,P.14]. 

Proof: Let N be a rational submodule of M, 

then Hom(V/N,M)= 0 , where N     , so 

when V=M, we have Hom(M/N,M)=0. 

Therefore N is a quasi-invertible  submodule         

 (2)       If M is a coretractable R-module, then 

M has no rational submodule. 

Proof: Since M is a coretractable R-module , 

then for all a proper submodule N of M, N is 

not quasi-invertible submodule, so N  r M  

by Remarks(2.12(1))                                                                                                     

     It is known that " Every rational 

submodule is essential" [9,P.56], hence every 

semisimple module has no rational 

submodule however essential submodule  

may not be rational for example, consider  M 

= Z/p
n+1

Z  as Z-module and N= pZ / p
n+1

Z ( p 

is prime, n 1 ), then N≤e M but N  r M, [16, 

P.272]. 

     However under the class of nonsingular 

modules  the two concepts are equivalent 

[9,P.55], that is a proper submodule is 

essential if and only if rational submodule.  

Proposition(2.13): Let M be a nonsingular R-

module. Then M is a coretractable module if 

and only if M is semisimple module. 

Proof: (1) (2) Suppose there exists a proper 

submodule N of M such that    N<eM  so 

N<rM, since M is nonsingular which is a 

contradiction with Remark(2.12(2)). Then M 

has no proper essential submodule. Thus M is 

semisimple module 

 (2) (1) It is clear.                                                                                    

 

 

 

Corollary(2.14): Let M be a nonsingular R-

module. Then the following statements are 

equivalent:  

(1) M is a Kasch module; 

(2) M is a coretractable module; 

(3) M is a semisimple module. 

Proof: (1) (3) Follows by 

Remarks( 2.11(3)).  

(2) (3) Follows by Proposition(2.13).                                                          

   Recall that " An R-module M is called  -

nonsingular module if for all 

0≠  EndR(M)implies ker   eM, that is for 

all   EndR(M), ker  ≤eM implies  =0 " 

[21],[17]. 

     The concept of  -nonsingular module is 

appeared and studied in [2], under the name 

essentially quasi-Dedekind. 

 

Examples and Remarks (2.15):  

(1) " Every nonsingular module is  -

nonsingular  [2,Remark(2.2.1)]. Hence the Z-

module Z is  -nonsingular module , however 

Z is not coretractable.  

(2) Every semisimple R-module is  -

nonsingular module. 

(3) For a commutative ring R, R is 

nonsingular if and only if R is  -nonsingular 

[2, Proposition(1.2.6)]. 

(4) Every prime module is  -

nonsingular  by [2,Proposition(2.1.1)]". 

Proposition(2.16): Let M be a  -nonsingular 

R-module. Then M is coretractable if and 

only if M is semisimple. 
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Proof:( ) Assume there exists a proper 

essential submodule N of M. As M is 

coretractable module, then there exists 

  EndR(M),   ≠0  with  (N)=0. Hence 

N ker  . But N is an essential submodule of 

M implies ker  ≤eM, hence  =0 since M is 

 -nonsingular module, which is a 

contradiction. Therefore M has no proper 

essential submodule; that is M is semisimple. 

( )    It is clear.                                                                                                                  

Proposition(2.17):  Let M be a multiplication 

R-module, then M is a coretractable module if 

and only if for each a proper submodule  N of 

M, M is not rational extension of  N.  

Proof: ( ) Let N be a proper submodule of 

M. By Remarks(2.12(2)) M has no rational 

submodule, hence M is not rational  extension 

of  N.  

( ) Since M is a multiplication R-module 

and M is not rational  extension of N for all 

proper submodule N of M, then by 

[18,Theorem.3.9] N is not quasi-invertible . 

Thus M is coretractable module by 

Proposition(1.3). 

Proposition(2.18):Let M be a quasi-injective 

R-module, then M is a coretractable module if 

and only if M has no rational submodule. 

Proof:( )  It is clear by Remarks(2.12(2)). 

( )   Let N be a proper submodule of M, 

then by hypothesis N  r M. As M is quasi-

injective, N is not quasi-invertible submodule 

by [18,Theorem3.5,P.16]); that is 

Hom(M/N,M)≠0 and so M is a coretractable 

module.  

 

 

 

 

 

                                                                           

     The following lemma was given in [18]: 

"Lemma(2.19): Let M be a quasi-injective 

R-module and J(EndR(M))=0. Then N is an 

essential submodule of M if and only if N is a 

quasi-invertible submodule"[18, 

Theorem(3.8), P.17]. 

   Now, we introduce the following theorem: 

Theorem(2.20): Let M be a quasi-injective 

R-module and J(EndR(M))=0, then M is a 

coretractable module if and only if it is 

semisimple. 

Proof: ( )Suppose there exists a proper 

essential submodule N of M, then N is quasi-

invertible by Lemma(2.19). So N is a rational 

submodule of M by [18,Theorem(3.5),P.16]), 

which is a contradiction with Remarks(2.12 

(2)). Then  M has no proper essential 

submodule; that is M is a semisimple module. 

 ( )It is clear.                                                                                           

         Let M and N be R-modules. Recall that 

" M is called rationally N-injective if every 

R-homomorphism f: H →M (where H is a 

submodule of N and  ker(f)≤rH ), can be 

extended to an R-homomorphism g:N→M. 

An R-module M is called rationally injective 

if it is rationally N-injective for every R-

module N " [19, Definition(2.1.1), P.30]. 

Examples and Remarks(2.21): 

(1) " For any R-modules M and N. The 

R-module M is rationally N-injective if N has 

no proper rational submodules [19]. 

(2) Let M =Z/PZ and N=Z/P
3
 as Z-

module where P is a prime number. Since N 

is the only nonzero rational submodule of M 

then by part(1), M is rationally N-injective 

module " [19, Examples and Remarks  

(2.1.2),P.30]. 
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Proposition(2.22): If M is a coretractable R-

module, then M is a rationally M-injective 

module. 

Proof: Since M is a coretractable R-module, 

then M has no proper rational submodule by 

Remarks(2.12(2)). Therefore M is rationally 

M-injective module by Examples and 

Remarks(2.21(1)). 

      The converse of Proposition(2.22) is not 

true in general for example; 

Example(2.23): The Z-module Z is rationally 

Z-injective module. Since Z is nonsingular so 

by [19, Proposition(2.1.6),P.33], it is 

rationally injective , but it is not coretractable 

by Examples and Remarks (1.2(5)). 
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 : الوستخلص

حلقت راث  Rلتكه   .فٍ هزا البحث، تم فرض جمُع الحلقاث باوها حلقاث راث محاَذ وجمُع المقاصاث احادَت َمىً

باوه مقاس مىكمش مضاد  إرا كان لكل مقاس  M ضمً المقاس، Rَمقاصاً احادَا اَمه علً الحلقت  Mمحاَذ و

إن اهتمامىا الرئُش فٍ هزا البحث هى  .  M إلً M / N مه  f ، َىجذ تشاكل غُر صفرَت  M مه N جزئٍ

تطىَر الخصائص الأصاصُت للمقاصاث المىكمشت المضادة والبحث عه أٌ علاقاث بُه المقاصاث المىكمشت المضادة 

 .ه المقاصاثواصىاف اخري م
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