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1. Introduction

Let H= H(U) be the class of analytic function in the open unit disk U = {z € C:|z| < 1}. Forn € Nand
a € C. Let H[a,n] be the subclass of H and

Hlan)={f €H: f(z) =a+a,z"+a,.,z""*+-} (a€C).

Let A, denote the subclass of H of function f of the form:
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f2) =2+ Z a,z" (pe N={123,..}), z € U. (1.1

n=p+1

The Hadamard product (or convolution) (f; * f,)(z) of two functions

fi(2) =2 + Z @y 2" €A, (j =1,2)

n=p+1
is given by

(@D =2+ ) y10,,2"

n=p+1

For two functions f and g, which are analytic in U, the function fis said to be subordinate to g, or g is said to be
superordinate to f, if there exists a Schwarz function w analytic in U with w(0) = 0and [w(z)| < 1 (z € U) such that
f(2) = g(w(2)). In such a case we write f < gor f(z) < g(z)(z € U). Furthermore, if g is univalent in U, then we have
the following equivalent,

f<g e f(0)=g0) and f(U) cg().

In the theory and widespread applications of fractional calculus (see, for example, [8,9]; see also the recent
survey-cum-expository review article [19]), one of the most popular operators happens to be the Riemann-Liouville
fractional integral operator of order a € C (Re(a) > 0) defined by

1

1IN = @

X
J (x — ) H(D)dt (x > 0; Re(a) > 0). (1.2)
0
In terms of the familiar (Euler's) Gamma function I'(a). An interesting variant of the Riemann-Lioville operator
[*,which is known as the Erdélyi-kober fractionl integral operator of order o € C (Re () > 0) defined by
O.x—a(oc+n)

(16,1)(0) = @ f a1 (x7 —t)* 1 f(t)dt (x > 0;Re(a) >0), (13)
0

which corresponds essentially to (1.2) when 0 — 1 = n = 0, since
U5 C) = x~*U*f)(x) (x > 0; Re(a) > 0).

Motivated essentially by the special case of the definition (1.3) whenx =0 =1,n=a—1,and a = c — a, here we
consider a linear integral operator I (a,c,A) defined for a function f € A, by (see [6])

I'(c+ Ap)

1
rla+Ap)r(c—a)l, A - e f(Ztl)dt

Ipla,c, Vf(2) =

(A>0;a,ceR;c>a> —Ap;p € N).
When evaluated by means of the Eulerian Beta -function integral:

( 1

{If ta1(1 — t)F-1dt (min{Re(a),Re(B)} > 0)
B(a,p) =1"°

| r@r @) -

\T@+p et

we readily find that
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I(c+p) < I(a+n)

P+ —F— —a,z" c>a
Spla, e, )f(2) = I'(a+2p) W I'(c+ n) ( ) (1.4)
f(2) (c=a),
where Zj is the set of nonpositive integers. It is easy to deduce from (1.4) that
rora a
2(Sp(@ e Df@) = (7+p)3p(@+1Le D@ - 73(@c Df @). (1.5)

We also note that the linear operator 3,(a, c,A)is a generalization of many other integral operators, which were
considered in earlier works. For example, for f € A, we have the following special:

Putting p=1, we obtain the operator I(a,c,A) studied by Raina and Sharma (see [16]).
Putting a = 3,c = B+ 1 and A = 1,we obtain the operator Sg(B > —p),which was studied by Saitoh et al. [20];

Puttinga = 3,c = a + 3 —y+ 1 and A = 1,we obtain the operator S}{g:g(y > 0;a =y — 1; B > —p),which was studied
by Aouf et al.[1];

Puttinga = 3,c = a + 3 and A = 1,we obtain operator Xé’fp(cx = 0; B > —p),which was studied by Liu and Owa[12];
Puttingp = 1,a = ,¢ = o + f and A = 1,we obtain operator sng(a > 0; B > —1),which was studied by Jung et al.[7];

Puttingp = 1,a=a—1,c = — land A = 1,we obtain the operator L(a,B) (a, B € C\ Zg),which was studied by
Carlson and Shaffer[3];

Puttingp = 1,a =a—1,c = vand A = 1,we obtain the operatorI,,(a > 0;v > —1), which was studied by Choi et
al.[4];

Puttingp = 1,a = o, ¢ = 0 and A = 1we obtain the operator D“(a > —1),which was studied by Ruscheweyh [17];
Puttingp = 1,a = o, ¢ = m and A = 1,we obtain the operator [,,(m € N, := N U {0}),which was studied by Noor[14];
Puttingp = 1,a=qa,c= 3+ 1and A = 1, we obtain the operator 7B,which was studied by Bernardi [2];

Puttingp = 1,a = 1,c¢ = 2 and A = 1,we obtain J,which was studied by Libera [11].
Let H be the class of functions h with h(0) = 1, which are analytic and convex univalent in U.

Definition 1. 1. A function f € Ap is said to be in the class Ep(a, ¢, A, v; h) if it satisfies the subordination condition:

A=)z P3,(a,c,Df(2) +yzPI,(a+1,¢,D)f (2) < h(2), (1.6)
wherey € C and h € H.

A function f € A is said to be in the class S*(€) if
Re {Zf (2)
f(@)

}>E (zel).

forsomee (e < 1).
When 0 < € <1, S*(e) is the class of starlike functions of order € in U.
A function f € A is said to be prestarlike of order € in U if

G @M ES© (<.
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We note this class by R(e€).
Clearly a function f € A is in the class R(0) if and only if fis convex univalentin Uand R G) = S*(%).

Lemma 1. 1[13]. Let g be analytic in U and let h be analytic and convex univalent in U with h(0) = g(0). If

1
g(2) + Ezg’(Z) < h(z),
whereRe § > 0 and § # 0, then

g(z) <h(z) =& fztﬁ—lh(t)dt < h(z),
0

and h(z) is the best dominant of (1.7) .
Lemma 1.2[18]. Let € < 1, f € S*(€) and g € R(€). Then, for any analytic function F in U,

* (fF) _
gg — U) c co(F(U)),

where co(F(U)) denotes the closed convex hull of F(U).

Some of the following properties studied for other classes in [5], [10], [15] and [21].
2. Main Results
Theorem 2.1.Let 0 < y; <Yy,.Then Ep(a, oAy h)c Ep(a, ¢, A vy h).

Proof. Let 0 <y, <y, andf€ Ey(a,cA y,;h).

Suppose that
g(z) = z7P3,(a, ¢, Vf(2).
Then the function g is analytic in U with g(0) = 1.
Sincef € Ep(a, ¢, A, Y, h), then we have
(1 =v2)z7P3,(a, ¢, Mf(2) +v,27 P, (a + 1, ¢, Mf(z) < h(z).
From (2.1) and (2.2) we get

Ay,
a+Ap

(1 =v2)z7P3,(a, ¢, MDf(2) + v,z P3,(a+ 1,¢,)f(z) = g(z) +

By using Lemma 1.1 we have
g(z) <h(@).
Nothing that 0 < % < 1 and that h is convex univalent in U.
2

Hence
(1 —v)zPI,(a, ¢, Vf(2) + v,z P, (@ + 1, ¢, Mf(2)
Y1

- %((1 =)z P, (a,¢, Vf(2) + v,z PS,(a + 1, c,x)) + (1 _E> g(z) < h(z).

Thereforef € Ep(a, ¢, A, v4; h), and we obtain the result.

Theorem 2.2. Letf € Ep(a, cAy;h),ge Ap and

1
Re{z7Pg(z)} > >
Then
(fxg)(z) € Ey(a, c, A y; h).
Proof. Let f € Ep(a, c¢,Avy;h),and g€ Ap . Then we have

zg'(z) < h(z).

1.7

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)
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(1 =127y ¢ W(E )@ + 2 PTp @+ 1,6, w)(F+ g)(2)
= (1 -Y)(zPg@) * @ P, V@) + Y(z7Pg(@) * (27PS,(a + L, M@ ) = (27Pg(@) * (2,
where

d(@) = (1 —v)z7P3,(a,c,A) +yz PI,(a+1,c,4) <h(z).
From (2.5) note that the function z~Pg(z) has the Herglotz representation

du(x)
7z Pg(z) = f (zel),
Ix|=1 1—xz
where p(x) is a probability measure defined on the unit circle x| = 1 and
f du(x) =1.
|x|=1
Since h is convex univalent in, it follows from (2.6) to (2.8) that
(1-y)zP3p @) +g)(2) + vz PIp(a+ Lo, ) (f+g)(2) = $(xz)du(x) < h(2).
|x|=1

Therefore
(fxg)(2) € Ey(a,c,Ay;h).
Corollary2.1. Letf € Ep(a, ¢,A,v; h), be defined as in (1.1) and let

[oe]

T+p 1
Re{1+ Z . z"P oy > —

n=p+1

Then
+ VA
=L j F-1EDdt, (t > —p)
0

is also in the class Ep(a, ¢, Ay h).

Proof. Letf € Ep(a, ¢,A,v; h), be defined as in (1.1).

Then
T+ z o T+
r(z) = —Tpf t () dt = zP + Z D apzn
7z 0 T+n
n=p+1
d T+
=z + Z anz" || zP + Z Pon | = (P,
T+n
n=p+1 n=p+1

where

f(z) = zP + Z anz" € E(a, ¢, A, v; h)

n=p+1

and

[ee]
T+p
F(z) =zP + E z" € A,
) T+n P
n=p+1

Note that

(2.6)

2.7)

(2.8)

(2.9)

(2.10)



6 Zainab Swayeh Ghali, Journal of Al-Qadisiyah for Computer Science and Mathematics Vol.16.(3) 2024,pp.Math 36-43

o T+ p 1
Re{z"PF =Req1 Z n-p —-.
e{z PF(2)} ed1+ ———r > >

n=p+1

From (2.10) and (2.11) and by using Theorem 2.2, we get r(z) € Ep(a,c,A,y; h).

Theorem 2.3. Letf € E,(a,c,A,v;h), g € A, and 2" Pg(z) € R(e), (e < 1).
Then

(fxg)(z) € Ey(a, ¢, A v; h).
Proof. Let f€ Ep(a, c,Ay;h),and g€ c/lp. Then, we have

(1-vy)z7P3,(a,cN) +yzP(@a+1,¢2) <h(z).
Now

From (1.5), (2.12) is equivalent to

e + @ e e ) <h)
Hence
+ (1 -\ ,
DR 5,000+ 90 + o (3,000 + )
+@A=yAp, _ . % i o ’
_a ;le 2 (2778() * (2773, (2, VIR +a+v}\p (278@) = (27 (3, c V@) )
_(2'7Ps@) * @)
T (0 rg@) *z (zel), (2.14)
where
a+(1-v)Ap

= P
P(z) 2t A z Jp(a, o)+ atp
Since h is convex univalentin U, {(z) < h(z), z'"Pg(z) € R(e) and z € S*(¢), (e < 1),
it follows from (2.14) and Lemma 1.2, we get the result.

Theorem2.4. Lety > 0,w >0and f€ Ep(a, cAy;oh+1—w).Ifw< w,,where

-1

atAp
1 . a+7\pf1u7\V q
®o=3 Ay Jo 1+u o

then f € E;(a, ¢, A, 0; h) . The bound w, is the sharp when h(z) = i .

Proof. Suppose that
g(z) = z7P3,(@a ¢, Mf(z) .

Let fe Ep(a,c,)\,y;wh+ 1— w)withy >0 and w > 0.

Then, we have

g(z) + zg'(z) = (1 -y)z7P3 (@) +yzPa+ L) <wh(@)+1-w.

a+Ap

By using Lemma 1.1, we have

2 7P(3p(a, ¢, Mf(2))' < h(2).

(2.11)

(2.12)

(2.13)

(2.15)

(2.16)

(2.17)
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w(@a+Ap) _atrp (% atdp ,

g(2) < =’ Ay f t & h()dt+1—w = (h*e)(2), (2.18)
0
where
atap_,
w(a + }\p) _@+Ap) %t Ay

9(z) = —5y? Ay f dt+ 1 — w. (2.19)

0

If 0 <w < wy,where wy < 1is given by (2.16), then it follows from (2.19) that

w(a+Ap) (! arte_, )

— ¢ x _
Re(<p(z)) Xy fou Y Re(l—uz du+1—w
a+Ap
w(@a+A Tuay ™ 1
> ( p)f du+1—-—w==-.

Ay o 1+u 2

Now, by using the Herglotz representation for(z) , from (2.17) and (2.18), we arrive at
z7P3p(a,¢0) < (h*)(z) <h(z).
Since h is convex univalent in U, then f € Ep(a, c, A, 0; h).

Forh(z) = i and f € A, defined by

a+Ap

w(@a+Ap) _@) [zt Ay
_ Ay J
Ay 0

-1

z7P3p(a, ¢, Mf(z) = dt+1-— w,

we have

1 -=y)z7P3,(a,c, ) +yzP(a+1,c1) =wh(z) +1—-w.
Thus f€ Ep(a, oAy;wh+1—w).

Also for w > w,, we have
a+p
w(a +/1p)jlu Ay
Ay o 1+u

-1

Re{z‘pSp(a, c, l)f(z)} — du+1l—w< %, (z-1)

which implies that f & E;,(a,c,2,0;h) .
Therefore the bound w, cannot be increased when h(z) = i

This completes the proof of the theorem.

Theorem 2.5. Let f € E, (a +1,c,Av; 1:—‘;), a>—-Ap,—1 < B <A< 1.Then

a+ AP +1 (a+Ap+1) [Z a+Ap+1 1 14+ Az
QAL e [ e (LA
0

P i — 7
zP3,(a+1,c,1)f(2) < h(z2) oy t 115z

and h is the best dominant.

1+Az
+B

) . Then, we have
1

Proof. Letfe Ep (a +1,cAYy;

A

1+ Az
1+ Bz

A-yz?3,(a+1,c) +yzP(a+2,2) < (2.20)
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Suppose that
9(@) =z7P3,(a+1,¢, )f (2). (2.21)
Then the function g is analytic in U with g(0) = 1.

From (1.5), (2.20) and (2.21), we get

1+ Az

— )z P -p = - -
A-=y)zP3,(a+1,c2)+yzPla+2,c1) =9+ 1+ Bz

zg'(z) < (2.22)

A
a+lp+1

By Lemma 1.1, we obtain

. A
g(z) <h(@) Ay R Sy

a+ }\p +1 (a+Ap+1) [Z a+Ap+1 1 1+ Az
AHA T e 7 e (L)
0
and h is the best dominant . Thus we have the result.
3.Conclusions
The study explored various inclusion relationships among subclasses of p-valent functions defined by a family of

integral operators. It demonstrated that certain classes of multivalent analytic functions are closed under specific
operations, confirming previous results and expanding the understanding of these function classes.
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