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1- Abstract 

      The theory of measure is an important subject in mathematics; in Ash [4,5] 

discusses many details about measure and proves some important results in measure 

theory. 

In 1986, Dimiev [7] defined the operation addition and multiplication by real 

numbers on a set ( ) RE ⊂∞−= 1, , he defined the operation multiplication on the set E 

and prove that E is a vector space over R and for any a>1 Ea is field, also he defined 

the fuzzifying functions on arbitrary set X. 

     In 1989, Dimiev [6] discussed the field Ea as in [7] and defined the operations 

addition, multiplication and multiplication by real number on a set of all fuzzifying 

functions defined on arbitrary set X, and also defined ⊕ -measure on a measurable 

space and proved some results about it. 

     we mention the definition of the field aE , and the fuzzifying functions on the 

arbitrary set X also we mention the definition of the operations. 

 

Definition (1.1.1) [7]: 

    Let (R, +,.) be a field of real numbers with usual order and E = (-∞,1) ⊆ R, we 

introduce the operations addition ⊕  and scalar multiplication � on the set E  as 

follows: 

For any Eyx ∈, and ∈λ R we have  

xyyxyx −+=⊕ ,      λ � λ)1(1 xx −−=  . 

 

Proposition (1.2) [7]: 

     The set E  with the operations ⊕ , � and the relation order, represent ordered linear 

space. 

Definition (1.3) [6]: 

     Let 1>a , we introduce an operation multiplication on the set E  as follows 

For any Eyx ∈, we have =yx o a−1
)1(log)1(log yx aa −−− .  
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Proposition (1.4) [6]: 

      The set E  with the operations ⊕ ,o is a field which is denoted by 
aE  . 

Remark (1.5): 

       Let aEyx ∈, , we denote xΘ ywxy o)(−⊕=  and Θ xwx o)(−=  where 11 −−= aw  the 

unit element in the field aE .  

Definition (1.6)[6]: 

       Let X  be arbitrary set, the map aEXf →: is said to be aE -valued fuzzifying 

function. 

2-  ⊕  - Measure: 

    In this section we mention the definition of −⊕ measure on a measurable space 

and proved some results about it, also we defined −⊕ outer measure and proved some 

results about it.   

Definition (2.1)[5]:  

     A collection F of subsets of a set Ω is said to be:  

a) σ -ring if 

1- ∈ϕ F, where ϕ  is empty set. 

2- if A,B∈F  then ∈BA F. 

3- if {An} is a sequence of sets in F  then ∈∪
∞

=
n

1n
A F .  

b) σ -field (orσ -algebra) if 

1- Ω∈F. 

2- if A∈F  then A
c∈F.  

3- if {An} is a sequence of sets in F  then ∈∪
∞

=
n

1n
A F. A measurable space is a pair 

(Ω,F) where Ω is a set and F isσ -ring or σ -field and a measurable set is a subset A 

of Ω such that A∈F . 

Definition (2.2) [6]: 

     Let ( ,Ω F) be a measurable space, a fuzzifying function :µ F→ aE is said to be:  

1- ⊕ -additive if (µ A ∪ B) = )()( BA µµ ⊕  for every disjoint sets A, B in F. 

2- Accountability ⊕ -additive if U
∞

=1

(
n

µ A n )= )(1 nn Aµ∞
=⊕ for every disjoint 

sequence  { }nA of sets of F. 

3- ⊕ - measure, if µ is accountability ⊕ - additive and non-negative 

 The triple ( µ,,FΩ ) is called a space with ⊕ -measure. 

Theorem (2.3):  

     Let ( µ,,FΩ ) be a space with⊕ - measure and A, B ∈ F then: 

1- 0)( =ϕµ . 

2- )()()( CBABAA ∩⊕∩= µµµ . 

3- )()()()( BABABA µµµµ ⊕=∩⊕∪ . 

4- if BA ⊆  then: 

(a) )()()()( AwBAB µµµ o−⊕= . 

(b) )()( BA µµ ≤ . 
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Proof: 

 1- Since A = ϕ∪Α     and ϕϕ =∩Α . 

              )()()()( ϕµµϕµµ ⊕Α=∪Α=Α .          

       Since aE  is a field 0)( =⇒ ϕµ .    

  2- Since )()( cΒ∩Α∪Β∩Α=Α ).   

             and ( Β∩Α ) cΒ∩Α∩ ( ) =ϕ .  

              cΒ∩Α∪Β∩Α=Α⇒ ()(()( µµ )). 

               = Β∩Α(µ ) cΒ∩Α⊕ (µ ). 

  3- Since cΒ∩Α=Β∪Α ( ) Β∪    and   ( cΒ∩Α ) ϕ=Β∩ . 

                 )))()( Bc ∪Β∩Α=Β∪Α⇒ µµ  

                        = cΒ∩Α(µ ) )(Β⊕ µ . 

                      cΒ∩Α=Β∩Α⊕Β∪Α (()()( µµµ ) ))(Β⊕ µ )( Β∩Α⊕ µ . 

                                                 = ( cΒ∩Α(µ ) ))( Β∩Α⊕ µ )(Β⊕ µ . 

                                                    = )()( Β⊕Α µµ . 

4- (a) Since )( ΑΒ∪Α=Β⇒Β⊆Α  and ϕ=ΑΒ∩Α )( . 

                       ))(()( ΑΒ∪Α=Β µµ .         

                               = )()( ΑΒ⊕Α µµ .      

   Since 
aΕ  is a field =ΑΒ⇒ )(µ )()()( Α−⊕Β µµ ow .   

   (b) Since  o≥ΑΒ )(µ    from (a) we get that )()( Β≤Α µµ .     

Definition (2.4): 

     Let ( ),FΩ be a measurable space and let the fuzzifying aE→F:µ  be a      

−⊕ additive, we say that µ  is : 

1. −⊕ continuous from below at A∈F if   )()( Α→ µµ nA .  

     For every non – decreasing sequence { }nA  of sets in F which converge to A 

(i.e An )Α↑ . 

 2. −⊕ continuous from below at A F∈    if  )()( Α→ µµ nA . 

     For every non- increasing sequence { }nA  of sets in F  converge to          

      A (i.e An )Α↑ . 

3. −⊕ continuous at A F∈  if it is continuous at A from above and from below. 

Theorem (2.5): 

     Let µ   be −⊕ additive fuzzifying function on measurable space ( ),FΩ , then the 

following are valid. 

1- If µ  is countable −⊕ additive, then µ is −⊕ continuous at A for all 

A F∈ . 

2-  If µ  is −⊕ continuous from below at every A F∈ , then µ  is 

countable −⊕ additive. 

3- If µ  is continuous from above at ϕ  then µ  is countable 

−⊕ additive. 
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Proof:  

     1- Let  { }nΑ  be an increasing sequence of sets in F which converge to A, i.e An 

Α↑ .  

(a) Let B 1 = A1, Bn=        AA 1-nn  2≥∀ n . 

mnBB mn ≠∀=∩⇒ ,ϕ   and  U U
∞

=

∞

=

==Β
1 1n n

nn AA . 

U
∞

=

Α=Β=Α
1

1)()()(
n

n µµµ ⊕ ( ⊕
∞

=2N

))( nBµ . 

= 1(Αµ ) )
1-n

A
n

A(
2

( µ
∞

=
⊕⊕

n
. 

µ  (A)= µ (A1 )
∞→Κ

⊕ lin ⊕
Κ

=2n

( µ ( 1-nn AA )= )(lim KAµ
∞→Κ

.  

µ⇒  is −⊕ continuous  from below at F∈A . 

(b) Suppose that  AAAA 1n1 ↑→↓ AAn . 

)()()AA()AA( 1n1 AAn µµµµ →⇒→⇒ . 

So µ  is −⊕ continuous from above at F∈A . 

From (a) and (b) we get that µ  is −⊕ continuous at F∈Α . 

2-Let { }nΑ be a disjoint sequence of sets in F, and A=U
∞

=

Α
1n

n .  

Put    n

n

nin FB Β⇒∈Β⇒Α=
=
U

1ς

Α↑ .  

 Since µ  is −⊕ continuous from below at A F∈ . 

)()( Α→Β⇒ µµ n
. 

Since  µ  is −⊕ additive )()()(
1

1
i

n

i

n

i
in AB Α⊕==⇒

=
=

µµµ U . 

)()()()(
1 1

11
n

n n
n

nni

n

i
A Α⊕=Α⇒Α→⊕⇒

∞

=

∞

=

∞

==
µµµµ U U . 

So µ  is countable −⊕ additive. 

3-In the notation of (2) put Cn= nBA   ,.......2,1, =∈⇒ nCn F  

       ϕ↓⇒ nC . 

    0)BA(0)()( n →⇒=→⇒ µϕµµ nC . 

    )()()(
1

ni

n

i
CAA µµµ ⊕⊕=

=
. 

 So that )()(
1

i
i

AA µµ
∞

=
⊕= . 
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3-  The completion of ⊕⊕⊕⊕-measure  

In this section we construct the completion of −⊕ measure. 

Definition (3.1) 

     Let (Ω,F) be a measurable space with  F  a σ -ring  and µ  is                        ⊕-

measure on F  , E∈F is said to be µ -null  set if 0)( =Eµ .The ⊕-measure µ  is said to 

be complete on F if F  contains the subsets of every µ -null  sets.  

Theorem (3.2):  

Let (Ω,F, µ ) be a space with ⊕-measure where F is σ -ring and 

}0)(:{ =∈⊂= AandAEEN µµ F then µN  is a σ -ring.            

Proof: 

 1- Clearly µϕ N∈ .  

2- Let µNEE ∈21 ,  ⇒ there exists ∈21 , AA  F  such that 2211 , AEAE ⊂⊆  and  

0)(,0)( 21 == AA µµ . 

 ∈⊂⊂ 1121 AEEE F   So µNEE ∈21 . 

 3- Let { }iE  be a sequence of sets in ....    1,2,iN =µ ⇒ there exist a sequence 

,....2,1    }{ =iAi of sets in F such that ii AE ⊂ and ( ) 0=iAµ . 

i
i

i
i

AE
∞

=

∞

=
⊂

11

UU  Since F is σ - ring ⇒ ∈
∞

=
i

i

A
1

U  F. 

0)(0)()(
111

=⇒=⊕≤
∞

=

∞

=

∞

=
i

i
i

i
i

i

AAA UU µµµ . 

 So µNEi
i

∈
∞

=1

U therefore µN is σ -ring. 

Theorem (3.3):  

Let (Ω,F µ, ) be a space with ⊕-measure where F is a σ -ring, define 

},,:){( 2121 µNEEEEEE ∈∈−∪= FF  then ∈A F iff there exist sets ∈NM , F such that 

NAM ⊂⊂  and 0)( =− MNµ . 

Proof: 

 Let ∈NM ,  F and NAM ⊂⊂ such that 0)( =− MNµ , so )()( ANNA −−∪= ϕ .  

Since ∈−⊂− MNAN F  and 0)( =− MNµ . 

µNAN ∈−⇒ . 

Therefore F∈A . 

Suppose that F∈A . 

Then 21)( EEEA −∪= , ∈E F , 1E , µNE ∈2 .  

Therefore there exist ∈21 , AA F such that 0)( =iAµ  and ii AE ⊂ ,  12 AEAAE ∪⊂⊂−   

F∈−∪ 21, AEAE   and 

( ) ( )( ) ( ) ( )( )EAEAAEAE ∩∪−=−−∪ 2121 µµ .                                          

( )( ) ( )EAEA ∩⊕−= 21 µµ .   

Since  11 AEA ⊂−  and 22 AEA ⊂∩ . 

0)( 1 =−⇒ EAµ   0)( 2 =∩∧ EAµ . 

So 0))()(( 21 =−−∪ AEAEµ . 
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Corollary (3.4): 

Let (Ω,F µ, ) be a space with ⊕-measure where F is σ -ring then F∈A iff 

MEA ∪= , ∈E  F   and µNM ∈ . 

Proof:  

Suppose that F∈A . 

By theorem (1.3.3) there exist ∈NM , F   such that MAN ⊂⊂  and 0)( =− NMµ  

)( NANA −∪=   , ∈N F. 

Since F∈−⊂− NMNA and 0)( =− NMµ . 

µNNA ∈−⇒ .  

Conversely suppose MEA ∪=   µNME ∈∧∈F, . 

                               ( ) ϕ−∪= MEA    µϕ N∈ . 

                                F∈⇒ A . 

Corollary (3.5): 

Let (Ω, µ,F ) be a space with ⊕ -measure where F  is σ -ring then F∈A iff  

DEA −=  with F∈E  and µND ∈ . 

Proof:  

Suppose that F∈A . 

⇒There exist F∈NM ,  such that NAM ⊂⊂ .  

and 0)( =− MNµ . 

)( ANNA −−=   , F∈N . 

Since  FMNAN ∈−⊂−  and 0)( =− MNµ .  

So µNAN ∈− . 

Conversely suppose that DEA −=  where µNDE ∈Λ∈F . 

                                      DEA −∪=⇒ )( ϕ     D , ϕ ∈ µN . 

                                      FA∈⇒ . 

Theorem (3.6):  

Let (Ω, µ,F ) be a space with ⊕ -measure where F is a −σ ring thenF  is     σ -ring.  

 

Proof: 

 1-clearly  F∈ϕ . 

2-Let i   }{ iA  =1,2,… be a sequence of sets such that iiii NMAA ∪=⇒∈F  where 

F∈iM and µNN i ∈ .  

 )(
11

ii
i

i
i

NMA ∪=
∞

=

∞

=
UU . 

= )()(
11

i
i

i
i

NM
∞

=

∞

=
UUU . 

Since F  and µN  are σ -ring.  

                    

µNN

FM

i
i

i
i

∈

∈⇒

∞

=

∞

=

1

1
1

U

U
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So F∈
∞

=
i

i

A
1

U . 

3- Let F∈BA, from Corollary (1.3.4) we obtain 11 NMA ∪=    22 NMB ∪= . 

)()( 2211 NMNMBA ∪−∪=− .  

))(())(( 221221 NMNNMM −−∪−−= .  

0)(,

))(())]()())[(

222

2212122221

=∈⊂

−−∪−∩−∪−−=

EEN

NMNMMNEEMM

µF
     

F∈− BA . 

Therefore F  is σ -ring.  

Theorem (3.7): 

Let (Ω, µ,F ) be a space with ⊕ -measure  and aE→F:µ  defined as follows  

)()( MA µµ =  where )( NMA ∪= , F∈M and µNN ∈ . 

Then µ is complete ⊕-measure on F , where is restriction to F  is µ . 

Proof:  

1- 0)()( == ϕµϕµ . 

2-Let }{ iA be a sequence of sets in F   ,...2,1=i  

    ⇒There exist a sequence of sets }{ iE  in F and a sequence of sets }{ iN in µN  such 

that iii NEA ∪= . 

))(()(
11

ii
i

i
i

NEA ∪=
∞

=

∞

=
UU µµ . 

)()()(

))()((

111

11

i
i

i
i

i
i

i
i

i
i

AEE

NE

µµµ

µ

∞

=

∞

=

∞

=

∞

=

∞

=

⊕=⊕==

∪=

U

UU

 

 So µ  is ⊕-measure on F . 

3-Let F∈A    , µϕϕ NAA ∈∪= , . 

)()()( AAA µϕµµ =∪= . 

µ  is ⊕-restriction of µ  to F .  
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4- Let F∈E  and  0)( =Eµ  , EA ⊂ . 

NME ∪=     , µNNM ∈∈ ,F . 

)()( ME µµ =   0)( =⇒ Mµ . 

Since  ⇒∈ µNN   There   exists   F∈1E      such that 1EN ⊂   and 0)( 1 =Eµ , since 

µµµ NEMME ∈⇒== ,0)()( 1 . 

F,∈∪⊂⇒∪⊂∪=⊂ 11 EMAEMNMEA µµµµ NAEMEM ∈⇒=⊕=∪ 0)()()( 11        

))(()( 11 AEMEMA −∪−∪= , µµ ⇒∈⇒∈−∪∈∪ FF ANAEMEM )(, 11 is complete 

onF . 

5- To show that the definition of µ  is well defined.   

Let NMAA ∪=⇒∈F  F∈M, and µNN ∈ . 

               F∈∃⇒ E   EN ⊂ and 0)( =Eµ .  

The relations ))(()( NMEEMNM ∪∩∪−=∪ . 

and ))(()( NMEEMNM ∆∩∪−=∆  show that  

the class F   may also be decried as there class of the form F∈∆ MNM ,  and 

)()()(, MNMNMNN µµµµ =∪=∆∈ . 

Let 2211 NFNF ∆=∆ . 

F∈iF     F∈⊆ ii EN,   0)(, =iEµ        i=1,2. 

Then 2121 NNFF ∆=∆ . 

Therefore )()()()(0)( 22112121 NFNFFFFF ∆=∆⇒=⇒=∆ µµµµµ . 

So the definition of µ  is well defined . 
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