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1-Introduction

Let H(U) be a class of analytic functions in the open unit disk U={z:z € Cand|z| < 1}. Forn €N =
{1,2,3,--}and a € C, let H[a, n] be the subclass of H(U) defined by:

Hla,n] =4f:f € HU) and f(z) = a+z a,z*;.
k=n

*Corresponding author
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Furthermore, suppose that H, = H[0,1]. Let A € H(U) be the class of functions in U which are analytic and have
normalized Taylor-Maclaurin series of the form:

f@2)=z+ Z a,z", (z€eU). (1.1)

Let fand g are functions in H(U). We state that f is subordinate to g, (or g is superordinate to f), written
f<ginUorf(z)<g(2),(z€0),

if there is a Schwarz functionh € H, in Usuch that is analytic with h(0) = 0 and |h(z)| <1 (z € €), such that
f(z) = g(h(z)), (z € €). Moreover, if the function g is univalent in U, then, we have the following equivalence: (see[1,
18, 19]).

f(2) < g(z) < f(0) =g(0)and f(U) c g(V).
Tayyah and Atshan [26] introduced the following fractional differential operator
s(a—1)+1

(w+1) & T (L1 + 1)
DgS,k,w)f(Z) = Z s(a—1)+1 n S(;U_+1)+1
koE (Ao

n=1
w+1 k

[oe]

(a—1)+1
anz(wﬂ)(l_saT)m_l, 12)

+1)

S5—1)+1
u<1

SENKk>0,w=0, 0< K

Bernardi [5] defined the following Hurwitz-Lerch Zeta function:

?(z,1,a) = ;m (1.3)

r € C,a € C\Zy,z € U,Re(s) > 1 ,when |z| = 1.
We define the new Hadamard product fractional differential operator.

DIPf(2) = [DE 1,00 f@)] % [27C@ DD (@(z,5 — L + ) — a~’]

[oe]

n!
= n—[s(a-1)+1]
Z Tn—s@—1) (m+o+p1 " R (1.4)

n=1

and used to find new results of 3rd-order differential subordination and superordination for univalent analytic
functions.

We note that if s = 1, then we have Srivastava fractional differential operator in [6] as:

(a,B) — Z n! n-a
D; " f(z) 2, T—ot D a,zh’«, (1.5)

Example 1. Let f(z) = z + z3, Then by (4) and (5) ( see Fig. 1), we have
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: z0) z9)
Fig. 1. Complex plot of f(z), D,;* "f(z), D,” "f(z).

Now, we define a new operator (Zeta-Riemann Fractional differential operator) SDSX‘B) :A — Aby

DEPf(2) = (L+a+B) (1 - s(a— 1) 2@ D+DEP f(z)

. Zr(1 —s(@a-1) 1+a+p)n! o

2 F(n —s(a— 1)) (n+a+p)st an (1.6)

Lemma 1. Letf € A. Then

2(2P @) =51 - oo ) s - - 1P an

Proof.

@pe) . N T =s@—1) A+a+pint
z(st f(Z)) —Z+nz; Mo—s@=1) mtatp na,z

(s—soc)F 1—s(a+ ) s) 1+ a+p)stn!
_Z+Z n—s (x+;) s) (m+a+p)st

(soc —s+ DIl —sa+s) (1+a+p)> In! )
+ Fn—sa+s) (n+a+p)s? anz

n=2

= s - 02" Vi) - [s(1 - @) — 1D P12,

Antonino and Miller [1] (also [27, 28]) have expanded the concept of second-order differential subordination and
superordination in U established by Miller and Mocanu [16,18,19] to the third-order case. They derived features of
functions p that fulfill the third-order differential subordination:

(®(p(2),2p'(2),2%p" (2),23p"" (z);2):z € U} c Q,

and also for third-order differential superordination:
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0 c {2(p(2),zp'(2),2°p" (2),2°p"" (2); 2): z € U},
where Q is a set in C, p is an analytic function and @: C* X U — C.

Recently, several authors studied some applications on the concept of second-order differential subordination and
superordination and established some sandwich outcomes, like, (see [2,6,15,25]) and third-order for different
classes (see [3,27,28]). For some interesting applications related to the differential subordination and
superordination in other subjects of mathematics, we may refer to [4,5,6].

The concept of third-order differential subordination was introduced in Ponnusamy and Juneja's work, [27]. Tang et
al. introduced recent's study, it is a good example of this (see [27,28]).

The second and third-order terms are used interchangeably. Uneven subordination piqued the interest of many
academics in this field. ([6,7,8,9,10,12,13,14,15,17,21,24,29]).

We examine a suitable set of admissible functions associated with the integral operator and construct adequate
conditions on the normalized analytic function, known as the sandwich condition, in this paper.

2- Preliminaries
We need the following definitions and lemmas to prove our results.

Definition (2.1) [1]. Let ®: C* X U — C and suppose that the function h(z) is univalent in U. If the function p(z) is
analytic in U and satisfies the following third-order differential subordination:

1
(as

z b(mﬁ) (Z) ' — S(l _ a)fD s’B_%) (Z) — [S(l — (X) — 1]D(a‘ﬁ) (Z) 2.1
(o”r N e @D

then p(z) is called a solution of the differential subordination (2.1). Furthermore, a given univalent function q(z) is
said to as a dominant of the solutions of (2.1), or, more simply, a dominant if p(z)<q(z) for all p(z) satisfying (2.1). A
dominant ¢(z) that satisfies q(z) < q(z) for all dominants q(z) of (2.1) is said to be the best dominant.

Definition (2.2) [1]. Let Q be the set of all univalent and analytic functions q on U\E(q), where
E(q) ={$:$ €0U : lim, ¢ q(2) = o},

and min|q’(§)| = p > 0 for € € AU\E(q). Further, let the subclass of Q for which q(0) = a, be denoted by Q(a), with
Q(0) = Qo and Q(1) = Q;.

The method of subordination is applied to an appropriate classes of admissible functions.
The following class of admissible functions was given by Antonino and Miller [1].

Definition (2.3) [1]. LetQ be a setin C and q € Q and n € N\{1}. The class of admissible functions ¥, [, q] consists
of those functions ®: C* x U — C, which satisfy the following admissibility conditions:

o(r,s, t,u;z) € N

whenever

_ e : £4"©)
r=q®, s=kaq'@, Re(§+1)zme<q,@+1>,

and

Re (?) > k?Re (%),
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wherez € U,§ € dU\E(q), and k > n.

Lemma (2.1) [1]. Letp € H[a,n] withn > 2, and q € Q(a) satisfying the following conditions:

£4"(©) 25'@)
Re( G ) 20 vand 12

wherez € U, € dU\ E(q),andk > n.IfQisasetinC,® € ¥,[€Q,q], and

<k

®(p(2),zp'(2),2°p" (2),2°p""(2);2) € Q,
then
p(z) <q(2), (z€).
Definition (2.4) [27]. Let ®: C* X U — C and assume the function h(z) is analytic in U. If the function p(z) and
?(p(2),2p'(2), z%p" (2), 2°p"" (2); 2),
are univalent in U and satisfies the following third-order differential superordination:

h(Z) < d)(p(z)’Zpr(z)’Zzprr(z)’z3pm(z); Z), (22)

then p(z) is said to be a solution of the differential superordination. Further an analytic function qis called a
subordinant of the solutions of the differential superordination, or more simply a subordinant, if q(z) < p(z) for all
p(z) satisfying (2.2). A univalent subordnant q(z) that satisfies q(z) < §(z) for all subordinants g(z) of (2.2) is said
to be the best subordinant.

Definition (2.5) [27]. Let Q be a set in C, q € H[a,n] and q'(z) # 0. The admissible function class ¥} [Q, q] consists of
those functions @ : C* x U — C that fulfills the following admissibility conditions:

d(r,s,t,u; ) € Q

whenever

r t 1 n
r=gq(z) , s= 2q'(2) , Re <—+ 1) < —Re (Zq, @ + 1),
m S m q'(2)
and

u 1 z2q"'(z)
< — - -7
Re(s) ~ m? Re( q@ /)
wherez € U, € dU,andm = n > 2.

Lemma (2.2) [27]. Let q € H[a,n] with ® € W/[Q, q].If

®(p(2),zp'(2),2%p" (2),2°p""(2); 2)

is univalent in U and p € Q(a) satisfying the following conditions:

§q" (z)
Re (W) > 0,

wherez € U, € dU,and m = n = 2, then

zp’(2)
q'(z)

— )
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2 c {@(p(2),2zp'(2),2°p" (2),2°p"" (2);2): z € U},
indicates that
q(z) < p(2), (z € U).

The current paper utilizes the techniques on the third-order differential subordination and superordination
outcomes of Antonino and Miller [1], Jeyaraman and Suresh [14] and Tang et al. [26,28], respectively and different
conditions (see [9,13,21]). Certain classes of admissible functions are investigated in this current paper, some new
results of the third-order differential subordination and superordination for analytic functions in U related to the

operator CD((SO"B) f(z) are also mentioned.
3- Results on Third-Order Differential Subordination
Here, we introduce some differential subordination results using the operator, SDES“’B) f(z).

Definition (3.1). LetQbe a set in Cand q € Q,NH,.The admissible function class J;[€),q] consists of those
functions @ : C* X U — C that fulfill the admissibility condition:

(D(a, b; ¢, d; Z) e Q;

whenever
&kq'(®) + [6(1 — o) — 1]q(8)
= B b = )
8(1-)[8(1-a)c—2[8(1— )~ 1]b]+[6(1—a)—1]2a 59" (®)
Re( 5(1-a)b—[8(1—a)-1]a ) = kRe( q'® + 1)’
and

8(1-)3[d-3(c—b)]-8(1-) [3[6(1-c)- 1]a+b]+([8(1-c)~1](1-[6(1-c)-1]?)a] X £24/7'5)
Re( 8(1-a)b-[8(1-a)—1]a =k Re( q'(® )

where z € U,§ € dU\E(q) and k € N\{1}.

Theorem (3.1). Let @ € J;[€, q]. If the functions f € A and g € Q, N H,, satisfies the condition:

" (OH%‘B_%)
§q"'(§) D f(@)
Re(q,(€)>20 ) ET <k, (3.1)
And
&(nyvﬂn@?*“ﬂﬂn@?W“ﬁan@$*“9ﬂ@u)zeu}ua (3.2)
then

P f(z) < q(z),  (zEeU).

Proof. Let p(z) be analytic function in U by

p(z) = DPf (). (3.3)

From equation (1.7) and differentiating (3.3) with respect to z, we get
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a+sf—3 zp'(z) + [6(1 — @) — 1]p(2)
tog ) f(z) = : (3.4)
6(1—a)
By a similar argument, yields
2p-2 22p"(2)+[26(1 —a) —1]zp' (@) + [6(1 — ) — 1)%p(z
D5y _ZP @ (260 - @)~ p' @) + 01— ) =10
s [6(1 —a)]?
and
a+§ B_i) 23 III( ) _ 2,11 _ 2_ _ ! —)—113
5P~ 5 _zp'(z +36(1—a)z*p (z)+[3[6(1 a)]*-36(1 a)+1]zp (@2)+[6(1—a)-1]°p(2)
D f(z) = TR .(3.6)
Define the transformation starting with C* to C by
_ s+ -a)-1]r
a(rlsl t; u) - T, b(r; S; t; u) - 6(1 _ a) )
t+[26(0—a)—1]s+[6(1 —a) —1]%r
(s t) = [26( ) —1]s + [6( ) —1] 37
[6(1—a)]?
and
u+35(1—a)t+B[6(1—-a)]?-35§(1 —a) +1]ls + [6(1 — ) — 1]3r
s, ta0) = ( )t + [3[6( )] ( )+ 1]s + [6( ) —1] (3.8
[6(1-a)]?
s+[6(1-a)-1]r t+[26(1—a)-1]s+[6(1—a)—1]%r
_ _ ’ s(1-a) ’ [6(1-a)]? ’
Let o(r,s,t,u) = ®(a,b,c,d) = @ w380 B P38 0l 0D Pr .(3.9)
[6(1-a)]3 ’
The proof will be put to use by Lemma (2.1).Using equations (3.3) to (3.6), and from (3.9), we get
1p 1 2p 2 353
o(0(2),2p'(2), 2%p" (2),2°p"'(2); 2) = ¢(®§“'”f(z),®§“”‘ﬁ Y, @E“”‘ﬁ 5)f(z),f0§“+5'ﬁ 5)f(z);Z) (3.10)
Hence, (3.2) leads to
@(p(2),2p'(2),2%p" (2),2°p""(2);2) € Q,
note that
t 1= SA-a)A—-—a)c—2[6(1—a)—1]b) +[6(1 — a) — 1]%a
s N S(1—a)b—[6(1 —a)—1]a ’
and

w  (60-m)’[d-3(c-b)]-8(1-@[3[6(1-a)-1]a+b+[[6(1-a)-1]1-[6(1-a)-1]?)a]
s s(1-a)b-[6(1-a)-1]a :

As aresult, the admissibility condition in Definition (3.1) for ® € J;[(), q] is equivalent to the condition ¢ € ¥,[(,q]
as stated in Definition (2.3) with n = 2. As a result, using (3.1) and Lemma (2.1), we have

DPf(z) < q(2).
The proof of the Theorem (3.1) is complete.

The following outcome is an extension of Theorem (3.1) to the case where the actions of q(z) on dU is unknown.
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Corollary (3.1). Let Qc C and the function q be univalent in U with q(0) = 1. Let ® € J;[Q, q,] for some p € (0,1),
where q,(z) = q(pz). If the function f€A and q,, € Q, satisfies the next conditions:

1

" (OH—E'B_%)
qu(z)> o5 iy
Re ( ® )2 o

<k,(z € U, € JU\E(q,) and k = 2.)

and

1 2 (oz+i

@ (bé“'”f@).:@ﬁ“gﬁ D, 05 (), 0059 f(z);z) €,

then
D*Pf(z) < q,(2), (z € U)
) qp'2), '
Proof. Using the Theorem (3.1), we obtain
D*Pf(z) < q,(2), (z € U)
8 qp'2), :

Corollary asserts the following conclusion (3.1) is now deduced from the subordination characteristic that follows:
qp(2) < q(2), (z€V).

If Q = Cis a domain with only one connection, then Q = h(U) for the purpose of conformal mapping h(z) of U onto
Q. The class in this situation is J;[h(U), q] is written as J; [h, q].

This is a direct result of the Theorem.(3.1) and Corollary (3.1).

Theorem (3.2). Let @ € J;[h, q]. If the function f € A and q € Q, N H,, satisfy the following conditions:

" (OH%’B_%)
Re <fqp (5)) >0, Dy f(2)

G) PG

and
@ <®§“'ﬁ) f(z),®§“+5'ﬁ -3 f(2), :D((SHE’B -3 f(2), ZD((SHE’B -3 f(z);z> < h(2). (3.12)

then
DB f(2) < q(z), (z € V).
The following result is a direct result of Corollary. (3.1).

Corollary (3.2). Let Qc C and q be univalent in U with q(0) =1. Let ® € J;[Q,q] for some p € (0,1),
where q,(z) = q(pz). If the function f€A and q,, satisfies the following conditions:

" (a+%,ﬁ—%)
¢q, (s‘)) D, * Yf@
Re(%@) =0 L@ |k GEULEoUNEG@) andlk=2)

and
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2 3

@ (fofs“'ﬁ)f(z). fofg“g"g i, :D((;”E'B ) (0,0 o, z) < h),

8

then

D <q@ e

The best dominant of the differential subordination is seen in the following result (3.12).

Theorem (3.3). Let the function h in U, be univalent, and let ®:C* x U - C and ¢ be given by (3.10). Assume the
equation of differentiation:

¢ (p(z),zp'(2),z*p" (2),23p""(2); z) = h(z) (3.13)

has a solution q(z) with q(0) = 1, which satisfy condition (3.1). If f € A satisfies the requirement (3.12) and if

3

E'ﬁ_%)f (2); Z),

@ (Dia'ﬁ £, 05 (), 0 f (), 0\

is analytic in U, then
D@ <q@, eV
and q(z) is the best dominant.

Proof. From Theorem (3.1), we have q is a dominant of (3.12). Since q satisfies (3.13), it is also a solution of (3.12).
Therefore, q will be dominated by all dominants. Hence q is the best dominant. The theorem's proof is complete.

In light of the Definition (3.1), and in the special case q(z) = Mz (M> 0), the class of admissible functions J;[, q],
denoted by J;[€, M], expresses itself as follows.

Definition (3.2). Let (1 be set in Cand M > 0. The class of admissible functions J;[€, M] includes those functions
®: C* X U > C such that

Meif (k+[6(1-a)-1DMe'® L+[[26(1-a)-1]k+[6(1-a)—1]3]Me'®

5(1-a) ’ (s(1-a)* ’
N+35(1—a)L+[(3(5(1—a))2—6(1—a)+1)k+[6(1—a)—1]3]Mel"9 €1, (3.14)
(s(1-a))® 'z

whenever z € U,
Re(Le ) > (k — DkM,
and
Re(Ne™®) >0, VOERk=2.

Corollary (3.3). Let @ € J;[Q, M]. If the function f € A satisfies:

fD(UH-E'B_E)f(Z)

5 <kM, (z€Uk=2M>0)

and
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2 (a+%,ﬁ

@ (bt(ga.ﬁ)f(z)’ ®£a+§'ﬁ_§)f(z)' ®§a+§ﬁ_§)f(z)' Dé‘ _E)f(Z); Z) €n,

then
|CD§“'B)f(z)| < M.

In the special case Q = q(U) = {w: |w| < M}, the class J;[Q,q] is simply referred as J;[M]. Corollary (3.3) can now
be used written as follows .

Corollary (3.4). Let @ € 3;[M]. If the function f € A fulfills the following criteria:

b(a'%'ﬁ_%)f(z)

N <kM, (z€Ukz=2;M>0)

and

2

i, 2 V) z)

((X+

) <M,

1.1
| (bg“'f” i, 0 Vi),

then
[P f)| < M.

Corollary (3.5). Let = 2, M > 0. If the function f € A satisfies the following conditions:

1,5 1
D )| <
and
(atgB-3) ()
_ g < -
D5 f(z) — D5 " f(@)| < 51—
then

[P f@)| < M.

M2 2€eU,M>0.

Proof. Let ®(a,b,c,d;z) = b —a, Q = h(U), where h(z) = e

Make use of the Corollary (3.3). We must prove it ® € J;[Q, M], in other words, admissibility condition (3.14) is
satisfied. This follows readily, since it is seen that
k-1 . k—1 M

. N S 0] — >
[2@b ¢ diD)l = [ Me’| = 5= M2 5o

wheneverz € U,0 € Rand k > 2.

Definition (3.3). Let Q be a set in Cand q € Q; N H;. The class J;, [, q] of functions that are admissible consists of
those functions ®: C* x U — C, which satisfy the following admissibility conditions:

®(a,b,c,d;z) € Q,

whenever
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_k&q'(®) +8(1 — a)q(®)

a=q®, b= 50— :
8(1 —a)[a+c—2b] 89" ()
Re< b—a )2kRe<q,(E) +1),

and

Re ((5(1-a))2(d_a)—35(1-a)(5(1-a)+1)(c—a)+(b—a)[3(8(1—a)+1)2—1]) > Kk2Re (Ezq’”’(i)),
b-a q'(®

wherez € U,§ € dU\E(q) and k > 2.

Theorem (3.4). Let ® € J;,[Q,q]. Iff € A be a function and q € Q; N H; satisfy the next requirements:

1

" (a+5’ﬁ_%)
Re <fq (f)) >0, Ds f (@)

and

(@) (e+583) (+58-5) (e+56-5)
25 Zf(Z).®5 " f(Z),:D‘S ~ f(Z),®6 - f(Z);Z :z€Upc, (3.16)

then

0 f@ _
Z

q2), (zel).
Proof. The analytic function should be defined p(z) in U by

P
-2 T8

p(2)

Using the equation (1.7) and (3.17), we have

:D((Sa+g.ﬁ-g)f(z) ~ zp'(2) + 6(1 — a)p(2)

Z 5(1—&)

By a similar argument, we get

:Dga+g,s_g)f(z) 22p" (@) + [28(1 — ) + 1]zp' (D) + (51 — 0)°p(2)

z (8(1— )

and

353
Dg *5P a)f(z) 23" (2)+3(8(1-0)+1)22p"! () +[38(1-0) (8(1-0)+1) +1]zp’ (2) +(8(1-)) *p(2)

z (8(1~a))3

. (3.20)

(3.17)

(3.18)

, (3.19)
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Define the transformation starting with C* to C by

s+6(1—a)r

alrs,twy=r,  brstu) =—ga— =

t+(26(1 —a) + 1)s + (6(1 — a))?r

,s,tu) = , 3.21
c(r,s,t,u) G= )2 ( )
and
u+36(1—a) +Dt+[38(1 —a)(6(1 —a) + 1) + 1]s + (6(1 — a))3r
= . 3.22
d(r,s,t,u) B =) (3-22)
Let
@(r,s,t,u) = ®(a,b,c,d;z) =
s+8(1-a)r t+(28(1—a)+1)s+(8(1—-a))?r
Tos(-a) (6(1-a))2 ’ (3.23)
u+3(8(1-a)+Dt+[38(1—a) ((1—a)+1)+1]s+(8(1-a))r |
6(1-00)? iz
The proof will make use of Lemma (2.1). Equations are used (3.17) to (3.20), and from (3.23), we have
o(p(2),2p'(2),2%p" (2),2°p""(2);2) =
ot+l,[3—l 0(+£,B—£ 0(+§,B—§
o CD‘(Sot,ﬁ)f(z) fbg 5 S)f(Z) Dg 5 S)f(Z) tbg 5 ‘S)f(z) , (3.24)
Z ) Z ) Z J Z ) .

Hence, clearly, (3.16) becomes

¢(p(2),zp'(2),2%p" (2),2%p""(2);2) € Q.
Note that

E+1=6(1—a)[a+c—2b]’
S b—a

and

u _ (8(1-0)*(d-a)-36(1-a)(8(1-c)+1)(c-a)+(b-a)[3(8(1-0) +1)2-1]
s b-a '

As a result, the admissibility condition for ® € J;;[(), q] in Definition (3.3) is the same as the admissibility criterion
for @ € W, [, q] as stated in the Definition (2.3) with n = 2. As a result, using (3.13) and Lemma (2.1), we have

(a,)
D, f(z)
= —= <40,
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Now completes the proof of theorem (3.4).

IfQ # Cis a simply connected domain, then Q = h(U) for some conformal mapping h(z) of Uonto (). In this
situation, the class 3, [h(U),q] is written as J;,[€,q]. This follows immediate consequence of Theorem (3.4), as
follows:

Theorem (3.5). Let @ € [, q]. If the functions f € A and q € Q satisfy the following conditions:

1

" (OH—E'B_%)
E%(E)) KON f(z)
Re(%(‘é) >0, —Z%(E) <k, (3.25)
and
Wby @35 D @3 o@D,
D (Z)' 5 (Z), 5 (Z)’ 5 (Z);Z <h@,  (326)
Z Z A VA
then
P f(2)

< q(2), (zeU).

In light of the Definition (3.3) and in the special case q(z) = Mz, M> 0, the class functions that are admissible
J;,1[€, q], denoted by J; 1 [Q, M] is expressed as follows.

Definition (3.4). Let(lbe a set inCandM > 0. The class of admissible functions J;;[(), q] consists of those
functions ®: C* x U - C such that:

/ o k81— aMe® L+ (2601 - ) + DIk + (61 — a))*)Me \
Me'®, , > ,
| - (60— ) len, (327)
N+ 3(6(1—a) + DL+ ([3(6(1 — ) (61 —a) + 1) + 1]k + (6(1 — @))*)Me® g je s =
\ (6-a) ' /
whenever

z€U,  Re(Le ) > (k— 1kM,
and
Re(Ne™®) >0, VOeER k=2

Corollary (3.6). Let ® € 3;[€, q]. If the function f € A satisfies the following conditions:
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1p 1
ol s
T8 T <kM, (zEUk=2M>0),

V4

and
11 22 3,3
D) D i D iy o Dy
’ ] ) JZ ) E .Q.,
Z Z Z Z
then
(a+1,[3—1)
Dy ¥ V()
= M

Z

In the special case, when Q = q(U) = {w: |w| < M}, the class J;; [Q, q] is simply denoted by J;; [M]. Corollary (3.6)
can now be expressed as follows:

Corollary (3.7). Let ® € J;,[€, q]. If the function f € A satisfies what follows circumstances:

(a+gB3)
ON f(z)
- <kM, (zeUk=>2M>0),

and
1,1 243 2 33.3
CDg“’B)f(z) @EOH—S’B S)f(Z) QEOH—&‘B a)f(Z) DEOHG’B G)f(z)
) ) ) ;Z < M,
Z Z Z Z
then
()
D f(z
ST() < M.

Definition (3.5). Letq € Q; N H; and Q be a set in C. The class Jj,[€, q] of admissible functions consists of those
functions ®: C* x U - C, which satisfy the following admissibility requirements:

®(a,b,c,d;z) € Q,

whenever

, _ 2
a=a®, b= 1 [kzq(amu 0 (a®)

1-o q® ,
8(1 — a)[2a% + cb — 3ab] £€q" (%)
Re( [, )2kRe<q,(E) +1>,

and
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Re ([be(d — )(8(1 — )" = b(5(1 — 0))"(c = b)(1 = b — ¢ + 3a) — 38(1 — &)(c — b)b + 2(b — a) + 3a8(1 — a)(b —

a) + (b —)?8(1 = (b - I8(1 — ) — 3 — 4a8(1 - ) + 22(8(1 - )’ (b — a)| (b — 2)) = k*Re (CL2),
where € U, § € 9U\E(q) andk > 2.
Theorem (3.6). Let ® € J;, [Q, q]. If the functions f € A and q € Q, N H; satisfy the following conditions:
(a+Zp-2)
" D & 8 f(z
Re (%) >0, f Erey @y (3.28)
atlp-t
1 Dy 5 Vi(z)
and
1 1 2 2 3 3 4 4
@EME'B_E)f(z) Dg“+3'6_3)f(z) Dg“+5'6_5)f(z) 9g°°+5'6_5)f(z)
(0(,[3) ’ 1 1 ’ 2 2 ’ 3 3 ;Z \Z E U c Qv (329)
38 f(z) Dga+3'6_3)f(z) Dgowg'ﬁ_g)f(z) bga+g'6_g)f(z)
then
(cr58-5)
%T)f(z) <q@, (zeu).
Dy " f(z)
Proof. The analytic function should be defined p(z) in U by
ot+l,(3—l
p(2) = M (3.30)
DEPf(2)
From equation (1.7) and (3.30), we have
o(+£,[3—2
Dg 8 S)f(z) _ 1 zp'(z) + §(1 — a)p?(2) _ A (331)
Dga%ﬁ_%)f(z) §(1—-w) p(z) 5(1 —a)

By a similar argument, we have

(3.32)
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33_3
®£O(+5,B S)f(z) B
Zp-2 T 81—y
®8a+5[3 S)f(z) ( (X)
and
yig 4
o
EErE ke | LR CRR SR D) (333)
KON & 8f(z)
where
2p'(2) ZZP”(Z):ZP’(Z) (Zp'iz)>2+8(1—<x)zp'(2)
B=2"2481-a)p(z)+—=22 —0) £
p(2) g(z) +8(1-a)p(2)
z2p"(z) + zp'(2) (zp’(z))2
= - +8(1 — a)zp' (2),
NG bz ) TR @
and

D=

z3p"" (2)+32%p" (2)+zp’ (2) _ 322(p'(z))2+3z3p”(z)p'(z) 2 (zp'(z)

3
— 2501 _ f
p(@) (p(2)? () ) +6(1 — )z?p”(z) + 6(1 — a)zp'(2).

Define the transformation starting with C* to C by

1 s+ 8(1 —a)r? E
a(r; S; t; u) - rlb(rl S; t: u) - 6(1 _ a) [ a - 8(1 _ a))
t+s  [s)?
1 +8(1 -z ——(3) +81—-ws F
c(rs, t,u) = s+ ~ar + -5 S(r) = , (3.34)
8(1— ) r =+8(1—or 8(1-a)
and
d(r,s,t,u) = _ [F+F*(L+HE™! -E21?)] (3.35)
) - 8(1 _ a) ) -
where

2

L=t+s—(§) +6(1—a)s,
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and

H=$_3(5)2—3j—2+2(;)3+5(1—a)(s+t).

Let

r E F 1
"s(1-a)’ §(1-a)’ §(1—«a

o(r,s,t,u) = d(a,b,c,d) = & ( S+ F(L+ HE™ = E7212)] ). (336)

The proof will make use of Lemma (2.1). Using the equations (3.30) to (3.33), and from (3.36), we have

¢(p(2),2p'(2),2%p" (2),2°p""(2);2) =

1 2 3

b(a-'—g'ﬁ_%)f(z) Dga-l—g’ﬁ_%)f(z) bga+§’8_%)f(z) an-l'%’ﬁ_%)f(z).

)
) ) ;2| (3.37)
03P 5Dy ol By e

ol
98

)f(z)
Hence, clearly (3.29) leads to

¢ (p(2),2p'(2),2p"(2),2°p""(2);2) € Q.

We note that

£+1 _ §(1—a)[2a% + cb —3ab]’
s b—a

and
= [bc(d — (61— 0))* =b(8(1—a))*(c—b)(1—b—c+3a) — 36(1 — a)(c — b)b + 2(b —a) + 3a8(1 — a) (b —a) +
(b—2)28(1 — @) ((b— )8(1 — ) — 3 — 4a8(1 — ) + a?(8(1 — 0))* (b — a)] (b—a)L

Thus, the admissibility condition for ® € J;,[€, q] in Definition (3.5) is the same as the criteria of admissibility for
@ € ¥,[Q,q] as stated in the Definition (2.3) with n = 2. As a result, using (3.30) and Lemma (2.1), we have

1.1
gy

DEPf(2)

this completes the proof of the Theorem (3.6).

IfQ+# Cis a simply connected domain, then Q = h(U) for some conformal mapping h(z) of Uonto Q. In this
situation, the class J;,[h(U),q] is written as J;,[€,q]. This follows immediate consequence of Theorem (3.6) is

stated below without proof.

Theorem (3.7). Let @ € J,[€Q, q]. If the functions f € A and q € Q; satisfy the following conditions (3.29) and

1.1 wslp_2 wrdpod wrtpt
O e O S L TP S LT
DPf(z) (D) (wrBp-D) o (aripd) sz | < h(2),
8 Dy O Yf(z) Dy O Yf(z) Dy O Yf(z)

then
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1

:D(OH'E'B_E))C(Z)

5
< q(2), (z eU).

0P f@)

4- Results on Third-Order Differential Superordination

Definition (4.1). Let 2 be a set in C and q € Q, N Hy with q'(z) # 0. The class of admissible functions J;[Q, q]
consists of those functions ®: C* x U — C, that satisfy the following admissibility conditions:

®(a,b,c,d;§&) €0,
whenever

_2q'(2) + mé(1 — a)q(2)
N mé(l —a) ’

a=q(z), b

— — — — — — — 2 rn
Re (6(1 )[8(1-a)c-2[6(1—a)—1]b]+[8(1—)—1] a]) SlRe (zq (z)
m

8(1—a)b—[6(1-a)—1]a q' (@) + 1)'

and

m?2

8(1-)*[d=3(c-b)]-8(1-[3[5(1-c)~1]a+b] +[[8(1-w) - 1]a(1-[6(1-a)-1]2) 2q'"
Re (( a)) c o a)-1]a a)-1]a a ]) < LR (z q, (z)),
§(1-a)b—[8(1—-a)—1]a q'(2)

wherez € U,§ € dUand m > 2.

Theorem (4.1). Let ® € J;[Q, q]. If the functions f € A, with ng“‘B)f(z) € Q, and if q € Hy with q'(z) # 0, satisfying
the following conditions:

1 1
a+sB—3

re <Equ(z)> >0, ®§' & )f(Z)

e 7@ =™ ¢

and the function

2 3

g.ﬁ—é) f(z), @(a+3‘ﬁ_%) f(2); Z),

(o

1.1
® (:Dg“@ i), 25 Vi), !

3

is univalent in U, then
1 1 2 2 3 3
nc{w@é“'ﬁ)f(z),zvﬁ“*a'ﬁ (), 05D (), D\ ‘S)f(Z):zeU},(‘l-Z)

implies that
(a.8)
q(z) < Ds " f(2), (ze ).
Proof. Let the function p(z) be defined by (3.3) and ¢ by (3.8). Since ® € J;[€,q]. From (3.10) and (4.2), we have

0 c{@w(@),2p'(2),2*p" (2),2°p""(2); 2): z € U}.

From (3.7) and (3.8), We can observe that the admissibility condition for ® € J;[Q, q] in Definition (4.1) is the same

as the admissibility criterion for ¢ € W}[Q, q] as stated in the Definition (2.5) with n = 2. Hence ¢ € W;[Q, q] as well
as (4.2) and Lemma (2.2), we have

1@ <DPf2), (e
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This completes the proof of the Theorem (4.1).

IfQ # Cis asimply connected domain, then 0 = h(U) for some conformal mapping h(z) of onto 2. In this case, the
class S]-'[h(U), q] is written as Sj'[h, q]- This follows an immediate repercussion of Theorem (4.1) is stated below.

Theorem (4.2). Let® € 3;'[h,q] and hbe analytic inU. If th function f € A, and D{*Pf(z) € Q, and q € H, with
q'(z) # 0, satisfying the following conditions (4.1) and the function

2 3

@ <®é“"”f(z), 57 1, D5 (2, D (2 z),

8

is univalent in U, then

ats,
5

’B_g)f (2),D

3
(a+

S _E)f(z):z>, (43)

d+g

h(z) < @ <:of;"'ﬁ) f(z),fD((s #3) f(@), zag

implies that
(a,8)
q(z) < D5 " f(2), (z € ).

Theorem (4.1) and (4.2) may only be utilized to get third-order differential superordination of the forms'
subordination (4.2) or (4.3).

The following theorem gives the existence of the best subordinant of (4.3) for suitable ®.

Theorem (4.3). Let h be univalent function in U and ®: C* X U - C and ¢ be given by (3.9). Assume the differential
equation:

¢(q(2),2q'(2),2°q"(2),2°q"" (2);2) = h(2), (4.4)

has a solution q(z) € Q,. If the functions f € A, and i)l(;x‘ﬁ)f(z) € Q, and ifq € Hy with q'(z) # 0, which satisfy the
following criteria (4.1) and the function
2

0 (fbé“'“f(z), D8 ), DD (), 0 ), z),

S 9

is analytic in U, then

2

h@) < @ (bé"‘“”f(z), D578 ), D ), D5 D ), z),

[ 9

implies that
12 <DPf(2),  (zeU)
and q(z) is the best subordinant.

Proof. From Theorem (4.1) and (4.2), we see thatqis a subordinant of (4.3). Since q satisfies (4.4), it is also a
solution of (4.3) and therefore, q will be subordinant by all subordinants. Hence q is the best subordinant. The proof
of Theorem (4.3) is complete.

Definition (4.2). Let Q be a set in Cand q € H,; with q'(z) # 0. The class of admissible functions 3, [, q] includes
those functions ®: C* x U - C, that satisfy the following admission requirements:

®(a,b,c,d; &) € 0,
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whenever
! 6(1—
Re <6(1 —a)[c+a-— 2b]) < lRe (zq”(z) N 1)'
b—a m q'(2)
and

qulll(z)

< #Re ((Z’T)l

Re ((8(1—a))2(d—a)—3(5(1—a))(5(1—a)+1)(c—a)+(b—a)[3(6(1—a)+1)2—1])
b-a

wherez € U,§ € dUand m > 2.

(0[+%,B—%)f
Theorem (4.4). Let @ € 3}, [Q, q]. If the function f € A and %(Z) € Q,, and if q € Hywith q'(z) # 0, satisfying
the following conditions:
(astpd)
o <Eq”(f)> N SO
q'©€ ) zq'(2)

<m, (4.5)

and the function

2
(a+

o) o\ V) ol V) o V)
z ’ z ’ z ’ z 'z

)

is univalent in U, then

2 3

1 1 2 3
(@p) (a+565) (a+58-5) (a+58-3)
D D (z) D (z) D (2)
0] ) f(Z)' ) f ’ £ f ’ ) f 2 |zevt, (e
VA z 7 2
implies that
(a.B)
q(2) < %Tf(z), (z € U).

Proof. Let the function p(z) be defined by (3.17) and ¢ by (3.23). Since ® € J;,[€, q], from (3.24) and (4.6) yield

Q c {o(p(2),zp'(2),2*p" (2),2°p"" (2);2): z € U}

From the equations (3.21) and (3.22), it is clear that admissibility is a requirement ® € Jj;[€, q] in Definition (4.1)

is equivalent to the admissibility condition for ¢ as stated in Definition (2.3) with n = 2. Hence ¢ € W[, q] and by
using (4.6) and Lemma (2.2), we have

, (zel).

05" (@)
q(z) < 6T

The proof of Theorem (4.4) is complete.

If 2 # C is a simply connected domain, then 2 =h(U) for some conformal mapping h(z) of U onto 2. In this case,
the class Jj ; [h(U), q] is written as Jj ; [h, q]. This is a direct consequence of the Theorem. (4.4).
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Theorem (4.5). Let ® € Jj, [h,q] and h be analytic in U. If the functions f € A, with q € H; and q'(z) # 0, satisfying
the following conditions (4.5) and the function

. :D((Sa.ﬁ)f(z) :Dg“s'ﬁ—s)ﬂz) bgﬁsﬁ—s) £ D§“+sﬁ—s) f@)
z ’ z ’ z ’ z Wz

is univalent in U, then

a, a+sf—x a+ip-2 a+§,ﬁ—%
h(z) < @ @é B)f(z) ' @((S 5 S)f(z) | b((g 5 5)f(Z) ' bg 5 )f(Z) n
Z VA 7z 7

implies that

(a.)
q(z) < :D‘STf(Z), (zel).

Definition (4.3). Let {2 be a set in Cand q € H; with q'(z) # 0. The class J{,[Q, q] of admissible functions J;,[€,q]
consists of those functions ®: C* x U — C, that satisfy the following admissibility conditions:

®(a,b,c,d;§) €0,

whenever
) 1 [@+met-a)(a@)’
a=q(), b_6(1—a)[ mq(z) ’
Re (5(1 —a)ch + 2a% — 3ab]> < 1 Re <Zq”(z) N 1),
b—a m q'(2)
and

Re ([be(d — )(8(1 — )" —b(8(1 — 0))"(c = b)(1 — b — ¢ + 3a) — 38(1 — a)(c — b)b + 2(b — ) + 3a8(1 — a)(b —

2) + (b — 2?51 — 0 ((b -~ I8 — ) = 3 — 4a8(1 — ) + 2*(8(1 - )’ (b — )| (b — ) ") < = Re (“12),

wherez € U, £ € JU\E(q) and m > 2.

:D(ot +%'B_%) f(Z)

Theorem (4.6). Let ® € J;,[Q,q]. If the function f € A and—>

W € Q; and if q € H; withq'(z) # 0, satisfying

the following conditions:

(a+56-5)
12 @
q fD(;HaB 5 £(2)
and the function
fD(oc+ B— )f() @(EOH'EB )f(Z) (EOH'EB )f(Z) ga"'E'B )f(Z)
) DTy ol Iry o Iy
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is univalent in U, then

1,1 a2 g2 aidp3 artpt
S O O e L O S e
ke D(a'ﬁ)f(z) ’ (a+l,,8—l) ’ (a+g.ﬁ—£) ’ (a+§,ﬁ—§) iz |iz€Ur, (48)
8 o5 O V@ o5 7 Vi@ v 0 Y@
implies that
ats B
:Dg )f( )
1@<~ (e
:Dg P f(2)

Proof. Let the function p(z) be defined by (3.30) and ¢ by (3.36). Since ® € J;,[Q, q], we find from (3.37) and (4.8)
that

0 c{pp(2),2p'(2),2*p" (2),2°p"" (2); z): z € U}.

From equations (3.34) and (3.35), we can see that the requirement for admissibility is ® € J;,[€, q] in Definition
(4.3) is the same as the admissibility condition for ¢ as given in Definition (2.5), whenn = 2. Hence ¢ € ¥;[Q,q]
and by using (4.7) and Lemma (2.2), we have

o(**5#75)

(2 <25 i)

W, (zel).

The proof of Theorem (4.6) is complete.

@( 86 )f()

Theorem (4.7). Let ® € Jj,[Q, q]. If the function f € A and T
’ Ds’ f(z)

€ Q,, and if g € H; with q'(z) # 0, satisfying

the following conditions (4.7) and the function

@g( i 1w o Vs o Vre o e |
fDaa'ﬁ f(2) CDL(:H-S'B_S)]C(Z) tD‘(SOHE‘B ) fz) D ((SOHEﬁ )f(Z)

is univalent in U, then

h) < @ D58 () 58 p(p) oD pp) oS -)f(z)
DyPf@ 5 5D iy o8 R
implies that
(a+ B )
D, > Of(@)
q(2) < NN (z € V).

5- Sandwich Results
By combining Theorem (3.2) and (4.2), we obtain the following sandwich-type theorem.

Theorem (5.1). Leth, and q, be analytic functions in U. Also let h, be univalent function in Uand q, € Q, with
q1(0) = q,(0) = 1and @ € J;[h,,q,] N Jj[hy, q,]. If the function f € A with i)((sa'ﬁ)f(z) € Q, N Hy and the function
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2

1, 1 2p 2 3,3
q><:eg°"@f(z), D5 g, o5 D g, p s)f(z);z),
is univalent in U, and if the conditions (3.1) and (4.1) are satisfied, then
1, 1 2,5 2 353
h(2) < ¢<®§“'B)f(2),®ga+5'ﬁ D ), 05 ), o 6)f<z);z) < hy(2)

implies that

0(2) <DPr2) < q,(2),  (zeU). (5.1)
Combining Theorems (3.5) and (4.5), The following sandwich-type theorem is obtained.

Theorem (5.2). Leth; and q, be analytic functions in U, and let h, be univalent function in Uand q, € Q, with
NGl
f(z)

q:(0) = q,(0) = 1and @ € Jj,[h,,q,] N J{;[hy,q,]. If the function f € A with = € Q, N H; and the function

IR S ORI ®§“+5""5)f(z)

¢ ) ) ) ;Z )
z z z z

is univalent in U, and the conditions (3.15) and (4.5) are contented, then

ORI S O S

hl(z) < d) 8 ) ) ) yZ < hZ(Z)!
z z z z

implies that

@(a .B)
q.(2) < —f() <q;(2), (z€eU).(5.2)

Theorem (5.3). Leth, and q, be analytic functions in U, and let h, be univalent function inUand q, € Q, with
(«+58-5)
Dy f(z)

q:(0) =q,(0)=1and ® € Jj2[hz,q2] N Sj’,z [hy,q;]. If the function f € A with D(T)f()
5 ’ z

€ Q, NH; and the

function

—

at+x [? (a+§ﬁ 2) (a+%ﬁ—§) a+%,ﬁ 4)

o\ ) ol V) o Vs o

@ga'ﬁ)f(z) b;“%‘ﬁ ;)f(Z) ;Hg‘ﬁ_%)f(z) ' D

f (Z)
‘S)f (Z)

(S ()

3
C(+§ﬁ

is univalent in U, and the conditions (3.28) and (4.7) are contented, then

a+

—

4
a+§,ﬁ—

E)f(Z)

a+%,ﬁ—3)

“f@

5‘ﬁ_§)f(z) D
V(@) D

e )f(z) D
“ ) D

(a+ B — )
h(2) < @ N — f() D
D5’ f(2) D

yZ < hZ(Z)l

:
o}

[ ()

implies that
1 1
@( S5 B S)f( )

Tf() <q(2), (zelU). (53)

q1(2) <
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Conclusion. In summary, the structure of 3rd order differential subordination and superordination has been
generalized to normalized analytic functions via new fractional differential operator. The provided theorems
generalize pre-existing results and introduce new classes of admissible functions under specific conditions. These
theorems and corollaries provide more thought-provoking discoveries into the dual topics differential
subordination and fractional calculus , presentation several essential applications in C. subsequent investigations
may explore the applicability of these results in broader contexts, further enriching the theoretical landscape.
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