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Abstract Letfe L , (I) change its convexity finitely many times in the interval 1 , say s times

at Y, We estimate the degree of approximation of f by polynomials which change convexity

exactly at the points where f does.

1. Introduction and Main Results
We consider the space L, (I), consisting of all measurable functions f on I, for

which
||f||§ = '[|f(x)|p dx < oo.

I
1
Recall that [f] <2° 1||f||1, thatis L, cL,.the L norm is not

actually a norm for p <1. Nevertheless, it is not hard to see that L (I) is a complete
metric space.

Now, we will settle the question of whichL ,p <1 embed into L  for q >1. Or
which subspaces of L (I) on which all of the various L, (I) quasi-norms for 0 <p <q
are equivalent. The key in this article is due to Kadec and Pelzynyski from [10]:

For 0 <e<land 0<p <, consider the following subset of L _(I)

M(p.&):={feL,(D):meas (x:[f(x)2¢[f] }=e},
where by “meas” , we mean the measure of a set.
Notice that if ¢ <¢,, then M(p.eg,) cM(p,g,). Also UM(p,e):Lp(I), since for any

>0

nonzero fe L (I)we have meas {[f|{>¢} > {f#0}ase —0. In fact, any finite subset of



L, (I)is contained in an M(p,¢)for samee>0. Finally note that meas {|f|2||f||p}21
implies [f| = ||f||p almost every where.

The following theorem puts this observation to good use
Theorem 1.1. [3] For a subset S of L (D), the following are equivalent

i) S =M(p,e) for some £>0. (i1) For each 0<p <q, there exists a constant c(q) <
such that ||f||q s||f||p sC(q)||f||q for all fes. (ii) For some 0<p <q, there exists a
constant c(q) <~ such that ||f||q s||f||p Sc(q)”f"q ,forall fes.

Theorem 1.2 . [5] If U is any neighborhood of zero in L, (1), then

L _(I)=conv (U)
In particular
L,(D=conv {:[f <1},
where conv (U) is a smallest convex neighborhood of zero contains U .

In our work we will use moduli of smoothness which are connected with difference of
higher orders.
The rth symmetric difference of f is given by:

T . T
A (Exd) = A (Ex) Z( 1)(J(x+5h—1hj (xiah]eJ.

0 o0.W

The forward rtt differences of f are defined respectively by:

Ar (F.x,1):= Ar Z( D’ (j f(x +(r —i)h) x,(x +rh )eJ
n R =

0 0.W

’

Then the rt* usual (ordinary) modulus of smoothness defined by:
@.(f,t,7), :=Sup (f,.) ||L 5y 120

O<h <t

For the forward differences,Zrh, the ordinary modulus of smoothness is defined
by:

, 20,
L,0)

@, (£,1,7), =Sup | A" (t,)

O<h <t

A new way of measuring smoothness was moduli of smoothness with weighted,
a modification of the moduli of smoothness based on differences A’ in which the step
is of the form u :=@x)h and is therefore allowed to depend up on the position of x
in the interval J :=[a,b]. The motivation for this lies in the properties of algebraic
polynomial approximation. The requirements on the smoothness of f can be relaxed
if x 1is close to a and b, without impairing the error of approximation. Several

authors, among them Ivanov [9], have introduced moduli of this type, but the most
useful proved to be the last version, which is introduced by Ditzian and Totik [8].



Thus the need for this new concept arises to solve some basic problems, such as
characterizing the behavior of best polynomial approximation in L, J).

The Ditzian — Totik modulus of smoothness which is defined for feL (J)as

follows:

¢ _ r (4,2
@F(103), =Sup A, (6], L ez0and plx)= [1 N j

If the interval I:=[-1,1] is used in any of the above notations, it will be omitted
for the sake of simplicity, for example
@, (f,t), =@ (ft,1), and @f(f.t), = @?(f,t.1),.
We always have that @?(f,t.J), < @.(f,t, J), ;0<p<e. But the converse is not

true in general. However in [2] E. Bhaya, there has been proved that the moduli
a)j" and @ for a function f defined on J :=[a, b] cI are equivalent, if

J|=A_(a), where A (a)::l\/il —a’ i+%, namely
n n

@.(f,A @)l) ~ @’(f,n"".7) .

The conservation of certain geometric properties of the data by the designed
mathematical might be the main point of view in many applications. These
properties include positivity, monotonicity, convexity and in general, k-convexity.
This is the topic that so called shape preserving approximation or constrained
approximation 1s concerned with. Whenever constraints emerge, the situation
becomes more difficult to get direct estimates, but the researches concentrating on
such point have been widely acquired attention in recent times for the theory of non-
constrained problems is still useful. We intend to refer to those modifications which
are essential in making a break-through approach. We do this for coconvex
approximation by algebraic polynomials. The main objective of this thesis is to
provide the answer of the question that whether the constraint cost anything or can
we achieve the same degree of approximation as in the non-constrained case?

In coconvex polynomial approximation, we are given a function f changes its

convexity finitely many times in the interval 1. We are interested in estimating the
degree of approximation of f by polynomials which are coconvex with it, namely,
polynomials that change their convexity exactly at the points where f does. Question

of this nature first appeared in the work of D. J. Newman and et al (see [18], [19] and
[20]).
To be specific, Let seN_ :=NU{0} andlet Y, ={y,};, be the set of points such

that -1:=y,<y, <y, <..<y, <y.,, =1, where s=0, Y, :=¢. ForY, we set
ﬂ(x)::it(x,Ys)::H( —yi) and J(x):=sgn (7(x)),

i=1

where the empty product is equal to 1.



Let A*(Y,), be the set of all functions f that change convexity at the
points y, € Y., and are convex near 1. In particular, if s =0, then f is convex on I,
and write fe A?, that is ( the divided differences [x ,,x ,x,;f] are nonnegative for all

choices of three distinct points x ,x, and x,), where the divided difference of a

1
function f at the points x,x,,..,x are defined by(see [2])

n fix.
[xo,xl,...,xn;f] ::Z#.
= H(Xj _Xi)
i=0
i#]
Moreover, if f is twice differentiable function on I (i.e.,fe C*(I)), then
fe A*(Y,), if and only if "(x)z(x)>0, Vvxel,

(or equivalently, if and only if ”(x)s(x)=0, vx e1).

In our work, the approximation will be carried out by polynomials P, e IT, . Now,
for feL (I)NA*(Y,), we denote by
EP(Y,) = inf |f-P]|,
’ P, eIl NA%(Y,) p

the degree of coconvex polynomial approximation.

First of all in 1981, Beatson and Leviatan gave a remark in [1] it might be
possible to obtain a Jackson — type estimate of coconvex approximation of a function
with only one regular convexity — turning point, and Yu [24] obtained a Jackson —
type estimate of coconvex approximation of functions with one regular convexity —
turning point also quoted her result of functions fe C*(I) and k >3 ( the space of all

“1 are absolutely continuous in I and f* e (1)), with some
extra conditions on convexity turning points.
In 1993, Wu and Zhou [23] and Zhou [25], they proved that for 0 <p <, it is
impossible to get a Jackson — type estimate of coconvex approximation involving
@, (f.1), with constants independent of n and f.

function such that f!

Afterwards, in 1995 Kopotun [11] obtained the following result for twice
differentiable functions.
Theorem 1.3 [11] For a function feC*(I)NA*(Y ) with 1<s<w, there is a

polynomial P e 1 NA’(Y,) such that

Ji-r.|sct)- Lo L)
n

M

n

and

£ - P’

<C(s)w? (f”, lj,

n
for all n >N:=N(Y ) is a constant depending on the location of

S
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points of Y in I, and C(s) is a constant depend only on s - the number of convexity

change.
Then in 2003 E. Bhaya [2] improved Kopotun’s result for
functions feL' (I)::{f : f, f’eLp(I)} with 1<p <. Also, in 1999 Kopotun, Leviatan

and Shevchuk [13] improved Kopotun’s result for the uniform norm space, but
not simultaneously. Namely, they proved
Theorem 1.4. If feC(H)NA*(Y,) with 1<s<ew, then there 1is a

polynomial P e 1 NA’(Y.) such that

S

lt-p | sc(s,p)a)f(f,lj (1.5)

n
forall n >N:=N(Y ) .

S

Thereafter, several other results have been achieved for coconvex polynomial
approximation throughout a number of
researches by Leviatan and Shevchuk [16], [17] and by Kopotun, Leviatan and
Shevchuk [14] [15].

Our achievement in this area is to emphasize that the estimate (1.5) is exact in
the quasi-norm spaces L~ with 0<p <~. Namely, we prove

Theorem 1.6. Let feL (I) with 0<p < have s changes of convexity at Y, =1{y.r

i=1

and denote d(Y_):=min {1+y1,y2 -y,

.y, =y._»1—-y_}. Then there exists a constant A(s) such

that for n >N:=N(Y ):= ﬁ% , there is a polynomial P eIl NA’*(Y,) , such that

S N

[P, SC(S,p)(()f(f,nl] , (1.7)
hence

=P, | sc(s,p)@(f,ﬂ . (1.8)

The estimate (1.5) is best possible in that one can not replace @?(t.1/n), by any

higher modulus of smoothness, even not with the larger ordinary modulus of
smoothness. This is due to the work of Shvedov [22] in case s =0, and to Wu and

Zhou [23], Zhou [25] in case s >0 , (as we mentioned above).

As an immediate consequence of (1.6), we have the following corollary
Corollary 1.9. Let fe W' () with r =1,2,3 have s changes of convexity at Y, ::{yi}f=1 ,

and denote d(Y_):=min {1+y1,y2 -y,

...y, —y_»,1—y_}. Then there exists a constant A(s) such

that for n > N:=N(Y ):= ﬁ% , there is a polynomial P_en NA’(Y,) , such that

S



J-P,|, <Cl.ph

This corollary is obtained directly from (1.7). However, we can not obtain it

f(f)
p

from (1.8), in the case p <1, since theinequality @, (f.t), <clp)t* @.(f¥,t), is not
satisfied in that case.

2. Proof of Theorem 1.6:
Throughout this paper we use the following notations, givenneXN, we

setx_ =1, x_ =-1 and

1
iz
n

X=X, =008 [ j, the Chebyshev partition of interval 1,

we denote =1, =[x ,x
h.

and v o=y =—2——  j=0,1,...,n .
j jn | _ h
X XJ|+ i

1, h_::‘lj‘::x_ -X. ,

-1 j

Also we need the following theorem
Theorem 2.1. [21]

Suppose that f:I — % is convex function, then f satisfies Lipshchitz condition
on any closed subinterval [a,b] of 1° (interior of 1), f is absolutely continuous
on [a,b] and in particular it’s continuous on 1° , f has left and right nondecreasing
derivatives, f’(x)and f’(x)on I. Furthermore, the set E where f’ fail to exist is
countable, and f’is continuous on I\E .

We use the mathematical induction on s - the number of convexity changes
of f and the idea of flipping technique of f , which originally introduced by Beatson

and Leviatan in [1].
For s=0(.e., fis convex in 1), then the theorem is valid and it was proved by

DeVore, Leviatan and Hu [6]. Thus we will assume that s >1, and it is clear that f is
either concave or convex in the interval [-1,y,], and each case where will need a

separate through similar construction. We will detail the construction for the case
where f 1s concave in [-1,y,]. For the sake of simplicity in written we write a=y, .

Now, we may assume that e¢e[x . ,x. ). Then,if n >N :=max >0 , >0 , We
fo” o™ “ y, - l+a

are assured that x , >-1 and that x _

3

. <y,.Set h:=cA (a)<lhA , where ¢ 1s chosen
n 6 Jo

sufficiently small to guarantee the right inequality. We observing that this implies

X, <ao+2h<a-2h<x. ..
Jo+1 jo—2



We are going to replace f on the interval [a-h,a+h] in a way that will keep us
near the original function (see g below) will be smoother at «. As we said above, the
case s =0 1s known and serves as the beginning of the induction process; it has been
proved by DeVore, Leviatan and Hu [6], and in this case (1.7) holds, for all n >2.

Thus, we proceed by induction.
To this end, we observe that either A® (f,a)>0 or A’ (f,a)<0.

In the first case, let 7 (x) be denote the linear function
interpolating f at @-h and «. Then the function f:=f -/ satisfies
fla—h)=f(a)=0,f(e+h)>0, and f(x)<0, -1<x <a-h.

Hence, for J =X, LX), We have,
0 0

>
0<f(e+h)<f(a+h)-f(e—2h)

=f(a+h)-3f(@)+3f(@+h)—f(a—2h)

= Agh f. )
Now, since f is concave in [-1,a] and it’s convex in [a,y,], then from Theorem 2.1, we
have f is continuous on (-1,e) and (a,y,), and since f(a)=0 which is finite, so f is
bounded on (~1,y,), then A} (’f, a) 1s finite on J . On the other hand, we have from the

definition of ordinary modulus of smoothness that

H&h f.o) <@,(ln1) <@ En1) <cho)o,n.1),,
L,()
then
A (F.a) <i[v @, (.h.7), .
Thus

- _ 1
0<f(a+h)<|A () <17 @,(t.h.1),.
Similarly, in the latter case, let / (x) be denote the linear function interpolating f

at @ and a+h . Then the function f:=f -/, satisfies
f(@)=f(e+h)=0,f(@—h)<0, and f(x)20, -1<x <a-h.
Hence, for 7 :=[x . x, 1, we have,

o1’
0<—f(a—h)<f(a+2h)+f(e—h)

-—

=f(a+2h)-3f(a+h)+3f(@)-fl@—h)=A f,a)
Also

—

0<[fla-h)|<|A (f.a) < |J|’§w3(f,h,1)p.

Thus in both cases we have,

max {f(a—h)|.|Fa)]| Ha+n)|}<p[r@,En.0),,

9

which in turn implies that the quadratic polynomial 7,

7



Interpolating f at ¢a-h,a and «+h, 1s bounded by the same quantity
on [@¢—-h,a+h]. This means that

1
|0, (x)| <[] @, (f.h,T),

1
<c(h)p@y(f,h.J),, Vxela—h,a+h],
SO
£

then by applying the following lemma from [12], we obtain
Lemma 2.2. [12]
Let J, and J, be subintervals such that J <J,.If q, eI, ,thenfor 0<p <

<c@,(f,h,T),,

Lp[a—h,a+h]

k+l

J P
2ot ] ol
1

[0.], , sCh)@;(Eh.0), (2.3)
At the same time applying Whitney’s theorem we conclude that
HF—EQHLP(J)SC(p)(()3(f,h,J)p. (2.4)
Hence
HF LP(J)SC(p)(()3(f,h,J)p. (2.5)
Now, since 7, is bounded on I, then
2, 4= 12, oy ¥i=12n (2.6)

By the theorem 2.1 about the property of convex function we have.:
@,(£.h.1), ~ @0 .1;) , Vji=12...n (2.7)
Then by using (2.3), (2.6) and (2.7), we conclude that for each j=1,2,...n
[0, oy <C@) Lol sCh)@;(Eh.T), <Clp)a;(f.h ;1)) .
So by applying the following lemma from [6], we obtain:

Lemma 2.8. [6]
For a function feL (1) with 0<p <= and ke N, the following inequality holds

l
(lea)r(f,hj,sj)g]p <CB,.r.p)@f(tn) ,
p
where, for every j,1 <3 issuch that ‘SJ‘ SBO‘IJ_‘.

122, sc(p)a)f(f,n")P.
Analogously
HF—@HP <Clp)af(tn™),
hence
Hf”p <Clp)w?(t,n™), . (2.9)

8



Now, let

- _ —f(x) -1<x<«a
o) ‘{ f(x) o
and
— Af(X) xe¢la—h,a+h]
elx): { max {%(x),o} x e[a@—h,a+h].
by virtue of (2.9) we have
H?f—g SC(p)CUf(f,n"l)p (2.10)
Thus, by using (2.9), the inequality /! (f.t), <clr,p)|f ||p 7]
and %(|x—xj|+hj)<|x—xj|+An(x)<2(|x—xj|+hj).[7]
we obtain
a)f(g,n_l)pSC(p)((Uf(f—g,n"l)p+(U3¢(?f,n"l)p)
SC(p)( f-g| +|t j (2.11)

<C(p)af(tn)

P

It is readily that ge L, (1), that it is convex in[-1,y,]and that it changes convexity
at Y, =Y, \{y,}. If, on the other hand, f was convex in [-1,a], then ¢ would be
concave in [-1,y,] and change convexity at Y,, . Thus in any case g had fewer

convexity changes, so by induction, we may assume that for n >%S)), there exists
S

an n th degree polynomial q_, which is coconvex with g, and satisfies the analogues
of (1.5). Namely (by (2.11))

le-q.] <C(s-1p) a)f(g,lj SC(s,p)w;/’(f,lj. (2.12)
p J n n

p p
Note that, since g(a)=0, we may assume that q, (x)=0 .

We fix n > max {%,Na} readily leads to the definition of A(s). Kopotun [4]
S —

has constructed, for «, q_  sufficiently large x>2, and for each n like above, two
polynomials v, and W of degree<C(s)n such that the polynomial

P (x)=[lla’ (w)-a’ @V, (@)+q @W () ,

1s coconvex with f , and the following inequalities are satisfied x e,
vV (x)sgn (x —a)>0,
Vi(x)aZ(x)a,(x)-q’ (@)sen (x —a) =0,
V_(x)-sgn (X—d)‘SC(S)l//;: , (2.13)

‘W X )—sgn (x—a)‘SC(s)l//j‘:, (2.14)

n

9



and
‘V:(x)‘SC(s)h;:y/;:. (2.15)

Observe that P (x):=P, (x)+/,(x) is of same degree of P and it too is coconvex with f,

so we conclude the induction step by proving (2.3) for P_, and to this end, we begin

with

[£-P.], _H f-P

=H Af( )sgn (x —0{)—Pn

p P

1)
pJ

sgn (x —a)

+Hg sgn (x —a)—

ce)]1-
[ (f_ +Hg )sen (x )P,
<ol

P

0
=
—_
S
S
R —y
—_—
N
—_
~
=
—_
N—
N—

= C(s,p)(El +E,+E, ) ,
where we applied (2.12) and (2.10) in the first and last inequality respectively.
Recalling that q (e)=0, integration by parts, (2.13) and (2.15) yield

X

E = qn(x)sgn (x—a')—.[q;(u)Vn(x)du
<!la, 6)]en (=)=, (<) Jla, @}/ (x| du
<cle) o ()7 [l ) v o)

J 9, () 1yt ()du

|

< C(s,p)[an |, +

=C(s,p(Eyy + Esy ).
To estimate E, , we need estimate E,, and E_,
By virtue of (2.9), (2.10) and (2.12),

10



IA

,=ck)
sc(s,p)wj’(f,ﬂp :

we separate the cases p >1, from the cases 0<p <1, and we

+H?
p

)

=g,

2,1

(2.16)

Now, to estimate E, ,

reall Jensen’s inequality from[26], which is

[rep(dx | ] oli o (x s
RIS <i , (2.17)
[ p(x)dx [ p(x)dx

where ¢ is convex in interval d <f(x)<e, that d <f(x)<e in a <x <b, the p(x) is
nonnegative and %0, and all the integrals in the inequality exists. First:
For 1<p <, since we have ||||p 1s convex, and all integrals exist, so by applying the

1
Jensen’s inequality (2.17) and [y (x)dx<ch;, a>2we obtain

j°
1

-1

X

= [,

o

h~'y" (u)du

J() Jo

<

“w (u)du

Jo Jo

qn(u)\h

P P

u)du <Clq,].

Second: For the other case, f1x 0<p<1,since q h 'y’ e M(p,e), for some >0, then by

choosing (for example q =2) from Theorem 1.1, it follows that
[a,@h 'y’ (u)du Iq v )du
then we use the Jensen’s inequality (2. 17) to obtain

Jla, fn v

Hence by using Theorem 1.2, in new, we obtam
J 0, @)y (w)du

Thus, 1n each case, we have

<c R

P

Sc”qrl s <C

P

22 —

, :=C(p)E2’1 .

So by virtue (2.16)
E, SC(s,p)(l)f(f,lj (218)
n p

Finally, it remains only to estimate E, , to do so, we notice that q is convex
in [-1,y,], then q’/ is monotone increasing there. If q’ («)>0, then by mean value
theorem, for some fe (@ a+h W ),

11



) ) q,l@a+h. )-q, (@)
0<q)(a)<q.,(B)= ( hm) :hjolqn(a+hj0)°
Jo

Then, by the inequality il/l? (x)<c,a>2.

,(2.13), (3.3.14) and (2.15) we have

Jj=1

E =

3

0, (@) [(V, (@)~ W, (u))du

I

| W
SC(s,p)(.[ Cl:,(a'"'hj(]] dXJ :C(s,p)‘qn ,

-1

p

1 p P
h;: q;(a+hj0“C(s)y/j’:(u)duJ dXJ
-1

IN

<C(s,p) @(En ™), .

Similarly, if q/ (@) <0, then, for some Be(a-h, .a),

then

_qn(a_hjo)_qn(a)_

This implies our assertion ¢

References

[1] R K. Beatson qnd D. Leviatan (1995): “On Comonoton Approximation”. Canada. Math.
Bull, 26,220-224.

2] E S Bhaya (2003): “On Constrained and Un-constrained Approximation”. (Ph.D
Dissertation), Baghdad University, College of Education Ibn Al-Haitham.

[3] N. L. Carothers (2000): “A Short Course in Banach Space Theory”. Bowling Green State
University, USA.

[4] P. L. Chebyshev (1982): “Some Question about Minima Connected to Representing
Functions Approximately”. Comp., V.I. 273-378.

5] M. M. Day (1940): “The Spaces L, with 0 <p <1 . Bull. Amer. Math. Soc., 46; 816-825.

(6] R. A. Devore, Y. K. Hu and D. Leviatan (1996): “Convex Polynomial and Spline
Approximationin L, 0 <p <o " Constr. Approx., 12, 409-422.

[7] R A. Devore ,D. Leviatan and X. N. Yu (1992): “Polynomial Approximation
in L ,0<p<l ”. Constr. Approx. 8 187-201.

/8] Z. Ditzian ,Totik (1987): “Moduli of Smoothness”. New York. Springer — Verlag.

9] K G Ivanov (1980): “Direct and Converse Theorems for The Best Polynomial

Approximation in C[-1,1] and Lp[—l,l] 7. Coll. Math. Soc. Janos Bolyai, 35 Functions,
Series Operates. Budapest, 675-682. Ch. 8239.
12



[10]

[11]
[12]

[13]
[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
(23]

[24]
[25]

[26]

M. I. Kadec and Peleczynski (1962): “Bases Lacun-ary Sequences and Complemented
Subspaces of L , ", Studi Mathematica , 21- 161-176.

K. Kopotun: “Coconvex Polynomial Approximation of Twice Differentiable Functions”. J.
Approx. Theory, 8(1); 295-302.
K Kopotun, D Leviatan and V. Prymark (2001): “Nearly Monotone Splines

Approximation in L . " Amer. Math. Soc., (To Appear).

K. kopotun , D. Leviatan and I. A. Shevchuk (1999): “The Degree of Coconvex Polynomial
Approximat-ion”. Proc. Amer. Math. Soci. 127(2); 409-415.
K. kopotun and D. Leviatan (2004): “Convex Polynomial Approximation in The Uniform
Norm”.

www.math.tau.ic.il/~leviatan.
K. kopotun and D. Leviatan (2004): “Coconvex Approx-imation in The Uniform Norm, The
Final Frontier”. www.math.tau.ac.il/~leviatan.
D. Leviatan and I. A. Shevchuk , (2002): “Convex Approximation”. J. Approx. Theory, 118,
MR. F: 41027, 20-65.
D. Leviatan and I. A. Shevchuk , (2003): “Coconvex Polynomial Approximation”. 121, 1 962
998, 100-118.
D. J. Newman, E. Passow and L. Raymon (1972): “Piecewise Monotone Polynomial
Approximation”. Trans. Amer. Math. Soc., 172, 465-472.
E. Passow and L. Raymon (1974): “Monotone and Comonotone Approximation”. Proc.
Amer. Math. Soc., 42, 390-394.
E. Passow, L. Raymon and J. A. Roulier (1974): “Comonoton Polynomial Approximation”.
J. Approx. Theory, 11, 221-224.
A. W. Roberts and D. E. Varberg (1900): “Convex Function”. New York And London,
ACCADIMIC-PRESS.
A. S. Shvedov (1981): “Order of Coapproximation of Function by Algebraic Polynomials’.
Tran. From Mathematicheskie Zametki, (20), 117 — 130, Math. Notes(29), 63-70.
X Wu wnd S. P. Zhou (1993): “A Counter Examples in Comonotone Approximation
in L Spaces”. Colleq. Math. 64, 265-274.

X. M. Yu (1987): “Convex Polynomial Approximation in L , Spaces”. Appl. 3, 72-83.
S. P. Zhou (1993): “On Comonotone Approximation By Polynomials in L , Spaces”.

Analysis, 13, 363-376.
A. Zygmand (1988): “Trigonometric Series”. Cam-bridge University Press, New York.

13



